Chuong 1
HAM SO - GIOI HAN - LIEN TUC

§1. Tap cdc sé thic

1.1 Khéi niém vé sé hiu ti, vo ti va sd thuc
Ta thudng gap céc tap sb sau déy :
i) Tap hop cédc sp tu nhién N = {1,2,...,n,...}.
ii) Tap cdc sé nguyén Z={...,-n,...,-1,0,1,...,n,...}.
iii) Tép cde s6 hiu ti Q= {2 :m € Z,n € N}.

M&i s6 hilu ti déu cé thé bieu dién dudi dang mét s thap phan hiu han
hay v6 han tuin hoan. Ching han

1 4 e § Ad
1 =0,25; i 1.333...=1,3 5 = 1,545454... = 1,54.

Nguoi ta nhan thay t4p s hiu tf chia day dh. Ching han, khong cb sb
hidu ti ndo bidu dién ti s6 gida chu vi va dudng kinh clia dudng trdn (sd )
va d6 dai dudng chéo clia mot tam gidc vudng cén c6 canh géc vudng bang
dan vi (s6 V2).

iv) Tép céc 56 vé ti': Mot so biéu dién dudi dang mdt s thap phan vo
han khéng tudn hoan dugc goi 14 mdt s6 vo ti. Chang han
V3 =1,41421356...; e=2,7182818284...; m = 3,1415926...
1 céc 80 vo ti.
Tép céc s6 vo ti dude ki higu 13 L.

v) Tip céc s6 thuc : Céic 85 hilu ti va vO tI goi chung la 56 thuic. Tép
chc 86 thuc ki hiéu 1a R. Ta c6
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1.2 Biéu dién hinh hoc clia 88 thuc

Ch'I‘a céathe‘ bieu dién hinh hoc céc 86 thye bdi cic diém trén dudng thing

o Mot diém O trén dudng thing (goi la gdc) dé bibu dién sb 0 vh mdt
di€m E voi E # O 4& biéu dién s5 1. Tia OF goi I tia dudng. Tia 46
cla né goi la tia Am. S5 thuc r # 0 bt k dudc bidu dién bdi diém M vdi
O:}f = |r|OFE ; trong d6 M thude tia dudng néu r > 0 va M thudc tia dm
néu r < 0. Dudng thang ding dé bidu dién s5 thuc dude goi 1a didng thing
thuic. Do sy tudng ving mdt-mét gida s thuc va diém trén dudng thing nén
céc sd thuc cdn dude goi 1a cic didm.
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1.3 Khoang sé thuc
Céc tap hdp sau dude goi 13 céc khodng s6 thuc :

(a,b)={z€R:a<z<b} (khodngmad),

[a,b) = {z € R:a <z <b} (khodng déng),

[a,b) ={z€R:a <z <b} (khodng nta déng, nia md),
(a,b) ={z €R:a <z <b} (khodng nua d6ng, nia md),
(—o0,8)={r€R:z< a} (khodng md v6 han),
(—o0,a] ={z€R:z<a} (khodng d6ng vo han),

(a,+00)={z € R:z>a} (khodng md vd han),
[a,+0) ={z€R:z2 a} (khodng déng vo han).

1.4 Lan cén cha mdt diém
g-]ﬁncéncﬁaa:ulhkhoing(mu—s,:cg+e) va lan

. Ta goi
Cho £ > 9 43 chia mét & — lan can nao d6 cha .
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1.5 Gid tri tuyét ddi

O Dinh nghia 1 Gié tri tuyét ddi cha sd thuc z, ki hidu 2], 1A o0 thik
khong &m dudc xdc dinh nhd sau :

] - z néu z20
-r néu z<0.
e Vidul [3,2|=3,2; |-1]|=1.
o Y nghia hinh hoc

Imtlhkhodngcﬁchtﬁgocdendmm::,im yb 1A khodng céch gila hai
dlem::v&y

O Tinh chat
i) |z > 0.
ii) —|z| <z < |z,
iii) |z| <4,y>0 & —y<z<y

iv) |z| > y,y>0 & z < —y hodc z > y.
||

= W0,

vi) z| = |y| < |z +y| < || + |yl

v) ovl = |zl ; [%

§2. Ham so

2.1 Khaéi niém ham 80

D-Dlnhnghia2 ChntapXC]R X;éﬂl Ham s6 (hayham) fxécdmh
trén X l&motquytacchotddngungmmsoz EXvo‘imutsothﬂcxéc
dinh duy nhat f(z).

Ki hiéu f: z — f(z) hay y = f(z).
X dudc goi la mién zdc dinh, Id higu 13 Dy hay D(f). Néu ham f dide

cho bdi biéu thic gidi tich y = f(z) va khong chi' rd mién x4c dinh thl mién
xéc dinh Dy la tép céc s6 thuc lam cho biéu thic f(z) c6 nghia.

Tap hop f(X) = {f(z) : z € X} dudc goi 14 mién gié tri cha ham f.
Ta goi z 1a bién déc ldp (hay ddi s6), y 1 bién phy thugc (hay ham).
Gid trj ctia ham f tai z = a dudc ki hiéu 13 f(a) hay f(z)|z=s.
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*Vid 1 '
¥2 Himy= ~= ©6 mién xc djnh D = (0, +00) vi min g8 11
F(D) = (0, +o0).

* Vidu 3 Gié di xe taxi trong thanh phé dudc tinh nhu sau : trong 2km

dau tién trd 20 000d. 3km ké tidn phai ¢ g 24
i » 3km ke tiép phdi ¢ sau km thy ndm
phai trd thém 5 000d/km. iép phdi trd thém 8 000d/ ke,

Goi = 14 8§ km taxi da chay va f(z) Ia gié tién phai trd ng vdh z km
d6. Ta c6

20000 néu 0gz<2
f(z) =< 20000+8000(z—2) néu 2<z<5
44000 + 5000(z —5) néu z > 5.

Gié di 4 km 1a f(4) = 20000 + 2.8000 = 36000d.

Gid di 9km 1a f(9) = 44000 + 4.5000 = 640004.

o Vi du 4 C6 hai don vi phd bi¢n d¢ do nhigt do: Celcius (C) va Fahrenheit
(F). Nudec déng diic & 0°C va 32°F. Nudc sdi 6 100°C v 212°F.

a) Gid sul nhiét do Celcius Tc va nhiét do Fahrenheit Tr lién hé vdi nhau
bdi mét phudng trinh tuyén tfnh. Tim sy biéu dién T nhu 14 ham theo Tc.

b) Nhiét do binh thudng clia ngudi 1a 37°C. Hodi ¢ nhiét d6 F né 1 bao
nhiéu ?

Gidi

a) V1 T va T lién h¢ vdi nhau mét céch tuyén tinh nén ta c6 thé gia
st Tr = aTc + b. Theo gid thiét ta c6 hé phudng trinh

32
212
Gidi hé ta dudc a = g,b=32. Do d6

Tr = ch + 32.

0a+b
100.a + b.

i

b) Ta c6 Tr(37) = §.37 + 32 = 98,6 nén & nhiét d¢ F nhiét @ binh
thudng cua ngudi 1a 98,60°F.
« DS thi cha ham s3
m‘thicﬁammsa'y=f(x)véimié‘nxsca;nhxmaphqpcacaiém
(s, f(z)) trong mét phang toa d0 vdi z € X.
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0 -
¢ Céc phudng phap cho ham
i) Phuong phdp gidi tich

Ham duge cho dudi dang mét hay nhidu bidu thic gidi tich.

}(g dg[osllﬂam Y = v1- 22 c6 mién xéc dinh D = [-1, 1] va mién gi4 tri

* Vidu 6 Ham tri tuyét dsi

T néu x>0
-z néu z<0

xc dinh trén D = (~00,+00) vA c6 mién gi4 tri f(D) = [0, +00).

¥

it) Phuong phdp bdng

Ham dudc cho bdi mét bdng gom mot hang (cdt) ghi cc gid tri cla doi
6, mét hang (cbt) gh1 cdc gid tri tudng ling clia ham. Vi du béng gié tri
cuacéchﬁmsoy-m l,sm::,cosa: Inz..

e Vi du 7 Dén s6 trung binh cta Viét Nam qua cée méc thdi gian tu nim
1996 dén 2009 (don vi tinh I3 triéu ngudi) dude cho bdi bang

1976 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 | 2009
49,160 | 53,722 | 59,872 | 66,016 | 71,995 | 77,635 | 83,106 | 85,700

 Trong bdng ndy, ndm la bién déc lap, dan sd 13 bién phu thude va bain;c —
biéu dién dan sé nhu 1a him clia ndm. . 2
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) Phuong phép 45 g

2.2  Cac tinh chst ddn gidn ctia ham
a) Ham ddn diéu

U Dinh nghia 3 Cho ham f xéc dinh trén tap X.

f dudc goi la ham ting (9idm) trén X néu Vz,,2; € X, z; < 2, thi ta
€6 f(=1) < f(z2) (f(z1) > f(z2)).

f dude goi 14 ham tang (gidm) nghiém ngdt trén X néu VI, z; € X,
T1 < &2 thita ¢d f(z1) < f(za) (f(z1) > f(z2)).

Ham tang (khéng gidm) hosc gidm (khong téng) dudc goi 1a hdm don
diéu.

e Vidu 8

i) Ham f(z) = 23 ting trén R.

ii) Phén nguyén ctia z, ki hiéu [z], 12 s& nguyén 1dn nhit khéng vigt qué
z, tuc 1A s6 nguyén thod [z] <z < [z]+1. Vidu [-1,9] = -2, [-3,1) = -4.

Ham phan nguyén f(z) = [z] khéng gidm trén R.

o Nhén xét D5 thi cia ham ting 13 mot ﬁl.ié‘pg di 1én tu trai sang phdi va
d6 thi clia ham gidm 13 mdt dddng di xudng t4 tréi sang phai.

b) Ham chin, 18
O Dinh nghia 4 Cho ham f xéc dinh trén tap X vA X nhan O lam tam
dﬁ'i:;&ng. - s

f dudc goi la ham s6 chan néu f(-z) = f(z), Vz € X.

I f Qudc goi 1a ham 6 1é néu f(—z) = —f(z), Vz € X.
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e Vidu9
i) Céc ham f(z) = 22, f(z) = 1z|, f(z) = cos z 1A cdc ham chin
ii) Céc ham f(z) = 23, f(z) = sinz IA céc him 16,
o Nhan xét
D5 thi ham s6 1¢ d6i xung qua géc toa d§.
DS thi ham sg chén a4 xung qua tryc tung.

c) Ham bj chin

O Dinh nghia 5 Cho ham f x4c djnh trén tap X"

f @udc goi 1a bi chin trén (dudi) trén tdp X néu tdn tai mot s& M sao
cho f(z) < M (f(z) > M), Vz € X.

f(z) dude goi 1a bj chén trén tap X néu tdn tai M > 0 sao cho
|f(z)| <M, Vz e X.

o Nhéan xét f bi chén khi va chi khi f bj chin trén va f bj chin dudi.
e Vidu 10
i) Ham y = sinz bj chin trén R vi |sinz| < 1.

. 1 “ "
ii) Ham y = — bi chiin dudi trong khodng (0,1) v -:E >0, Vz € (0,1).

d) Ham tuan hoan
O Dinh nghia 6 Cho ham f x4c dinh trén tip X.
f dudc goi 13 ham tudn hoan trén X néu ton tai hing 6 | # 0 sao cho

flz+1l)=f(z), VzelX. (1.1)

Néu I thod (1.1) thi moi s§ dang nl (n € Z) ciing thod (1.1). S61> 0
nhd nhét thod (1.1) dude goi 1a chu ki cla ham f(z).

o Vidy 11
l.) Céch&my=sinz,y=cusztuﬁ‘nho&nvéichuld21r.

ii) HAm hang y = C tudn hon khéng c6 chu ki.
iii) HAm y = 72 khéng tuan hoan.

® Chu y Vi gié tri ca ham tuan hodn 13p lai theo ting chu ki nén ta chi
cin xét 4 thi ciia him tuin hodn trong mdt khodng o6 o dai bing chu ki, s

N\
.'\\‘-\
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2.3 Tang, higu, tich va thudng céc ham

‘ ) 'Y Vi ¢ L’_r D
Ta c6 theé thuc hién céc phép todn sd hoc h‘[c‘c - {‘;"[htk '
tadinhnghjicéch&mf+g.f-9-f9 vd g b e

i) (f +9)(z) = f(z) + g(z),
ii) (f - g)(z) = f(z) - g(2),
iii) (fg)(z) = f(z).9(z),

v (-;5) ()= ;’—(‘f% o(z) #0. .

2.4 Ham hdp

Trong phan nay ta nghién ciu mét phép todn phuc tap hdn trén céc him

O Dinh nghia 7 Gid si y = f(u) I ham s5 cta bién 88 u vh u = 9(z) s
ham s6 cia bién 56 z. Khi d6 y = f(u) = flg(z)) goi 1 ham 88 hop cia bién
doc 18p  théng qua bigh trung gian u, ki hiéu f o g.

Ta ¢é
(fo9)(@) = flo(z)], =z e D,.

© Chii § Ta ki higu fu(a) = (... 1(2))).

¢ Nhan xét

i) Ham hop £ 0 g xe dinh vdi moi 7 tai a6 9(z) xéc dinh va g(z) thuge
mién x4c dinh cla f, tde 1a

D(fog)={z:z¢ D(g), 9(z) € D(f)}.
ii) Néi chung fog # go .

® Vidu 12 Cho cic ham f(z) =222 +1 vag(z) =z =1 Ta c6
(F°9)e) = flo@)] = 2o(a)) +1=2(c - 1 4 1 = g _,
9 N)e@) = 9lf@) = Vi@ =1 = JozT 1) ~1=3g|,
Ta thay (90 £)(0) = 0 # (f °9)(0) = —1.

‘




2.5 Ham ngudc

D-Ilnhnghins Gﬁnﬁhﬁm!:ﬁcdphtrénfvitﬁm;umu} va
la bam 1 -1, tﬂclﬁtﬁu:|#:‘:tﬂf(!1}ﬁflt;) Khi 84 voh sl y € )
ton tai duy nhat r € X sao cho f(z) = y.

Co'ii'r.EYlhbié:ndécmpthiv&w:elﬂ'whwduynhﬁ
=f '(I)EXGéf{y)ur. Tacohmy = [~}(2), 2 € YV, gol 1h bhium
ngudc cua ham y = f(z).

® Chi ¥ Chi ¢6 ham 1 - 1 mdi ¢6 hAm ngude.
e Vidu 13
i) Him y = 2% ¢6 hAm ngddc z = ¥, ca hai cing xdc djnh trén R.

ii) Ham y = % (0 < a# 1) xéc dinh trén R va c6 mién gid tri
f(D) (0, +00). thnhyeéhhmngddc:—log,yxﬁcdinhtmn;km
= (0,+00) va c6 mién giéd tri f(D) =R.

iii) Ham y = z? khéng c6 ham ngudc trén R vi khong 1a ham 1 - 1.

o Nhén xét

i) Néu f ting (gidm) thi f~! ciing téng (gidm).

ii) Mién x4c dinh (mién gié tri) cta f~' I mién gié tri (mién xdc dinh)
clia ham f.

iii) D6 thi cha ham f va £ d6i xing nhau qua dudng thang y = .

2.6 Céac ham sd cap
a) Céc ham sd cap cd ban

i) Ham luy thiia : y=2% (@ €R)
*Neuavotltaquyﬂdcxet x:‘r(}neua)[)vam::-ﬂneua{ﬁ

* Midn xéc dinh clia ham phy thudc VAo o

_,_Céchgmyzm,y_z L y=1,.. . x4c dinh vdi moi 7 ;

1 1 1 i e N
+Céchﬁmy=E,y=;51y='$—3'}---xa€ﬂmhvdlmmm%0;

+H5_my=\/£xécdinhvc§imgim20;
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1 3
+H&my=$xﬁcdinhvdim9i
z>0;
+ Ham y = Y7 x4c dinh vdi moi
2.
Dﬂthicuatdtcdc&hMU—I
déu di qua diém (1,1), ching di qua

gDCOIIeucr:»Ov&khongdnquaO
néu a < 0.

ii) Him mii : y=a® (0<a#1)
* Ham x4c dinh vdi moi z va ludn nhén gid tri dl'fdﬂﬁ-
* Ham téing khi a > 1 va gidm khi 0 <a < 1.

* DO thi ludn di qua diém (0, 1), nam phia trén t
truc Oz.

ruc Oz va tiém cin vdh

|
5 -03 02 0.1 01 02 03

-04 =02 0.2 04

iii) Ham logarit: y = logaZ (0<a#1l)
* Ham logarit 1am ham ngudc clia ham mi.
* Ham xéc dinh vdi moi z > 0.
*H&mtangkhm}lv&g‘:émkhxﬂ(‘a-::l
* O thi doi xling voi do thl clia ham y = a® qua dudng phén gnic thu
nhat, luén di qua diém (1,0), nam bén phéi truc Oy va tiém can vdi Oy.
Y.

' 4
3
: y=log,x  (0<a<l) 3 yubgx D
2
1 1 /
X
" 1 2 3 4

. 3 2 3 4 4
-] -2

-2 -3
-4

-3

iv) Céc ham higng gidc

a) Himy =sinz ‘
Ham xéc dinh vdi moi z, ¢6 mién gié tri I [~1,1], 13 him 1¢, tuan hodn

Naa o



2. Ham 8 -
= Wﬂ-
voi chu ki 2.

Ham xéc dinh vdi moi z, c6 mién gié trj 1 (~1,1], A ham chin, tudn
hoan vdi chu ki 2r.

y = foss

) Him y = tanz

Ham c6 mién xéc dinh 1a z # (2k +1)§, k € Z, mién gié trj R, 14 ham
1¢, tuan hoan vdi chu ki .

d) Him y = cotz

Ham c6 mién x4c dinh I3 z # kr, k € Z, mién gié tri R, 12 him 1¢, tudn

hoan vdi chu ki .
y

4 Y=]‘ranl }':m ‘

2
2 M5 -2
-3 =2| - 1 2 3 =2 1 3 4 5
._2 2
-4 -4t ‘

v) Cdc ham lugng gidc nguotc

a) Ham y = arcsinz
Ham y = sinz tang nghiém ngit trén doan [-%, %] va 6 mién gié tl:i
1a [-1,1]. Khi d6 ham nay c6 ham ngudec, dude ki hiéu 1a y = arcsinz, voi
mién xéc dinh [~1,1) v& mién gié tri [-5, 3] Ta cd
y=arcsinz ¢ siny=2, y€[-3,3]

Chi y r:ingA:@inzlhkihiéutéptﬁ'tcécécgiétr;ysa.uchosiny=z
cbny=arminzl&giétriduynhﬁxy€[-§,§] dé siny = z.

f) Haim y = arccos z

¢ A
g & i
‘. A, 7
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s

: = b 4 LA
y = arccosz, z € [~1,1] 1 bim ngudc cia bam y = TRE © F T

! ' * Ta oo
Mié“xﬁ(?dinht:fmhimy=uccmxlil-l.l}.mﬂﬂt"mu"a'u-' .

y = Arccosr ¢» cosy = I, y€l0.7)

y
r 1 ]
2
................. L./ 7 S
|
. :
=18 o] - 0.5 i 1.5 5
-1 5
: e
................. sesennnenad § ;—**—""—"*J
-2 nf2 ¥ = arcsinx
* Nhén xét: arcsinz + arccosz = §

v) Ham y = arctanz

Ham y = arctanz 13 him ngudc cia hdm y = tanz, z € (-%,%) Ham
y = arctan z c6 mién xac dinh 13 R, mién gid tri (-3, §)-

§) Ham y = arccotz

Ham y = arccotz 13 hAm ngudc cla ham y = cotz, z € (0,w). Ham
y = arccotz c6 mién x4c dinh 12 R, mién gié tri (0,).

Y y

---------------------

|2 -10-75 -5 <25 25 5 75 10
* Nhan xét : arctanz + arccotz = 3
b) Ham sd cip

O Dinh nghia 9 Hé.msdcﬁplhh&mduqctgothhnhbéim@tsé'hﬂuhgn

céc phép Iy tong, higu, tich, thudng, ham hdp d6i vdi céc ham sg cip o
bdn v céc hing.



2. Ham 8 17

e Vidu 14
e +sinz ;
i) Him y = ——=—=—— 14 ham sd cip.
S - o
ii) Ham y = |z| khong 1A him sd cip.
¢) Cac ham hyperbolic
r
ka0 ; e —e*
i) Ham sin hyperbolic : shz = 7
-I
it) Ham cosin hyperbolic : c:h:r:=c’+; :
34, S _shr ef—e"
iti) Ham tan hyperbolic : thz-chz_e’+e"='
. . , che ef+e™”®
iv) Him cotan hyperbolic : cthxmshz—ex_e_z.
y y
: 14
= shx 12
4 ’ 10
2 B y = chx
-4 -3 2 A, 1 2 3 4 6
4
—4 2
:: -4 -2 2 4
y
H 6
1 4
0s 2 = cthx
-4 =3 =2 =i I 2 3 4 - HE T
5 2
-1
-15

i
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§3. Gidi han

3.1 Gidi han cha day s§
a) Khéi niém vé day sé

O Dinh nghia 10 Cho him f xéc djnh trén tip N. Kb a6 thp chc gia tn
f(l)vftz)v-"rf(")r--- lap thanh mdt ddy 0 (hay ddy).

Dit z,, = f(n), ta dudc diy 80 Ty, 23,1 T+ ki hidu 1A {Za}n-
T goi 1 86 hang tong quét (hay s6 hang t.hlin)'cﬁl ddy.
e Vidu 15

i) {(=1)"}s ={=1,1,=1,1,..., (=1)%...}:
M) {2}n={L,3,3,.- .}

b) Gidi han cta day sé
O Dinh nghia 11 %
S6 a (hdu han) dudc goi 1a gidi han cla day 80 {z,} khi n din ra v

cling néu vdi moi s € > 0 bé tuy ¥ ton tai s tu nhién N phy thude vao &
sao cho vdi moi n > N ta b |z, —a| < &. Ki hiéu -

lim z, =a hay z,—a.
n—o0

/
n+1

e Vi dy 16 Ching minh lim —— =1.
Giai
1 1
To il Jig 3] | oS =

V&imgis::»{]chutrd&c,tachgnN:[}]. Khidévéimgin;;.}\rth]
1
n>Lhay - <e Tasuyrefon—1| <c

"+1=L

Viy lim

n—o0 n

c) Tinh chat va cdc phép tinh vﬁgl&ihgncﬁa day s&
. Dang dinh nghia gidi han ciia ddy 3, ta chiing minh duge c4e dih I sat




ADinh li1
i) Néu mét ddy s6 cé gich han thi gick han d6 ld duy nhét
ii) Néu mét day sé cé gich han thi né bi chdn.
A Dinh I 2 Néu cdc ddy 36 {z,}, {yn} c6 gich han thi
i) Jﬂ(znivn) =nl-l-i‘elnnz"iuu—-tgnv“'
it) n]_l_‘:go(x“.yn) = “li_il;n::,.. “li_n.;ny,..

lim z, ;
m)hm—:—.“f"'-“ (w'i limy..,‘ﬂ).*
n—oo Yn nll‘ngoyn n—00

A Dinh If 3 Cho ba ddy 36 {za}, {yn}, {sn}. Néu
1) Tn S Yn < 2n, Vn,
i) lim z, = hm Zn=a

n—o0

thi day {yn} co gidi han va "h_ﬂ, e = G

d) Dy bi chin, ddy ddn digu va sd e

A Dinh 1i 4
i) Néu ddy 36 {zn}n tdng vd bi chdn trén thi né cé gich han.
ii) Néu ddy s6 {Tn}n gidm vd bi chin dudi thi n6 cé giok han.

1 n
-Sﬂtontmcﬁa hm( -) ’

n—oo
Xét zn = (1+1)". Theo cong thiic khai trién nhi thiic, ta c§

1 nn-1)1 nfn—-1)(n-2) 1
Tn = 1+ﬂ;+ 21 ﬂ2+ 3! ﬂ3+

I
—
-
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<+
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Ly, lién b
gidi han —

mm&cﬁanb‘&nn-#?lﬁ'm& Iru.‘
rong (1.2), chl c6 thua y

'y . ﬂ+1
Do voli Tnil = (1+ #) .
d6n+ls£;.h§-“£d§u r:t’m.ln:h.!u'1:l'ié‘1.l"‘f'd““‘nhdt
dang (1 - 1) duge thay bdi (1 - =iy)-
~ Ta thiy n + 1 s6 hang déu tién trong khai trién ﬂf’:ﬁ ﬁ"m::ut
cdc s hang trong khai trién clia . Ngodi ra, s0 hang {zn) 1A diy
trién cla zn4; 1a 85 dudng. Do d6 Zns1 > Zn: VI VY - 'S
ting.

Tu (1.2) ta lai c6

[ 4
1 1 1 1 i =1 n
- | Gl e 2 s = (dol1-%<1, i=1n)
n < +1+2!+3!+...+H+...+n;( n
Mt khéc, vin! =n(n—1)...2.1 > 2"}, ¥n 2 3, nén

1,1, 1
mn{1+ 1+"2"+§§'+1-~+2n__] .

Téng trong ddu ngodic & vé phai 14 mét cip s6 nhan vdi s hang dau tién
la 1 va cong bi 1a § ; n6 c6 gid tri bang = =2[1-(3)"] <2, ¥n.

Do @6 z, < 3, Vn.

- o . " - N at P . ] "
Vi day {z,} tdng va bi chin trén nén tén tai gidi han ﬂh_% (l + ;) .
i 3 ;e : " L

Dat e = nllongn 1+E) . S0 e nay dudc chung minh 1 sb vo ti va

e~ 2,T1828.

3.2 Gidi han clia ham tai mét diém

. O Dinh nghﬁ 12" (Ngén ngii e, ) Gid st ham f(z) xéc dinh & lan cén zo,
// khong nhat thiét xdo dinh tai zo.

| 5L (mlu han) dude goi Ia gidi han clia him y = £(z) khi z dén déa zo

néu Ve > 0, 36(c) > 0saocho Vz € X, 0 < |z —zp| < & ta c6 |f(z)-L| <e.

|
\\ K higu lim f(z) = L hay f(z) — L khi © — 2o,

o Nhén xét Ta c6 thé phat biéu dinh nghia trén theo cdch khic -
Cho triidc s6 € > 0, ta c6 thé tim 85§ > 0580 cho néu zy—§ < g < 2k,
r#rothi L—e< f(z) <L+e.

L . -



) R ——

0 -8 x, X+

® Chy ¥
i) 2 — zo nhing z # zo.
ii) Khi f(z) xéc dinh tai zo ¢6 thé f(zo) # L.

2
-Vidul?Chﬂngmlmh hm i =2,
ﬂ—o z_
Giai
Vi z — 1 nhung z # 1, nén
z? -1
e -2\—!(w+1)—2|-|2:—1i,

Véimqia}ﬂ,chgn6=sthiv6'il]{|za-ll<:6ta.c6 ’:—-2'-::5
z? -1

=2.
-1

Didu ndy ching té !.un

/O Dinh nghia 13 (Ngon ngd déy)

lim f(z) =L < Y{za} C X\ {zo}, Tn — To = f(2s) = L.

I—IL0

o Vidu 18 Xét ham f(z) = cos trong lan cén diém z = 0. Ham ndy

khongcdguﬁhankhlzdanve{}

Giai
 That véy, xét cdc day {zn = rz;,%ﬁ}n va {zp = 7= }n. Tacd zp — 0
va z,, — 0, nhung

f(zq) = cos ( +n1r) 0—0, f(:r:,)=c052ﬂ1r=1—rl.
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3.3 Gidi han mét phia

I 2 5 hoéic < Xo
Trong dinh nghia 12, khi néi z dan vé 701 thé > %0

i han cha J(z) dude

Ik dinlengiip 12 KL e
goi ﬁ?ﬂiﬁéﬁ" ft(:-;é)l r.(:; :n,x Efv;; & ,l_:.T; f(z) bay (¥~ 0) |
Tudng tu, khi  dén vé 7o bén phai (7 =* 0 vk > Zo) thi ta c0 £
han phdi cia (z) tai 2o, ki higu 1b lim, /() B f(z0 +0)
A Dinh li 5
Jim fz)="L ¢ 3 lim f(),3 I fle) v Jim. 4() = K, f(z)= L

o Vi du 19 Xét ham dau ,
-1 néu z<0

f(z) = signz = 0 néu z=0
1 néu z>0.

1.5
Df;thicﬁaha.mchabéihinhbén.*facé ;
0.

f0-0)=-1#1=f(0+0). — iy
Vay f(z) khong c6 gidi han khi z — 0. e
-15

3.4 Gidi han & vé tan va gidi han v6 tan
Khi z dan ra vo tan hodic L bing oo ta ¢ gidi han & v6 t4n hodic aidi han
v6 tén. Céc khéi niém ndy dude dinh nghfa dudi day. ' :

O Dinh nghia 14
* lim flz)=LeVe>03M>0:VzeX,z> Mz < -M)=

=400
(z——20)

|_f(.1:)-—L|<£.

‘:l'iﬂof(:c)=+oo (—o0) & VA>0,36(4)>0:Vze X,
0<|z—z0| <& = f(z) > A(f(z) <-A).
e Vidu 20

& 1 .
l]:!i%n:rztl—n‘

i) PE} (z-1)? s



3. Gidi hgn 3

o Nhén xét Dayadlitrﬂbnghdpdqcb:&lmhimudmbﬁduruﬂ

ttinhmnnentaeéthexemmdih.oncundnynblilnktu dic bidt cua
gidi han ham khi bién s6 din ra +oc. d

3.5 Tinh chat cha gidi han
i) Gidi han ctia ham f(z) khi z — zo (hay z — 00) néu c6 Ik duy nhit
ii) Néu f(z) = C (const) thi Jlim f(z)=C
iii) Gid si hAm f(z) xAc dinh trén tip X. Néu Jlim f(z) = L v

A < L < B thi tén tai khodng J chia zg sao cho & < f(z) < B,
Yz € JN X,z # Zo.

Dic bigt, néu L > 0 (L < 0) thi f(z) > 0 (f(z) < 0)Vz € JNX, z # Zo.
iv) Nehzgngaf(m)ﬁ,vmq(z)<BVzexmAg L<B.

Dic biét, néu f(z) > 0 (hay f(z) < 0) Vz € X thl L > 0 (hay L <0).
v) Néu Jim f(z) =L th lim If(z)] = |L|.

3.6 Céc phép toan vé gidi han

A Dinh i 6 Gid su cdc ham f(z),9(z) cung zdc dinh trén tip X v ton
tai cdc gioi hgn hm f(z)=F, hm g(z) =G. Khi d6

i) lim [f(z) £ g9(z)] =F £G.
i) lim [f (:v)-g(z)] =FG.

i) lim *; (=) _ (Gaé 0).

A Hé qua 1
i) Néu hm f(z) ton tai thi hm Cf(z)=C hm f(z) (C la hdng $6).

ii) xl_uf'go[fl(-’c)-fz(x)- fn(-":)] ',lﬁgn:nf’*(x) zll_ﬂzlu fz(m) - Jlim fal2).
pic vt - im [/ = (Jm 1))

e Vidu 21
l) llmx MI...E]]IE=IE_ o
T—IQ z—o:a T—2Q

ii) Xét da thdc P(z) = agz™ + a;z" 1 +...+8p1Z + O Ta co

f
: -
y
B |



i HAm #5 B

i Chubhg 1
- 4-4...13'1.!*“" ‘-f'.[l[)'l
Jim Po(z) = sz +m% T
3.7 Gidi han ctia ham hdp
A Dinh If 7 Xét ham hop f[u(z)} Néu
') :I.'I—i-om H(I) = Ug.
u v lim f(u) = J(uo)

i) f(u) zdc dinh tai ug vd ldn cdn 40 77

; Jim flu(@)] = /() (= (.‘.‘.'2.“‘"))'

e Vidy22 Tim L= lim(z’+2+ Ve
Gidi
Dit u(z) =z +z+1vd f(u) = w!®, Ta cd
. : 100
tmyate) =9, Jm /) =9
Vay L= f(3) =3'%.

3.8 Gidi han clia ham sd cdp
A Dinh If 8 Néu ham s¢ cép f(z) zdc dinh 0 zg va ldn cdn xo thi

Jim f(z)=f (z0)-

e Vidu 23
i) lim sinz = sinzy.

T—I0
T _ 2 _
i) lim '2\/::7:'3 lnz __ _ \/Ee 1n2‘
z—2sin“(2z + 1) +tanz  sin“5 4 tan2

o Vi du 24 Mot cong ti du tinh ring khi ding & triéu USD a8
’. L] : A : w E
sdn pham thi 10i nhun R (theo triéu USD) dudc cho bdi h quang c4o
1000

R(¢)=500—_..__.
z+4

a) Tim E—IPU R(z) va zlixfw R(z) ;

b) Cong ti dang chi 30 triéu USD cho quang | <o .
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3. Gidi hgn

Giai
a) Ta c6 00 meennnn
_ 1000 o
lim R(z) = 500 - -2 = 250 nf
va x|
i - = 1o |
Lm R(z) = 500 - 0 = 500

T » » e =

b) 'I‘athiyn(x)tangvan(:)< 500, ¥z > 0. Khi z > 30 thi R(z) thng
chdm. .

= 477,27 nén R(40) - R(30) ~ 6,09 tribu

Vi R(30) ~ 470,59 vA R(40)

USD. Higu s6 ndy nhd hdn 10 trigu USD chi cho qudng cdo nén vide chi thém
tién cho quang céo 1a khéng c6 ldi.

3.9 Dang vo dinh

i _ _ : o U(Z) :

Néu 311.12“ u(z) = =l_1_‘néuv(z) = 0 thi ta néi zlilgu ) c6 dang vo dinh §.
* Phuong phdp khy

Dtim lim %)

o ta bién d6i sao cho u(z) va v(z) c6 chia nhan td z - z,,

2 _
*Vidy25 TimL=limZ -32+2
z—1 z¢-—1]
Ta 6

e E=1)(z-2) z—-2 1
L_zhﬂ(x—l)(n:-i-l)_-:l:lﬂz-l-l_ 2

o Vi du 26 TimL=li§u"E +"';+ i
I

Ta c6

2
T4z . z+1 1
L=1im =11m = -,
=0z(Val+z+14+1) +0yzZtz+1+1 2

3.10 Tiéu chuan tén tai gidi han
A Dinh If 9 Gid su

i) Cdc ham f(z),9(z), h(z) zde dinh & lin cdn zo (khéng can zdc dinh
tai 7o) va g(z) < f(z) < h(z), Vz,
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i) lim g(z) = lim h(z) = L.
z—zg 220

Khi dé lim f(z) = L.

I—Ip

3.11 Céc gidi han cd ban

z—=0 7T

\ﬁm—rﬂnéntahg.uchéxétv&ix: o<zl <§ *

*Khi0<z<§, ta thiy dién tich AAMO < di¢n
tich hinh quat AMO < dién tich AAOT,

hay . L

LAO.MP < J0A.AM < ;0AAT.

Tidé sinz<z<tanz.
i 1

Suyral< e,
r COs T

*Khi—%{z-c:[}thi(]{-—:c{%. Theo trén ta co

{< sin(—z) < 1
-z cos(—x)
hﬂ.}' 1 < EE < _1_...
T COST
% T sinz
Témlg.lvdimthodﬂ{|$|<§, tacd cosz < — < 1,
T

5 o _ o i o N #
Wi hmcosm=ﬂl = 1 nén theo tiéu chuin tén tai gici han ta c6

r—

lim 2% = 1,
z—0 7T
e Vidu 27
B A e
z—0§ing -0 H1Z ng_'_E:l'
=) 7
e Vidu 28




3. Chlhq.n K.

o Vi du 29
. l—tm:t m L
dig *,_u—,fl'al‘_’.%( ) .

eVidu30 TimL= ““‘_‘:r"ﬂ
Gidi

B3

sing _ (-
T ninx_umlin:( 1)
z—0

1

=Hmuin:1-—m: 1 -l'l
20 z  z? ‘cosz 2

ii) | lim (1+%)==e

I—00

'I‘.rﬁdchetta.xét::—r+oo Vdi moi z > 0, tdn tai 86 tu nhién n sao cho

n<z<n+l Tfidé—— -1--::- Do d6 ta c6
n+1 n

o) <42 s+

* Khi £ — oo thi n — +o0o van+1— +00. Ta c6

S 1 n+l
(H"#T) nh—?SO(l-{-n-l-l)

n+l

1 \" e
i —— - — i == =—-=§g
ﬂ];lﬂlgn(1+ﬂ+1) nllvngn 1+;_1|_—1 ]im(1+-1- 1
n—oo n+1
i (1+2)" < o 12) (1) =2
n—00 .

Theo dinh li 9, ta suy ra lu_E ( )

¢ Khi ¢ —» —o0. Dity = —(z+1) Ta ciing ching minh dude

1 b
lim (1 + —) = €.
T—+=—00 I

: 1\*
Tém lai ta c6 sh-{'éo(1+5) =e.




‘ o Dang vé dinh 1%

Xét L = lm::u [u(z)]ﬂ[ﬂ u(z) > 0.

{ y = ta cé' L = ol
! * Néu hm u(:c)—a(a}ﬂ) va lim I‘J(J-') b"bl a
| oo thi ta noi lun lu(:)]-m

* Néu lim u(z) =1va lir hm v(z) =

v dinh 1%,
* Phudng phép khi dang 1%

Ta phan tich
ulz v(z lim -1
{[1+(u(:rJ - 1)]..—{-}—-, - }[ (z)-1Ju( ] _ﬂm[ﬂ(z) ]v(;)]‘

z—.;-

e Vidu3l TimL= 1im(1+sin:c)§.
z—0
Giai
sing

i i Zsinz lim 2——
Ta c6 inl_%[(usma;)a:—,] et gl

*Vidu32 Tim L= lim (:Hl)"c

T—00
Giai

iv) [ lim
z—0

Chu inh. I“(I'i-:.:)
ung mi z«u-_h“‘“““hmln(1+z)=‘_
€=1

I z-.o sin 3z



4. Vb cling bé, vd cing ldun e

m —— a—
Gii
o In(1+422) 2r 32 2
TR bRl
ilim &=L o
z=0 zx el

Chng minh. Dt t=a® —1thiz = " Khiz — 0 thi t 0.

. -1 Ina
Khids  lim - = lim —— = Ina.
=0 I t—0 In(14¢)
[
*Dic bigt : |lim &L =1
=0 Iz
5% — 4%
e
Giai
ol z _
L=lim(sz .. 1) 1 il
z—0 T I z+1 4
b
z—0 T
e 1y . (+zp-1_ . el _1In(1+2) _
Chng il BEO x T z=0 pln(l+z) " =z R
v — 1
* Dicbist: |im YAt2=1_1f
: - z—0 - n
. V1+zsinz-1
e Vidu 35 Tim L=£l_’m° p .
Giai ] :
. y1+zsinz-1 sinz 1 _1
L = lim : : =-1=-.
z—0 rsinz 1 2 2

§4. Vo clung bé, vo cung I6n

4.1 Vo cung bé
a) Khéi niém v cling bé
O Dinh nghia 15 Him a(z) dudc goi l& vo cing bé khi z — zo néu

lim a(z) = 0.
z—1g

=

=



4 N — lién t 1
. i el we
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* Viduy 36 l
i) 0(¢)=sin(m-1)lﬁv6cﬁn5békmzﬁ '
ii) a(z) = L 14 v cling bé khi z =

b) Lién hé gida vé cing bé va gidi ban
A Dinh If 10
zl.i:‘.";,‘of(m} =L & f(z) = L+ a(z), voh a(z) ld vé cung bém:ﬁ‘

L 4

c) Tinh chat

i) Téng va tich ctia hai vo ciing bé 14 mdt vd cing bé.
ii) Tich ctia v cling bé va mét dai ligng bi chén 1& mot vé cling 14

Viduin_%msmg=oﬁh9,m1;mngdaugxd1hq.nlhtfchcuavocﬁm
% (khi z — 0) va dai lugng bi chin sin 1.

d) Phén loai c4c vé ciing bé

Ta xét cdc v6 cliing bé a(z), f(z) trong mét qué trinh.

) i) Néu lim ‘ﬁg} = 0 thi a(z) dudc goi 1 vo ciing bé cip cao hdn Bl(z).k
higu a(z) = o(4(z)).

i) Néu lim H3 =L (L #0) thi a(z) va B(z) dgc goi 13 hai vé clngh

cung cap. o
D}'.cbiét,khiL=1thia(:c va B(z : g v

dudng. Kf higu a(z) ~ B(z). ) v# Ple) e g 1 hai v6 cing bé

i) Néhlimﬁ((-’j},=‘4m?émtma(x)d ;
’ T lidc s y
vai B(z) va AB(z)]* dude 80i 1 v cling bé cap k¥

801 1a phén chinh efg VO cling bé afz).
e Vi du 37

: . sinzx .
VIl = = 1nénsinz~okhiz g,
,_)wuml—cmx_lnénl
u = 8 = ] 'l
=—~0 7 2 €08z 14 v§ ci AT
:—eO\riphinchfnhcﬁnvﬁc&ngbél_cmrngéC&phmsnvdi.-*‘:
Voiz 13 152,



4. Vﬁcmu,\nﬂch.‘& 3
'—'—-"—'——l—-__—__—_.

e) Ciéc vb cling bé tudng dudng

Xét qud trinh a - 0, 'Iheddcvdcﬁngbétddqdmnu:
|) sina ~ a
ii) tana ~ a
lif) 1~ cosar ~ o
iv) In(1 + @) ~ a
v)e® -~ 1~a

vi) (14 p)® =1~ pa.

L4

f) Duing cdc vo cling bé a8 kh\ dang vé ajnh

A Dinh If 11 (V8 clng bé tubhg dubng) Gid sta(z), B(z), &(z), Blz) la
cde v6 cing bé trong mft qud trinh. Néua ~a, B~ [ thi

(@) _ . ()
lim .6(3) lim BT—)
e Vidy 38
i Y& i1 I"lgumi=1_
x— sin § z=0 §

A Djnh 1If 12 (Ngt bd cac VCB cdp cao) Gid st a(z), B(z) 1a hai v6 ciing
bé trong mdt qud trinh va 1d tdng cda nhiék vé cing bé. Khi dé lim 23 bang
giok han ca ti' 6" hai vé cing bé cdp thp nhét & t va mak.

o Vidy 39
sinz + 32% 4+ 2tan®z _ sinz 1

a0  Oz+ 2 +628 =20 3z 3

4.2 Vo cang 1dn
a) Khdi ni¢m vd ciing Idn

O Dinh nghia 16 HAm A(z) xéc dinh trong (a, b) (hay (—o0,+00)) dude
g0l 1d v0 cing 1dn khi @ — 29 € [a,b] (hay 2 — 00) néu lim |A(z)| = +co.

(z—00)

e Vidy 40
i) A(z) = 1 1 v6 cling ldn khi z — 0.
i) A(z) = z 1A vd ciing Idn khi £ — o0.

£
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- Ham - '!'__."':-L""Lf‘* — B

‘_m l ‘-.‘

-
——

® Nhin xét
i) Néu lm Alz) = £oo thi Alz)

ey
e , khing W chia
u""ﬂﬂx}uvﬁmhmﬂn“"“ N

chung didu ngide lai s khng ding

"“‘ re

u;&dﬂhwl |

b) Tinh chit va phép todn

i) Tich cia hai vé ciing Idn b mée v clng 190,
vi mix gl Iigog bl e 1b Mm% V0 cly
ido khi x — %€
_]hu#vﬂ(ﬁﬂ‘krhf‘

i) Téng cia mdt vé ciing ldo
It Vidy A(z) = z + sinz [k mdt vd cling

i) Nghich ddo cita mit vb ciing bé (v0 ciing ko
ciing bé).

¢) Phan loai céc vé cing ldn
:m@ilrcﬁﬁun,m;}ummml&nnﬂumﬁw
trinh.
x&ﬁ;mmvﬁmﬁnmiﬂz)mummuﬁdpmm
B(z) (bay B(z) la vé ciing dn cap thip hdn Alz)).
ﬁhﬁmﬁ=C#OthiA(::)viB(:)gqi!&haivécﬁuldncﬁn;cip.

d)Ngéb&dcwacmﬁn&pthfp
B(z) l hai vé ciing loh trong mjt qué trinh va i

A Dinh K 13 Néu A(z),
24} bing gick han cila 1§ a8 hat v cin

tong cia nhiéu v6 cting lon thi im
&ﬁcﬁ!mﬂnhﬂt"t?té#dm:

e Vidu4l
22 +82+10 . 22°
; = m — =2
..E 2+z-1 z—oo T?
wipdw

Cho bai da thuc Pa(z) = a2 + 012" +... + a2 + ag Vi

Q“i;}=w+bm-lfm—l+-u+hz+fb,



5. Lién tye 3

Ta c6
i Pn(:] an:‘ u I*:u n<m
:li.“&oqm(z)",lin;obm“—,.' f* obu nwm
o0 ndu n>m

o Céc dang vé djnh oo - oo, =, 0.0

0 Dinh nghia 18
00 — 00 : higu ctia hai vd clng ldn ciing diu
2 ; ti's5 clia hai v cing ldn .
0.00 : tich clia vd ciing bé va vd ciing Idn.

> Phudng phép khi

‘{I‘;iv&icécdgngoo-mvhﬂ.m,tadﬁngcdcphépbifndﬂl thich hdp
dé dua v& céc dang § hoic 2.

o Vi dii 43 Tin Lo Him [ ot — B ).
* z=l\l=2 1-z?
Giai
R | . 1 1
s - T e

o Vi du 43 TimL=iiﬂ(:c-—1)tanTr—;.

Giai
| P 2. -2 m. 2
L=l1:@@l($—1)00155(1—$)—-;ahﬂm-.————¥(1_x).m2{ :c) =
o Vidu44 Tim lim z(vz?+1-2).
: z—++00
Giai
1 1
z oo _ _1
= dang = = lim =
L z—+00 /22 +1+72 ene e SV T ST S

§5. Lién tuc

5.1 Ham lién tuc
O Dinh nghia 19 Cho ham f(z) xc dinh trong khodng (a,b) va 7o € (a,b).



rv" _ |
= gidh han, Ueo TV -

- Chubhg 1. HAm 80

T

f dude goi 1a 1ia e o g(z) = (%)
2C 801 1a lién tyc tai zo néu IIL%,’(

f lién tyc trong (a, ) néu f lién ty tai moi ¥ € (@ } ¢

* Vidu 45 Céc ham f(z) = 222, 1 1/3* khong lién t9e 11 T = 0 ¢
¥

khong ton tai f(0). :
® Vidu 46 Xét tinh lién tyc cia him
2sind néu z#0
| f(z)={ 0 néu z=0
ta;.l T = 0‘ o
Giai
f(0)=0.
Vi0 < |z?sinl| < |z|> = 0 nén ;%f(z) = (.
Do lim f(z) = f(0) nén f lién tyc tai z = 0.

o Nhin xét Dit Az = z — o, goi |a 80 gia cla z tai Zo.
Af = f(zo + Az) — f(20) goi 13 86 gia clia ham ing vdi 85 gia clia ddi
s6 Az. Khi d6, f(z) lién tuc tai zo khi va chi khi lim Af=0.

5.2 Lién tuc mét phia
O Dinh nghia 20 Cho ham f(z) xéc dinh trén doan [a,b] v& zg € [a,]].
Ham f goi 1a lién tuc bén trdi (phdi) tai zo néu
lim f(z) = f(zo) ( Ulll+ f(z) = f(@0))-
z—Tg

)

Ham lién tuc bén tréi hay phdi tai zo dude goi 1 lién tuc mot phia tai

diém nay.

Ham f lién tuc trén doan [a, b] néu f lién tuc trong khodng (a,b), lién
tuc phdi tai a va lién tuc trai tai b.
¢ Y nghia hinh hoc

Néu ham y = f(z) lién tuc trén doan [a, b] thi d thi cla né 13 mét dudng
lién néi diém (a, f(a)) va diém (b, £(b)).
» Xét tinh lién tuc mot phia ctia ham

22 néu z>1
f(I)_{3:5+1 néu r<1

e Vidu4



5. Lién tyc ~

tal z = 1.
Giai
Ta c6
fQ)=1.
lim f(z) = lim(3z +1) = 4 # /(1) Do 46 f khong lién tyc trdi tal

r—1-
gr=1,

.-;llr?+ f(z) = 2—% z? = 1= f(1). Suy ra f lién tyc phdi tai z = 1.

A Dinh li 14 Ham f lién tuc tgi zo khi vd chi khi f lién tuc trdi vd lién
tuc phdi tai .

5.3 Diém gidn doan. Phan loai diém gién doan
O Dinh nghia 21 Cho him f(z) x4c dinh trong (a,b) v& zo € (a,b). Néu
f(z) khong lién tuc tai zg thi ta néi f(z) gidn doan tai zo.
e Phén loai diém gidn doan
Ta phan loai diém gi4n doan zg ctia ham f(z) nhu sau :
* Gidn doan loai 1: ton tai lim f(z) vd lim f(z) hdu han.

ToT, T—z]

Déc biét, khi lim f(z) = 11m f(z) = L # f(zo) thi ta goi zo 1a diém

:-ozu z—i-zu

gién doan b dude. Trong tridng hdp nay néu thay L bdi f(zo) thi ham lién
tuc tai zo.

* Gidn doan loai 2 : {t nhat mdt trong cdc gidi han lim f(z), lim f (z)

Z—':n z—-::u

khong ton tai hodc ton tai nhing bang +o0.

o Vi du 48 Xét ham sb

lnz néu z>0

f(z)={ 1 néu z<0.

Tacs lim f(z) = o0, lim /() =1=f(0)

Do d6 f(z) gidn doan loai 2 tai z = 0, lién tuc bén tréi tai z = 0.
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 ADinh )i 19 Ng

N

%A Dinh If 21 (Bolzano-—Cauchy 1) Néu ham f(z

f

36

¢ i han, lén tye 1
Chubhg 1. Ham 83, 819 TN
b’_

lién t
4 Céc Phép todn trén cdc ham | we i 0 4 J(2) 4 I
“ Dinh If 15 Néy cde ham f(z) vi 9(2) hén ¢ g
T@)-9(2), 42 (g(z) # 0) cing lién tuc tai 30

A Dinh |f 16 Néu ham f(z) lién tuc tgi o, MM(}"(L} lién tuc tay ;?"‘\
d"fayo=f(a:g) vd lién tuc tai yo thi ham hop 9 °

F # N 3 1 A ‘h M m
A Dinh |if 17 Moi him 56 so cdp lién tuc tai moi diém ue iy
ctia ng.

5-5 Tinh chit cha him lién tuc trén mot doan

A Dinh 1f 18 Néu f(z) lién tuc tai zo vd f(zo) > 0 (hay f(z0) < 0) iy
ton tai mot khodng J chia 24 sao cho f(z) >0 (hay f(z) <0)Vz e J,

ham f(z) lién tuc trén [a,b] thi nd bj chdn trén la,§
tuc la ton tgi haj 86m va M sao cho

. " mZf(z)SM Vzeab.

A Dinh If 20 (Weierstrass) Néy ham f(=) lién tuc trén [a,b] thi ng de
914 tri nh6 nhét va gid tri loh nhat tren la,8], tuic la ton tgi z,, 2, ¢ [a,b
880 cho f(21) < (=) < F(z3) vok moi z € [a,0]7.-

) lién tuc trén [q,b),
f{a)=A,.f(b)=Bthivo'impi7e(A,B)a:‘ ‘
f(c) =1. S

é“tﬁ“t@iCE(a,b)mdw
A Hé qua 2 Néhhdmf{:t) lién tuc trén [a, ] thi. f(z) nha : i
"“““"“"9"?“9“"i"ﬁdnhﬁtv&gim:owﬁmg;){a,ﬂl" e
A Dinh If 22 (Bolzano-Cay

chy 2) Ng e X
(@(0) <O hi 61 10 ¢ € (,1) o ap 1) 2 4 rém [, B] g

AJ‘




5. Lidn tyc ¥

e Vidu 49 Ching minh phudng trinh z° - 327 + 1 = 0 c6 it nhit mit
nghiém dudng nhd hon 1.

Gidi
Xét ham f(z) = z° - 3z + 1 trén [0,1). Ta c6
f(z) lién tyc trén [0,1).
f(0) =1, (1) = -1 nén £(0)f(1) < 0.
Do d6 phidng trinh f(z) = 0 c6 ft nhat mdt nghi¢m trong (0, 1).

o Thuiit todn tim nghiém gin ddng cha phd.::lng trinh f(x) =0’

Gid si ham 85 f(z) lién tyc va don diéu trén [a,b]. Néu f(a)f(b) < 0
thi theo tfnh chét cha him lién tyc trén mdt dogn, phudng trinh f(z) =0
c6 nghiém duy nhét z = ¢ € [a,b]. Trong trudng hdp ndy, ta c6 thé xdc
dinh nghigm chinh xéc hay nghiém gin diing bing phudng phép chia lién
tiép theo céc budc nhu sau :

Chia 61 [a, 8] va dft 71 = 2. Tioh f(z1) (%) .

* Néu f(z1) = 0 thi z; 12 nghi¢m ctia phudng trinh.
* Néu f(z1) # 0 thi ta xét céc tridng hdp :

Néu f(z1)f(a) < 0 thi nghiém thuge [a, ). Chia ddi [a,z1] vA dat
8+ 21 & trd 1ai bude (¥).

Ig =

Néu f(z1)f(b) < O thl nghiém thudc [£1,b]. Chia d6i [z1,b] v& d&t
16l tnd lai bude (*).

T+
T2 =
Thl;chiénquétﬂnhsaunbﬁéctasénh@ndﬂ@c@@%hﬂ:=c
hoic nghiém gén ding z, cha phidng trinh vdi sai 80 tuyét doi

b—a
5=]B—-‘.‘Bn|5 "'"2_’_;"".

Khi n chng 1dn thi sai s0 chng nhd.
e Vi du 50 Chdngminhphudngmnhza-z-;ﬂoqm{:t nghiém trong
[1,2]. Tim nghiém gan ding clia phudng trinh voi sai 50 nhd hon 0,01.

Giai

'Phin doc thém ¢

Fé



cén [1,2] va
Xét f(2) = 43 — 7 _ 1. Ta thiy /(2 uend phudns tinh J(z) w
1) = »f(2) = 5 nén f(1)f(2) < 0.

nghiém tren (1,2 P
u , ta
Mét khac, vdi moi z;,; € [1,2), 21 < %2
+23-
[@1) = f(zz) = (21 - )1 + 7172

ﬁz?+3132+x§-—1>0w§iml,rgE[LQ]- N—
Vay him 5 f(z) ting nghiém ngit trén [1,2)- Do d6 PHUING trinh
Nghim duy nhst trén [1,2]. v
Ta tim nghigm gan dtng cla phudng trinh bang cdch 1p bang say .

1)<0

e = @) Nghiém nam  Diém gida
phén chia trong khodng
=g 15 08750 [1;13] 1,25
2 1,25 -0,2969  [1,25; 1,5 1,375
3 1,375 0,2246 (1,25 ; 1,375] 1,3125
4 1,125 -0,0515 [1,3125;1,375]  1,3438
5 1,3438 00826 [1,3125;1,3438]  1,3282
6 1,3282 0,047 [1,3125;1,3282]  1,3204
7 1,3204 -0,0186 [1,3204 ; 13232] 1,3243

Sai s6 gida nghiém gan ding va nghiém diing 13 § < 7r 20,008 < 0,01,

Viy 27 = 1,3204 1a n

ghiém gan ding cla phudng trinh vdi saj s& tuyét
d6i nhd hon 0,01. ;

W Bai tap

1. Cho h'inh thang vuéng ABCD hinh l) C
bén) vdi AB = a,BC = p AE(-.. é.
Mot diém M di chuyen trén AB. Dit N

AM = r. Hay bidu dién MN = v v
dién tich z clia hinh AMN theg 5.

’ A M E
2. ﬂmmiénxﬁcdinhcﬁacﬁch&msgsau_

Jy=1—s:
T

b)y=

Dy~ arcsin(1 -—:c) +1g 185}'




Bai tjp Jy

+3. Tim mién gié trj cha céc hAm 88 sau :

) 4.

aA)y=vV2+z-27; b) y = Ig(1 - 2cos z)
Xét tinh tudn hoan cla céc him 80 sau

a) f(z) = asin Az + beos Az, (a,b la hing 80, A # 0) ;
b) f(z) =sinz + §sin2z + §sin3z ;

c) f(z) = tan/z.

- Tim f[f(z)], glg(2)], flo(=)), gl f (2)) vdi

a) f(z) =22, g(z) =2*;

b)f(::):{” néu z<0 ()={0 néu <0

z néu z>0, -z? néu z>0.

. Tim f(z) néu f(l) =z + V22 + 1.

. Tim gidi han cla céc déy so sau :

124+22+...4+n?

a)ﬂlinc}c: md4+n+1

b) lim [i+ - T e T (ﬂ1+1}];

n—oo 1.2 2.3

1422433+, 40"
c) lim = ;

n—oo n .

1

d)nli“%o[m m*ﬁ]

Tim c4c gidi han mét phia
1
a) lim 2,- " b) lim arctanx—

r—]E . | z—1%
Tim cAc gidi han mét bén hodc gidi thich tai sao gidi han khéng ton

a)L_=:l-i-bIl[]1‘ 1'3" " L+=z]il:{?+ 1??'—33;

lz -4

b) z—21 T — 2



40 Chibbg 1: Hunlﬁq g T

=B T
10. Cho lim f(z) = A vd Jlim, f(z)=8

a) ]jm- f(xa - 1), %I(rl - z) i

b) lim f(a*-2*), lm, f(z? - 2')-

240~
11. Tim céc gidi han sau :
-9 e 2 l
Vi b)l'_i'i;r:;r-':'-TH
Igfa_..‘l Fs:_l'l-la.f+ ;
c) lim 7 : d) E-IPO z
T - ¥ (1 z = .
o i YE-VEHVE=G ) lim S (1 )n-
z—sat V2% —a? o

12. Cho Elff)_:—a Tim L = lim f(2)
13, Cho liy &) = 0. Tm £, = Jim f(a) v8 [n = 12y i 1.

14. Tim céc gidi han sau :

_ (2z-3)P(3z+2)%* . -1
B) A e r® R By i
¢) li Jz+:+ﬁ. ;

g IS o) i /T -a);
o) 11 z? +sinz
oo:ﬁ-l-ooax
15. Tim céc gidi han sau :
. sinz —sina .
LF e b) iy F 02 Toows
=013 ;
& iy *=01+sinpz — cosp ’
s —2g d) lun(l z)tan X% .
2 T
arcsinz
¢) lim — £) lim 1= 08 cos 2z
=~ l-mm_-;
)ﬁml-vm:' )
8 01 —cosyz '’ =—++uo(m‘/-——-sm\/_)



—_—

16.

31

19.

BAl tjp 4l
.\ 1. 8in(a + z) +sin(a - z) - 2sina
l)ﬂ = .
Tim céc gidi han sau :
2I+3 z+l1 .
" (2z+1) ' b) lim (2 +¢)"*
¢) lim (sinz)"* ; d) lim (.in.l.+m.l.)'
=13 00 I z/) '
: %
E)m(l'l-tan\/ﬂ) - f) L {/cos V/z.
T&mcécgic;’ih@naau:
-1
)z_‘l e | b) HHTNIIIB(I'FB)-].HGI;
Inz - lna 9% _ Pz
lim 0); .
o in s O smﬁx( arth);
E)HEO\/I+29:.VE’1+3:;-1; f)limm m
= z—+0 ?+z
. v/cosT — +/cosz
g) :E'«lll z? ;
. Tim céc gidi han sau :
1 4 : I :
'a)thlz(z 2 33—4); b)i‘.?h(m_mt‘”)’

c) lim_ (\/:n+~,/a:+x/_-\/_)
d) lim (\/(£+a)(z+b)(z+c z);

e) 2_11'.12_'[_1@(\}3 73 + 322 — /22 - 2z).

Dﬁngcécvﬁcﬁngbétﬂdngdﬂdngﬁmcﬁc gidi han sau :

V2z+1-1 in(amm)
b) lim ——=
a)ll—l&l ta.nSz ’ )z—h‘E - -i-
. sin(e*~1-1) . In(e* + z) — sin 3z
. d ;
c}:h_r.nl Inz ' )zh-nﬁ arctan 4z ’
e}ﬁmﬂﬂﬁ-'ﬂ+0052z+...+omn=—n_ -

2—0 sin 72



. Ll PP 3
= Chubhg 1. BB 2LS—"" ~
_

. saU -
20. Khao sét tiah lién tuc cia 8¢ DA

= piu 220
a)f($)={;i/n_$ néu z <0

sinz _» 0
—— npéu I #
b) f(z) = { o,
0 néu =%
cos ¥z néu III <1
C) f(ﬂ?) = { T _‘51 né"l.l |$f > 1. >

. jén tyc :
21. Xée dinh céc gid tri cha a, b 4é chc ham 8 '

z+a nétu z20
a)f{”:):{er néu z <0

tan kz Ilé‘ll 2 < 0

b) f($)={ T

3r+2k? néu z2>0;

_ { acosz+1 néu <3
°) f(m)—{ sinz+b néu z> 7.
92. Tim va phén loai céc diém gién doan cla cic ham sau :
1 z |
ﬂ)f(-’b’)—w, b)f(”)—m.

) f(2) = 5= d) f(z) = —L.

sinz ’

23. Ching minh ring phudng trinh 22 — 1 = 0 ¢6 .
dudng nhé hon 1. ft nhit mot ngly

24. Ching minh réng phudng trinh 7% — 15z 4. 1 — >
souss -4 4] +1 =0 c¢6 ba nghiém t#

25. Cho ham sd
ey ={ 57 M =t
neu

26. Chqhimaf;f(:r) lién tyc trén [ 4
Ching minh rang phiong tﬂnh[?(i)sf_o:io 4 < f(z) < b, vz € o

0 ¢6 nghigm,




Bal tjp N

| #ﬁm ——— &

97. Cho f(z) 1a mdt da thuc bac 6. Ching minh rdng phudng trinh
f(x) = 0 ludn c6 nghiém thuc.

»Hudng dén va ddp sd bai tap chudng 1

L y={ & khi 0<z<ec bs2  khi 0<z<c
V=1 b khi T i ¢
t c<zr<a blz—-c) khi c<z<a
L 4

2. a)R\{#1}; b)[-1,1); o k<z<k+1,k=012...;
d) (1,2].

3. a)[6i3], b)(-oolg3]
4. a)TusnhodnchukiT =2 ; c) Khong tuin hodn.

5. a) f1f(z)] =%, glo(@)] =27, flo(a)] = 2%, glf(@)) = 27"
b) f1f(z)] = f(=), glo(a)) =0, glf(2)] = g(2), flg(z)] =O.

1+Vz2+1
6. f(z)= = ’
1 " n+n?4+...4n" _ n
7 a)E! b)ls C)LHD'_£ n < " e )
d) 1. HD -

8 &) lim 227 =0, lim 271 =+o0.

z—1~ z—1t

9. a)L_=0, Ly khong ton tai.

= T s D ot
b)G1dlhq.nkhongtontt_:.1ﬁ=1irzn_ = 4,$1_1‘x§+_——m__2 = 4,
10. a)B,A, b)B,B.
¥ 1

11. a)2; b)0; ¢)4; d)-6; E)E; f);ﬁ.
12. Tu gid thiét t.aoéll:in:ﬂ[f(z)—ﬁl =0. Do d6 L =5.

13. L1=L2‘=0.
4. a)()®; b2; 91; 4 oL




‘]dlheﬂ-“‘ﬂtl.lt 1

80,

:
e fwsy Bk O W WE ORE e
h) 0; i) —sina. - )
16. ﬂ,)g; b}gs; C)I; d)e; elen 'f f) 4
1. &1; ba; 9i; Al 92 )'$ s 0 4
1 1 a+b+c;
18. a);; b)0; )3 d)—%

3
4 -y
%6t [T+ e VB2
I—+100

1 1 _n(n +1)(2n + 1)
19.3)5; b)0; ¢1; dJ-Z; €) 1z
20. ) f(z) lien tyc trén R ;  b) f(z) khong lién tyc taiz ¢
Ia diém gidn doan loai 1; ) f(z) khong lién tyc 2 = —1 3, °
diém gin doan loai 1.
21. a)a=1; b)k=0k=%; cacR,b=0.

22.  3)z =014 diém gidn doan loai 1 ;
b) z = —1 I diém gidn doan loai 2 ;
, ¢) z =013 diém gidn doan bd dude, z = kr (k=0, il,ﬂ,._.}i!
diém gin doan loai 2. '
23. Dit f(z) 1& v& tréi cta phuiong trinh v chiing t8 f(0) £ <0

26. Dit 9(z) = f(z) — 2. Ta ¢6 ¢ lidn tue. +ra
320 € (a,5) sa0 chu)g(:n} o ¢ e tuetrén [a, ] va g(a)g(t) <t

27. Giisﬂf(z)=agz“+...+a,,_1z+a“ vciiao >0. Vi lim f(s):

T——00

vahhﬂl_:mf(z]=+oonént6htgia,bekvcﬁa<b, f(a) <0, f(b)>!



Chuodng 2

PHEP TiNH VI PHAN
HAM MOT BIEN

§1. Dao ham
1.1 Dao ham tai mét diém

Cho:rusog;la Az sao cho zg + Az € (a,b). Lap ti'sd

Af _ flzo+Dz)-f (-'Fu)
Az Az

H I

|
W

Ta c6

(/( f en) = tim 10 +85)~ Fle

z — z9. Do dé

f’(xﬁ) = Km f(:':) X f(wﬂ)

T—Ig I—Xp

¢ Vi du 1 Tim dso him ctia ham s3 f(z) = €® tai z = =
Giai

Xeét af f(zo + Az) — f(zo) e’“*‘""""—-e”"_,ueﬂ"—l

Az Az Az T

-0 Dinh nghia 1°Gid st ham y = f(z) xéc dinh trong (a,b) va zo € (a,b).

Néu tén tai hm -&— (hdu han) thi ta néi hAm f(z) cé dao ham tai zg
v&gldihgndﬁgicggli&dgoh&mcﬁaf(m)mmg thlguf(zu)hayy(zg)

© Chid y Dit z = zo + Az thi Az = £ — 7o vd Az — 0 khi va chi khi



ham lllv‘ gy
46 co —

pr_1
T& co li &‘f I E_r--"" -4
Im —= — ¢ |lim

Vﬁ'y f (I{]) = %0
* Y nghia cha dao ham

i) Yy nghia hinh hoc

j: 3 (Z0) = tana 1a hé s§ goc cia
t-I'Eip tuyen cua dudng congy = [ (1)
tai diem ¢6 hoanh do z( va tiép
tuyén c6 phudng trinh

Y = f(zo) = f'(zo)(z — 20)-

ii) Y nghia co hoc 6 hoanh

Gid su mét chat diém chuyén 50“5 i dddns ﬂt.l:: gt}fd: clia ur:h:J 3
thdi gian ¢ 13 s(¢). Khi d6 v(to) = § (to) 1& vén e y
tai thdi diem to.

iii) ¥ nghia chung
£’ (z0) biéu thi tdc d4 bién thién cha him f tai Zo.

1.2 Dao ham mét phia
O Dinh nghia 2 Céc gidi han hiu han

fao)= tim 2L fi(m)=

f}:‘—r‘&

Af
Az—0+ AT

theo thu tu dudc goi 1a dao him bén tréi, dao ham bén phai clia ham 1l
tai xg.

A Dinh 1i 1 Ham f(z) c6 dao ham tai zg khi va chi khi nd o6 dao hamin
va dao ham phdi tgi To va cdc dao ham dg bang nhay.

o Vi du 2 Xét ham f(z) = |z] tai z = 0.

mo SL-BAM B (1 s sen
% =1 néu Az <0.

Do dé
Af !

0)= lim Z==-1 f(0)= Af ; ,

f-() - Az +(0) = &'1:1—1110+E; 1, f_(ﬂ)?éf.;-(ﬂ)'
V@yhﬁNf(I)=|I|06d$0hﬁmgmv~ i .ol
dao ham tai 7 =0. * Phil tai 3 =  nung koot



1. Dwo him 4

» ¥ nghia hinh hoc

f-(20), f,(zo) tuldng ng L bé 86 goc cia tiép tuyén tral, phi ciia dudug
cong y = [(z) tai diém (zo, f(zo)).

1.3 Dao ham trong khodng, doan

ei{{ﬂ]ﬂi)Oﬁdwhimmmkm;(a.b]dhf(z)ddwhlmwrm
xz

Ham f(z) c6 dao ham trén doan [a, b néu f(z) c6 dao him trong (a,b),
wdwhﬁmphbmavhoﬁdmhh:hriw!{[:rdw R

Goi X = {z : f(z) c6 dso bim tai z). Him 5 h(z) xée djnh trén X
cho boi

z - h(z) = f ()
diide goi 13 dso ham cha f va dude ki hiéu bdi céc dang ¢, £/, "" ‘”

1.4 Dao ham vo han

Uﬂn.hnghfa?-Néuﬂ%=ootﬂtan6ih&mf(z]céﬂgoh&mv6
han t4i zg.
o ¥ nghia hinh hoc

Néuhamf(z)cédg.oh&mvﬁhantma:othidﬂangmngy f(z) c6 tiép
tuyén thing dung tai (z0, f(20))
o Vidy 3 Xét ham f(z) = z'/% taiz =0. Tacé

Af (0+£&m)”3 -0
.allﬂu&z al'ﬂu Dz az-u(m)ﬁi-‘i
Vﬁyf(z)cédqohhmvohgntgiz=0

L5 théﬁ&tmhmd@hMV&tinhﬁén tuc
A Dinh if 2 Néu ham f(z) ¢6 dao ham tai zo thi f(x) lién tuc tgi To
Chdng minh

g s o 2 o Af
Gid sil f(z) c6 dao ham tai zo, tdc 12 ton tai f'(zo) = lim

. Ta cb

g—z{;'f'(zo)'?ﬂ' o~ 0kl Az 0.

e




_ 'M)#Ur
Khi dé hm(f,{me-fﬂ

Vay f(z) lién tuc tai zo-

chong 4606
® Chi y Chiéhngdqiclﬂic"md'-mhuz

=0.
Ching han, xét ham f(z) = |l #1277
i oo f(z) lién t4C
Do Jim el = 0 = /) éo (21550 %
£(0) Wi £.(0) = —1# £,(0) =1 (xem V M

am
§2. Céc phudng phép tfnh dao h
2.1 Dao ham ciia tdng, hi¢u, tich, thudng —
A Dinh If 3 Néu cdc him f(z) vé g(z) ¢6 dpo ham 1t & T E .
f(z) £ g(z), f(z)g(a), fé,,-—;) (9(z) # 0) ciing c6 dao ham tgi = vd ta cf
i) [f(z) £ 9(z)] = f (z) £ ¢ (2)-
i) [f(@)g(@)] = f (2)g(z) + f(2)g (=)-
. [£(@)] _ f(@)elz) - f(2)d ()
w [£5] - LB JE0E)
Chdng minh 1]
Céc cong thuc trén dude ching minh bang csch ding di =
ham. Ta ching minh cong thic ii). 'Ihcébmg PUE (Ui Dchincon 8
f(z + Dz)9(z + Lz) - f(z)g(z)
s S

_ U=+ 43) - f@)g(z + Ag) 4 f(@)g(z + Az) -4

T

_ flz+Az) -
= ;x f(-‘-?) g(m.f_&z)_;,f(m)g(z + ﬂm) -_QEL

Cho.qu.ugichh!ndingthﬁcuénkhi&zﬁu Az




2. Céc phudng phidp tinh dgo him L

O Hé qua ]
) [ef@)] = cf (z), (c 1 hing )

2.2 Dgo ham cha ham hdp

aqh:h If 4 n:g;,ham,.,,(u) c6 dao hdm dé1 vok u v hdm u = u(z) o6
dgo hdm ddi voh z thi ham hop y = plu(z)] ¢6 dgo him déi veh z vi c6

y(z) =y (uu'(z)| o

Chung minh
Ta c6

y[u(z + Az)) - ylu(z))] - ylu(z + Az)] - ylu(z)] u(z + Az) - u(z)
Az u(z + Az) —u(z) Az '

. (2.1)
Cho qua gidi han (2.1), ta dudc

v (z) =y (u)-v'(2). .
2.3 Dago ham chia ham ngude

A Dinh If 5 Cho ham y = f(z) lién tuc vd ting (gidm) nghiém ngdt trong
N(a,b). Néu f(z) cd dao ham tai zo € (a,b) vd f (zo) # O thi him nguge
& = g(y) cd dgo ham tgi yo = f(z0) vd c6
v i 1
L 9 (40) = f'(z0)

Chung minh

‘Ta thdy f(z) 1A ham 1 ~ 1 nén ham ngudc ctia f(z) ton tai trong khodng
chia yo = f(z0). Cho y 8b gia Ay thi g(yo + Ay) = zo + Az, trong d6
Az — 0 khi va chi khi Ay — 0. Khi d6

g(yo + Oy) —9(w) _ (Bo+B2) =20 _ 1
Dy Ay 2’
) 1
Chnﬁy-vothitadﬂch(yo)_m. -

e Vidu 4 Biét (sinz) = cosz. Tinh dao ham clia him y = arcsinz.
Giai
y = arcsinz 1o hAm ngudc clia hdm z =siny (-3 <y <%). Tacd




Suy ra y'(.r)

Tuong tu, ta c6 dao

(arccos z) =—ﬁ-

2.4 Daohémcﬁacéchhmsasdc‘

(C 13 hing 50)

a-1

i) (C) =0
i) (z

*) = az

iii) (a%)’ = o lna.

Dic biét : (e?) = ¢*

v) (sinz) = cosz.

" ' 1
t = A
vii) (tanz) pow
ix) (arcsinz) = \/.11__3.5
xi) (arctanz)’ = 15

xiii) (shz) =

e Vidu 5 Tinh dao ham clia c4c ham say -

b)y=m;

1
VY= =T
Giai
a) Tac y=

I
. 1
Décbiet:(%)=—,, (vVa) =57

;1

iv) (loga|2l)’ = ——.
Dic biét : (Injz]) =
1

vi) (cosz) = —sinz.

' 1
V]l.l) (COtI) = -E.
1

x) (arccosz) = -
1

xii) (arccotz)’ = T

xiv) (chz)’ = shz.

C) y= eucdns‘.

1
z—1)15 = (2 ~1)73 ngn

‘ 1
y=-yh~wﬁuhw=___ghh
(1+Inz) AT
i I 2([“ Il
b)y = D(nz)’  apgy
2WVi+hiz 3 e = —W2)] LI
W o by i



)

2. Céc phudng phip tinh dao ham -

o . T SR

e T -
-

c)y =€ (arogin3z) = etrosin s (32) - EE:MJL‘

e e

2.5 Dao ham cha ham y = [u(z)]*®, (u(z) > 0)

-Dﬁi‘vdi hjim dang nay ta khong thé dp dung cong thic dao hium cia ham
luy thua hodc ham s6 mi dé tinh.

o Phudng phép

Ta c y = u’ = ¥’ = gvlnu pay Y = evinu (vf Inu + u%:)

Dodé 3 =u¥ (v’lnu+v£). '
u
e Vi du 6 Tinh dao ham clia hAm y = 7%=,

Giai
Ta ¢ y = ena™"* = esinz.nz g 34

y = esin:.ln::(sinm.lnm)’ — o8Nz (COS:L']II$+ 'SL‘%) ‘

2.6 Dao ham logarit
Trong phan ndy xét mot ki thuat 14y dao ham, goi 1 “dgo hdm légarif’. Ki
thudt nay gitp ta thudn 1di trong viéc 13y dao ham clia céc ham 1 hdp cua
céc dang tich, thudng va luj thua.

, : 22Tz — 14
e Vi du 7 Tinh dao ham clia ham VBT
Giai
Lay In hai vé ta c6

Iny=2Inz+ % In(7z — 14) — 41n(1 +z%).

Dao ham hai vé theo z ta dudc
1 2 1/3 8z

b & et )
vV Tz -1 1422

., DYz -14[2, 13 8z
Vay V=—F v [z = 3 |-
(1+ z?%) r Tr—14 14z
© Chii § Ta thay Iny chi xéc dinh khi y > 0. péngcachdmlgtmhcha:t
ciia logarit va tri tuyét doi ta nhén dudc biéu thic cha dao ham hoan toan
giong nhu khi ldy dao ham logarit d trén cho tridng hdp té’ng quaét.
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2.7 Dao ham ciia ham &n

O Dinh nghia 4 Ham y = f(z) dudc goi A ham in xdc dinh b phud
trinh F(z,y) = 0 néu F(z, f(z)) = 0, Vz.

e Vi du 8 Phudng trinh 2% + y* = 1 xdc dinh hai bAm &n y = -
vay=+v1-22

e Dao ham cta ham n

Gid sl y = f(z) 1a ham &n xéc dinh bdi phudng trinh F(z,y) = 0. K
dé ta cé

f
vl

F(z, f(z)) =0, Vz. °* (2.

Xem vé trdi clia (2.2) nhu lé. ham hdp, ta ldy dao ham hai vé theo ;
Khl d6 sé xuat hi¢n dgo him y () trong phudng trinh mdi. Gidi ra Aaoi w
y ta tim dudc biéu thic clia dao ham.

e Vi du 9 Tinh dao ham cla ham an y = y(z) xéc dinh bdi phudng trin
?+yt=1.
Giai
Dao ham hai vé phudng trinh theo z, ta dudc
2w+2y =0 = y=--.

y
thdd‘ngtrinh:r + 2 —lxécdmhha.lhémanyl —1=2% v
’ = /T — 22 nén ta dudc dao ham clia hai ham &n :
’ I i x b
T =——=— T = - ——R =
(@) v1(z) 1—2z2’ va(a) y2(z) =

e Vi du 10 Viét phudng trinh tiép tuyén cla dudng cong z° + 33 = 6z
]
(Ld Descartes) tai diém (3, 3).

Giai
Dao ham hai vé& phudng trinh theo z, ta dudc
322 + 3y’y =6y + 6y hay 2?+1y =2y + 2y
Gidi ra d6i voi y :
' ¢ 2y —2?
—-2z)y =2y—22hay y = _
(v -22)y =2 b

Khiz =y =3thl y =—1. Do d6 tiép tuyén vdi dudng cong tai (3,3
c6 phudng trinh

y-3=—(z—-3) hay y=6-z.

.



2. Cac phudng phép tinh deo him . a

2.8 Dao ham cip cao
a) Khdi ni¢m dao ham cip cao

O Dinh nghia 5 Gid st ham f(z) c6 dao him trong khodng (a,b). Khi 46
f (z) cling 14 ham clia z va dude goi A dao bAm cip mdt cia hium f(z)

Néu f'(z) c6 dao ham thi (f'(z))' goi A dpo hAm cp hai cia f(z) vi ki
hiéu 1a " (z).

D@-Ohé.mdadgnhhmcipn—lcﬁaf{:) dude goi 1 dpo him chp n cia
f(z), ki hiéu 1a f™)(z). Tacé

f{n)(z) - U{n-l](:)]i‘ .
Ta quy vde :
f(u](:;) = f(z), f(l}(:) = f'(z), J‘(ﬂ(;) = f(:): f('“(I) - f'{zl
b) Cac phép todn vé dao ham cip cao

A Dinh If 6°Gid si céc ham f(z) va g(z) cd dgo ham cdp n trong (a,b).
Khi d6

i) [f(z) £ g(z)]™ = f®)(z) + g)(z).

i) [cf (z)]™ = cf ™) (z).

iti) (f(@)g(@)]™ = Y Cx " (z)g®)(z), trong d6 Ck =
= (Céng thic Leibnitz).

n!
kl(n —k)!

e Vi du 11 Cho y = z" (n nguyén dudng). Ta cé
Y =na",
yu — ﬂ(ﬂ _ 1):5“‘2,

* Vi du 12 Cho y = &, k 12 hing s5. Ta c6
y!___keh‘

yﬂ' . k.keh = kneh,

------
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A g

y(™) = gnekz,
® Vidu 13 Cho y =sinz. Tacé

Y = cosz =sinz + )
y = cos(z + §) = sin(z +25),

-----

y{ﬂ) =Sin(I+ﬂ.-E]_
e Vi du 14 Cho y = cosz.
Ta ¢6 y = sin(z + 3) nén y™ = sin[(z + 5)+ ﬂil -

e Vi du 15 Cho y = zsinz. Tinh 0.
Ta c6

cm(:«rni}

y(10 = (zsin )1
C%(z) @ (sin z)(19) 4 Cly(z)'(sin z)®@

= z(sinz)(? + 10(sin z)®)
= gsin(z +57) + 10sin(z + 9%)

— —gsinz+ 10cosz.

§3. Vi phan
3.1 Khai niém vi phan

O Dinh nghia 6 Cho ham f(z
zo mot s0 gia Az sao cho zo + Az €

Af = Abz +O(D7),

) xéc dinh trong (a,b) va zp € (a,b). Ct
(a, b). Néu c6 thé biéu dién

trong d6 A 13 hing s6, O(Az) 1a vo cung bé cép cao hon Az khi Az — 0t
ham f(z) dudc goi 13 kha vi tai Zo va bidu thic A.Az dudc goi la vi phi

cia f(z) tai xo, ki hiéu df, df (zo). Ta 6
df = A.Az.

o Nhén xét Tii dinh nghia vi phan ta c6 Af = df +O(Ax). Khi A # 0t

. Of . 1 O(Az)
lim — = - =
Az—0 df aliTm(l+A' Az )_1'

A v ciing bé tudng dudng vdi Af nhing don gidn hon Af

Do d6 df 1



5 Vipbin »
T T——— S e e
3.2 Quan hé gila vi phin va dao ham. Céng thic vi phin

7\A Dinh I 7

/ i) Néu ham f(z) khd vi tai zo thi nd cd dao ham tei 2o vd A = ['(z0)
/ i) Nguoc lgi, néu f(z) cé dao hdm tai zo thi nd khd vi tgs zo vé

df (z0) = f'(20).Oz

Ching minh
i) Gid su f(x) khd vi tai zg. Khi d6 ta c6

Af = ADz+0(Az) hay %=E+O§”.

— v o .
Vi O(Az) 1a vd ciing bé cap cao hdn Az nén ﬁlalcl-l-]-u g A.

Véy f(z) c6 dao ham tai 2o va f/(zq) = A.

. 5 sm g : : . el
if) Ngude lai, gid su f(z) c6 dao ham tai o, tuc 13 ton tai f'(zg) = &]:En Eé
Khi d6 Af

e = f'(z0) +@, o — 0khi Az —0.
Suy ra

Af = f!(zo).Az + a.Ax.

Vi a.Az 13 v6 cling bé cép cao hon Az nén f(z) kha vi tai zo va ta c6
df (zo) = f'(z0).Dz. ®

® Chi y Néu f(z) = z thi f/(z) = 1. Khi 6
dz =df = 1.0z = Az,

tuc 12 s6 gia cha bién ddc lap = tring vdi vi phén clha né. Do dé ngudi ta
thudng ki higu

df = f'(z)dx
Suy ra
fo=2
Theo céch biéu dién trén ta c6 )
PR AT . 4y dy du
1) — = =, —_— e —
)d.‘.l: % 11) dz du-dz.
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3.3 Tinh bat bién cha dang thic vi phan chp mdt
Cho y = f(z) thi dy = f'(z)dz.
Khi 7 = z(t) 1a ham cta ¢ thi ta c6 bam hdp y = flx(1)]. Khi do
dy = (foz) (t)ydt = [ [x(t)] z (t)dt

Vi z'(t)dt = dz nén dy = [ (z)dz.

Vay khi z 1A bién doc lap hay bién phu thude thi ta viin ¢6 dy
Ta néi dang thuc vi phan cip mét c6 tinh bat bién.

[ (2)dz

3.4 Y nghia hinh hoc ctia vi phin

Gid si ham y = f(z) khd vi tai zo.
Goi a la géc tao bdi tiép tuyén MDT
vdi dudng cong tai Mo(zo, f(zo)) va chiéu
duong truc Ox. Ta cé

(o) g Agedhn

’ df (zg) = f'(z¢).Az = tana.MoM = MT.

Véy vi phan cla ham y = f(z) ung vdi zg v Az cho trudc bang so gia
tung d6 cla tiép tuyén vdi dudng cong y = f(z).

3.5 Ung dung vi phan d@& tinh gin ding

e Cong thic gan diing
Gid si ham f(z) kh4 vi tai zo. Ta ¢6 Af = df + O(Az). Khi |Az| kha
bé thi
Af ~df hay f(zo+ Az)— f(zo) = f(z0)Az.

Ta c6 cong thuc gan diing

f(zo + Az) = f(zo) + f'(z0) Az

e Vi du 16 Tinh gin dting sin 46°.
Giai
Ap dung cong thic gin ding cho ham f(z) = sinz, ta cé

sin(zg + Az) ~ sinzg + cos 9. Az.



3. Vi phin LY

Vi 46° = 45° + 1° tuong ung vdi § + {1 .
Khi d6 ong ng vol § + rip én ta chon 2o = § vh O3 = gy

sin46° = sin(§ + 1&)

llﬂ+0ﬂ

,g ,?:m

0,7194.

R R

14

3.6 Céc quy tdc tinh vi phéin
Gid si f vA g 1 cAc ham kha vi. Ta c6
i) d(f £ g) = df + dg. ’
ii) d(fg) = gdf + fdg.

3.7 Vi phéan cép cao

O Dinh nghia 7 Glésﬁh&mf(z)khéwtmng (a,b). Khi d6 vi phan
df = f"(a:)da:go1l§.v1phancapmotcﬁah&mf(x} né 13 ham cla z vdi dz
khéng ddi. Néu df kh4 vi thi vi phan d(df) goi 12 vi phan cap hai cia ham
f(z), ki higu 1 d2f. Ta c6 d2f = d(df).

Mot céch tong quit, mphancﬁathancapn 1 cha ham f(z) goi la
vi phan cap n cla f(z). Kf higu d"f = d(d"~" f).

Ham c6 vi phan dén cap n goi 12 kha vi dén cap n.
o Cong thiic
Gid su f(z) c6 vi phan dén cap n. Ta cb
df = f'(z)dz vdi dz khong doi.
&f = d(df) = d(f'(z)dz)dz = f"(z)(da)?, K higu 1a £ (a)da?.

Mot cach tong quét ta cb

df = f*)(z)da"

' &
® Chi y Tu cdng thuec tinh vi phan ta c6 ) (z) = f



§4. Céc dinh Ii gid tri ¢rung binh

4.1 Cuc tri dia phudng. Dinh li
z) xéc dinh trong (a,b) va %o € (a,b) Hy
dia phudng tai %o néu ton tel mot lAn o

Fermat

O Dinh nghia 8" Cho ham f(
f(z) goi la dat cuc ’tié-'u (cuc dai)

f(z) 2 f(z0) (f(z) = . ‘
Khi d6 2o dide goi 13 dié éu (¢ ja phudng cla bAm /(z
Cuc dai va cdc tiéu dia phudng goi chung 1a c1_f€'tﬂ' dia phvong.
A Dinh 1 8¥(Fernat) Gid sil ham /(2) zdc dinh trong (a.b)-!th'u I
dat cuc tri dia phviong tgi Zo € (a,b) va néu ton tai f'(zo) (Wuu han) 8
f'(zo0) = 0.
Chung minh
Gid sil f(z) dat cuc dai tai Zo- Khi d6 vdi moi Az md |Az| khé bé tag
f(zo + Oz) — f(@0) =0 ;

Vi f(z) ¢6 dao ham tai zo nén

£ (@0) = £.(z0) = lim_
i £ (z0) = (@) = ,lim f‘”“*ﬂ:;"f (z0) < g,

faot 82)= 1) 5
2) [

Vi véy ta c6 f (z0) = 0.

Néu f(z) dat cuc tiéu tai Zo,
o Y nghia hinh hoc
(z) khd vi tai diém cy tri clia 6 thi tiép t
song song vdi truc Ox.

ta ching minh tuong tu.

Néuhamy = f uyén vdi dud
cong y = f(z) tai diém dé

’ 4.2 Céc dinh If gid tri trung binh

a) Dinh If Rolle
A Dinh 1If 9 (Ro11e)’ Néu him f(z) lién tuc trén dogn [a, b, khd vi i

(((‘/; (a,b) vd f(a) = f(b) thi tom tgi c € (a,b) sao cho f'(c) =0.

Chung minh
Vi /(2) lién tyc trén (o, nén f(2) dat gid tr Idn nhit M va gié tri ¥
nhét m trén [a, b].
» ¥

4

[
———



4. Céc dinh U gid tri trung binh 5

——— T

Néu M = m thi fz) =m =M, Vz € [a,b. Suy ra f(z) = 0
Yz € [ﬂ1b]'

Néu M # m thi mot trong hai 56 M, m phdi khéc f(a) = f(b). Gid wl
M # f(a) = f(b). Khi d6 f(z) dat gié tri ldn nhit M tai ¢ € (a,b). Ta suy
ra f(z) dat cdc dai tai c.

Theo dinh Ii Fermat, ta c6 f (c) = 0. .
¢ Y nghia hinh hgl:: ’
Gid si ham y = f(z) thod man cdc C

dié:u kién cta dinh If Rolle thi gida hai e /—-\
diem A(a, f(a)) va B(b, f(b)) trén d6 thi _ )

chia ham c6 cling tung do bao gid cling # : "
ton tai diém C, tai d6 tiép tuyén vdi d6 ' ' ,
thi song song vai truc hoanh. ol @ ¢ b x

b) Dinh li Cauchy

A Dinh Ii 10” Néu cdc ham f(z), g(x) lién tuc trén dogn [a,b], khd vi trong
khodng (a,b) va ¢'(z) # 0, Vz € (a,b) thi ton tai c € (a,b) sao cho

f(b) - f(a) _ f'(0) (2.3)
g(b) —g(a) g'(c)

Chidng minh
Xét ham phu h(z) = [£(0) — f(a)l9(2) — [9(0) — 9(a)lf(=)-
Ta thiy h(z) lién tuc trén [a,b], khd vi trong (a,b),
h(a) = h(b) = f(b)g(a) — f(a)g(b) va
K (@) = [f(B) - [(a)ld @) - [o(®) - 9(@)f (=)
Theo dinh lf Rolle ton tai ¢ € (a,b) sao cho h'(c) = 0. Ta suy ra cﬁn:
thde (2.3).

c) Dinh i Lagrange

[ A Dinh If 11°Néu ham f(z) lién tuc trén dogn [a,b], khd vi trong khodng
|

|

f

(a,b) thi ton tai c € (a,b) sao cho

10 -1@) _ )
b—a

Ching minh Dung dinh li Cauchy vdi g(z) = z.
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© Chii y Dinh 1f Rolle 1a trudng hop dac bidt cia dinh I Lagrange iy

f(a) = f(b).

e Y nghia hinh hoc

N&u céc didu kién cia dinh 1i 11 dugdc
thda mén thi trén dudng cong y = [ (I)
luén tim dude diem M(c, f(c)) sa0 cho tiép
tuyén tai d6 song song voi dy cung AB,
trong d6 A(a, f(a)), B(b, f (b)).

e Cong thuc so gia gitfi noi

Xét dinh li Lagrange. -D,_it a = Zo,
7o < ¢ < g + Az nén cb thé viét c = zo +
cong thuc Lagrange ta dudc

| f(zo + B2) = £(20) _ p1(z, 4 9AA7).
Az

=zo+ Oz thhb—a = Az. W
oAz vdi 0 < @ < 1. Khi d6 they

Do d6 ta c6 cong thic s8 gia gidi nodi
f(zo + Az) — f(zo) = f'(zo + 6Az)Az (0<@<1).

Tl cong thic sb gia gidi ndi, cho 6 = g € (0,1) thi ta dudc cong thde
gan diing

f(zo + Az) ~ f(zo) + f'(z0 + OoAz) Az

o Vi du 17 Tinh gin diing arctan1,1 bang cong thuc s6 gia gidi ngi vd

bo = 3.
Giai
Ap dung cong thic gin diing cho ham f(z) = arctanz. Ta ¢
AV
arctan(zg + Az) ~ arctan zg +
) " 14 (o + BoAz)2

Chon zg =1, Az = 0,1, ta cé

12

spemnl,l = wchanl 1+(1[-}|-1—=—“ )
2

£+0,1.0,475
0, 8329.

12

12



4. Céc dinh )i gid tr| trung binh 6l

Lagrange

4.3 Quy tic L’ Hospital

a) Dang vé dinh §

Aﬂ-Dinh 1f 12"(L* Hospital 1) Gid st cdc ham £(z) vd g(z) khd vi & lén
cdn o, f(zo) = g(zo) =0 va ¢'(z) # 0 ¢ lén cdn =zo.

f'(In) f(::r:
Néu lim
éu LS (30) =L thi zli.:gu g(:::)

Ching minh
Vi f(z0) = g(z0) = 0 nén ta c6 the viét
f(z) _ f(z) =~ f(=zo)
g(z)  g(z) — g(zo)
Theo dinh li Cauchy, ton tai mot gid tri ¢ nam gida 7o va z sao cho
f(@) = fwo) _ £(e)
9(z) —9(0) g(0)
Khi z — zg thi ¢ = z¢. Do dé

@) _ o f@) =) o 1O "

2 9(z) " +o5 g(z) — g(®0) = g(c)’

® Chi y Dinh If L’Hospital 1 con ding khi 2 — co hodc L = oo.

¢ Vidu 18 Tim in B
z—a Ir—a
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< =

Giai Ap dung quy tac L'Hospital ta ¢6

‘ =
= lim .(11.:__._1.!. = lim ?ilna ol = aq*(lna - 1)
z—a (r-a) z—a 1

b) Dang vé dinh x

A Dinh i 13 (L’Hospital 2) Gid suf cde ham [(z),9() khd v 0 ldn cin
diém T tred zp, lim f(z) = o0, hmog(;r) o0 vd g () #0 & ldn cdn x
I—Ig I=I

f'(zo) f(x) _
Néu rlﬂgu F(70) =L thi zli-:n (@) ; ¥

© Chii y Dinh Ii L’Hospital 2 con ding khi z — oo hojc L = o0

I
e Vidu19 Tim lim =.
’ r—+oo T

Gidi Ap dung quy tdc L'Hospital ta c6

zy/ T
L= lim (e) =

00
r—+00 (3:2) = :vl-Tm E; (d{mg _)
Ap dung quy tac L’Hospital lan nia ta c6
e.'ﬂ
L= lim — = +o0.

z—+oo 2

® Chi y Néu lim ;,(( )) khéng ton tai thi ta khong thé khang dinh la
I—Ip

lim fz ) khong ton tai.

z—z0 g(x)

Xét gidi han L= iim Z2502

T—00 T

Ta théy lim G182 _ . 1+cosz

T—00 (z) ,_‘_."30

khéng tén tai, nhung

L= lim (1+EE) £ 5
I—00 T

¢) Céc dang vé dinh oo — 00, 0.00

Dé khd céc dang vé dinh 0o — 0o va 0.00, ta diing cic phép bien ddi thich
hdp dé dua vedang 0 hoac =

00

|-



4. Céc djnh i gid tr} trung binh 63
M

Gid s lim f(z) = 0 va Jim g(z) = 0o. Khi 46 lim f(z)g(z) o6 dang
. ' e
vo dinh 0.00. Ta bién d46i tich thanh thudng :

Jim £(z)g(z) = % (deng )
hay n

Jim f(z)g(z) = "R’f’—’ (dang ).

o Vi du 20 Tim Lzlim( s _._‘_)
z=l\x -1 ln: i

L 4
Gidi Gidi han ¢6 dang 0o - 0o. Bidn dgi ta cb

. Zlnz - (z-1) 0
L=1lim?Z 0
lim @-Ding deg ).

Ap dung quy t&c L'Hospital thi

. (nz+zl)-1 Inz 0
lim —£ = li dang -).
z=llng+(z - 1).1 i‘“-hlnm+1_=1 (dang 5)

Ap dung quy tic L'Hospital lan nda ta duge

=

*Vidu2l Tim L= lim zlngz.
z—0+

Gidi Gidi han ¢6 dang 0.00. Bién d8i ta c6

. Inz 00

+ 2
z—0 .

Ap dung quy tac L'Hospital thi

1

= h =='—=,
L_hm:_;; zl_lfg*_(x) 0

z—0+

d) Céc dang vé dinh 1%,0°, co®

Xét gidi han L = Il_i_.lgnf(z) trong 46 f(z) c6 dang v6 dinh 1%, ° hodc
. D khil dang v6 dinh ta 6 thé ding céc phudng phép sau :



o4 Chubhg 2. Phép tinh vi phan ciia ham mdt bidn
p tinh v _\]

* Phuong phdp 1
lim In f(I]
Phan tich L = lim e®/(®) = e=—%
z—Io
* Phuong phdp 2 |

LayIntacéInL = Jim In(f(z))- !

e Vidu22 Tim L= hm(z)"’

r—2
Gidi Gidi han c6 dang vé dinh 1%°. Bién ddi ta c6»

L= mcln{ﬂ?h o clim.-:"EP (dang g)

Ap dung quy tic L’Hospital ta dudc

L = elime—2f* = ¢1/2
e Vidu 23 Tim L= lim z%
z—0+
Gisi Gidi han c6 dang v dinh 0°. Ta c6
Inz 00
InL = In( lim z°) = lim Inz® = lun:rlnm- llm—f— (dgng;).

z=—0* z—0+ z—0

Ap dung quy tdc L'Hospital taldﬂqc
InL= lim &= 'D+(—:r)=0.

z--tD+ e ;,' =+

Vay L el =

lim (cot z)&5.
e Vidu24 Tim =-.o+(c° z)
Gidi Gidi han cé dang vé dinh o0, Ta cb

L= lim eln(mtz}fi.; = gliMz—ot 'Ilt_u:rjl (dang .DE)
z—0* 00

Ap dung quy tic L'Hospital ta dudc
lim, o+ ﬁ}i*(:_&_“'] S B m“ ot

| _

L=e



—
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§5. Cong thdc Taylor

5.1 Cong thic Taylor
g{/ & Pinh li 14" Néu ham f(z) lién tuc trén dogn [a,b], cd dgo ham hid hen
{/| dén cip n+1 trong khodng (a, b) va zo € (a,b) thi vok mo1 z € [a,b] ta cd

K(H fz) = f(30)+f{lm.n}(w-zu)+&'il(z-—xn]’+...+ ——(z = %0)

H f(“"'n(c): L
_/: : o T (z — zo)"*!,

voi ¢ nam giva To va T.

Chiing minh

A = - 3 Lk)(fu_). - k g n+l
Dit R(z) = f(z) Z i (z - z0)* va& G(z) = (z—2zo)"""-
k=0 )

R(z) = R(®) = ... = Bz =0 (2.4)
G(zo) = G () = = G™(zo) =0. '
Theo dinh 1i Cauchy ta c6

R(z) R()-Rio) _ R(@)
G(z) G(z)— G(zo) G'(z1)’

a 7o v z. Ta si dyng dinh lf Cauchy va (2.4) mot lan nda

R(z) _R(w)-F) _E(@)
G() Clz)-Glz) G'(2)
Tiép tuc qué trinh, sau n +1 budc ta dude

vdi ; nam gid

vdi z2 nam gida zo va Z1.
Rz) R(=:)_ _ RO (zn41) _ f ("+1) (zp41)
G@) _ C@m) =~ Gr(znn) n+1)

vdi 2,41 nam gida Zo V& T nén clng nim gitla zo va z. Dinh If dudc chiing
|

minh vdi ¢ = Tn+1-
@ Chi y -

) Da thic Pa(z) =)
k=0

: a1 [P
thic Ra(z) = —(n—_FT)T(x — zg)™*! goi 1a phdn dv bic n cha f(z). Tacd

k ; ,
I__k_(:fﬁ_)(z _ z0)* goi la da thiic Taylor v& biéu
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f(z) = Pu(z) + Ral(z).

Ta cd thé xip xi' f(z) bdi Pa(z) khi z & khd gin zo bing céch gl
Rn(:r)vdlsmaé

u-l-l

Mp;)
IRa(2)] € gl -

trong dé My, > |f(+1))(z)|, Vz € [a, b).
ii) Trong cong thic 'Ihylor cho zo = 0 ta dudc cong thic Mac Laurin
(k) (n+1)
f(i‘) Z f {0) l-, + f (Can-l-I

R V I

vdi ¢ ndm gida 0 va z.

o Nhéin xét Trong céng thuic Taylor cho n = 0 ta dudc cdng thic 86 gia

g1d1 noi
f(z) = f(zo) + £ (c)(z - z0).

5.2 Khai trién Mac Laurin cdc hAm ddn gidn

i) Ham f(z) = (1 + 2)™ (m nguyén duong).
(1+z)™ = 1+m+wm2+. . .+m(m =l .A;!(m i 1)::"+. otz™.
ii) Him f(z) = e*.

Vi f®¥)(z) = €* nén f“"”(ﬂ) =1. Tacéd
z* -T" e g+l

e =1+= +2+ + (+1),

vdi ¢ nam gida 0 va z.
e e 3

Vdi |z < 1, ta 6 |Rn(2)l < gy < G < r

iii) Ham f(z) =sinz.
Ta ¢6 f™(z) = sin(z +n3) nén f™(0) = sin(n%). Do d6

(n) _ 0 ne‘u ﬂ-Ch&ll
/ (0)_{:1:1 néu nlé.

Theo cong thic khai trién ta c6

3 15 2’ 1 z¥% 1 sin(c+ kr) k

e ——




5. Cong thic Taylor o7

vdi ¢ nam gida 0 va z.

Ta théy |Ry-1(2)| < fiy.
iv) Ham f(z) =cosz. ' — - 7 ta ¢ n}

Ta 6 4-s
2 ol 2t , conle + 2k + 1))
cosz=1— o+ — hE l Ty
At ettt (2k)t 2k + 1)
vdi ¢ nam gida 0 va z.
v) Ham f(z) = In(1 + z). .
Ta c6 |
2 3 gt 1) .
ln(l-i-:r)—:c—?-;-?_%..[. s l)n_ (n-&-l{}(llc)“[: &

vdi ¢ nam gida 0 va z.

© Chi § Biing céch st dung céc khai trién trén ta c6 thé khai trién Mac
Laurin cdc ham phuc tap hon.

o Vi du 25 Viét cong thic Mac Laurin cho ham f(z) = 2 dén z°.
Giai '
Ap dung cong thic khai trién cla e® ta cb
"% =1 +sinz + %sinzsr:+ %sin3x+ O(sin® z).
Mat khéc
sinz =2 — %333 +0(z%)

2
sin’z = (a: - %a:a + 0(:!:‘}) = 2%+ 0(z°)

sinz = 23 + 0(z%)
sind z ~ z3 nén O(sin®z) = 0(z®).
Vay 1 1
ons = 14 (a-32%) + (37O ) + (32 +0) +0)

= l1+z+ %32 +0(2%).

5.3 Ung dung cong thic Taylor vao tinh gin ding
¢ Vi du 26 Tinh gén diing s3 e khi cho n = 8 va dénh gi4 sai so.
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Giai
Khin =8 tg o4

Sﬂ.i bf; () < gll 2010‘11}1
' i * vdi 40 chink x4
* Vi dy 27 Lip cong thic tinh gin ding sinz khi |71 = 4 vdi d0 chink x

0,0001.
Giai r
n\2k+1 (5)** |
Vi |Ry| < {(21)_’_ i nén ta tim k sao cho ‘(;Fl')" < 0,0001. T thg
néu k > 3 thi didu kién d6 dude thod man.
3 .5
Vay sinz~z - i;—‘— + %

5.4 Dung khai trién Mac Laurin dé tim gidi han

Khai trién Mac Laurin ¢6 thé dudc diing dé tim gidi han. Ta xét qua ck
vi du dudi day :
ef—e =22

e Vi du 28 Tim gidi han L = lim .
=0 I -—SInr |

Giai
Ta cé
P 1’2 Is 3
e =1+I+?+'3—!+O(I),
.
M A m__f_ 3
e l1-z+ 5 3!+O(:r: )
Is 3
sina:=:r—§+0(:r ).
Tu dé .
e*—e ™ -2r 2% +0(z°)
z—sinz o +0(z3)
2% '
Vay L=r!l—%3¥=2

IT—00
I

e Vidu 29 Timgi&ih@n L = lim (J:—I2ln(1+l))
Giai

G\



6. Ung dyng cta dso ham 69
e

Ta ¢é
2 1 } 1 1 ]
I—-z ]ﬂ(l*{-—)::—. 2(.._....__. .1 ad
1
Vay L= -
gy 2"

§6. Ung dung ctia dao ham
6.1 Tinh ddn diéu

A Dinh If 15 Gid su ham f(z) lién tuc trén doanda, b] va cé dgo ham hiu
han trong khodng (a,b).

i) Néu f(z) tdng (gidm) trén [a,b) thi f'(z) 2 0 (£ () £ 0), Yz € (a,)
(diéu kién cé.:n).

ii) Néu f (z) > 0 (f () < 0) Va € (a,b) thi f(z) ting (gidm) trong [a, b]
(diéu kign di.).

e Vi du 30 Ham y = 23 thod 4 = 322 > 0 vdi moi z # 0. Véy hdm y = z°
luén luén tang.

6.2 Cuc tri

a) Diéu kién can

¢ Nhén xét

i) Theo dinh li Fermat néu ham f(z) dat cuc tri tai zo va f (zo) hiu
han thi f'(zo) = 0. Dinh If Fermat cho phép ta han ché viéc tim diém cuc
tri vao céc diém tai d6 dao ham triét tiéu. Ngoai ra, ham c6 thé dat cuc tri
tai nhing diém tai d6 dao ham khong ton tai.

ii) Diéu kién dao ham triét tiéu I diéu ki¢n can nhiing khong dl dé ham
dat cuc tri. C6 nhing didm zo tai d6 f (zo) = 0 nhung him khéng dat cuc
tri tai 46, Ching han, ham y = 2° c6 y = 3z” = 0 tai z = 0 nhing him
luén tang.

O Dinh nghia 9

2o duide goi 1a diém ding clia ham f(z) néu £ (zo) = 0.

zo dude goi 1 diém ki di cla him f(z) néu f'(zo) khéng ton tai.

Diém ding vA diém ki di goi chung 1 diém tok han.

b) Diéu kién dd
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agt) Gid o Mm [(3) bém oy,

A Dinh If 16 (54, y1pa ad

(a’b)r d
Adm f(f,)_d“ hdm ¢ lin cfn zg (cd

i) Néy Hu‘:dimrqmdf'(f}‘d;m&{')m{” (s,
(-)) thi f(z) dat cuc tiéu (cuc dai) tei To.

t”'.i tﬂi Ip.

* Vidy 31 Tim cyc trj clia ham y = (z - 1) V2.

Gidi '
Ta ¢6 y":{y;,' 2(1-1)=5I—2
*3 Yz = 39z
y'=0khi:=ﬂ,y'kh6ngt6ntq.lkhi:=0-
z [—o0 0 2/5 +00
5z — 2 - | - 0 +
vz - 0 + +
y - 0
y 0N -4

Ta thay ham dat cuc tiéu tai z = 2 vdi g = y(2) va ham dat cuc &
tai z =0 vdi y,4 = y(0) = 0.

A Dinh If 17 (Pidu kién dd thw hai) Gid s ham f(z) cé dao ham b
tuc dén cap hai o ldn cdn zo, f (z0) =0 va f '(a:u) # 0. '
i) Néu f"(z0) > 0 thi f(z) dat cuc tiéu tai zq.
i) Néu [ (zo) < 0 thi f(z) dat cuic dgi tai z,.
e Vi du 32 Tim cuc trj clia hdm y = 24 — 453
Giai
Ta c6
y =423 - 1227 = 42%(z - 3),
y" = 1222 - 24z = 122(z - 2),
y =0 khi z = 0 hodc z = 3.

J"(3) = 36 > 0 nén ham dat cyc ﬁé’llt!,ﬂ£=3v&yd=y(3)=—27.
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B S e ™ e . v T I o SIS T

y (0) =0, dinh I 17 khong cho ta biét ham c6 dat eue tri tal £ = 0 hay

khong. Tuy nhjén, ta thﬁ: / khd R
auc tri tai diém nay, y ¥ khong ddi diu qua z = 0 nén him khong dat

A Dinh I 18 Gid su ham f(z) c6 dgo ham lién '
va fr(Iu) =f (2q)=...= f{:-)ulg(a:;o“ D:’ﬂfl{;){::)c f{? c:::t-ndf i

i) Néun chc:i’n thi f(z) dat cuc try tai zg :
+ Né;u F™(z0) > 0 thi zo ld diém cuec tiéu.
+ Néu f™(zq) < 0 thi zo la diém cuc dai.

ii) Néun Ié tht f(z) khong dat cuc tri tai zo. *
e Vi du 33 Tim cuc tri clia ham y =1 - 74,

Giai

Ta ¢

y =—4z3,y =0taiz =0,

yu A _121,2, yu(o) — 0’
ylﬂ‘ — _243:‘ yn‘ﬂ'(u) s 0’
y@ = -24<0.

Véy ham dat cyc dai tai z =0 va y,q4= y(0) = 1.

6.3 Gi4 tri nho nhét, gi4 tri 1dn nhat

O Dinh nghia 10 Ham f(z) dude goi la dat gi4 tri nhd nhat (gié tri ldn
nhat) tai diém zo trong khodng I néu f(z) > f(zo) (f(z) £ f(20)), Vx € 1.
Ta nhic lai dinh 1f & dudc gidi thigu & chudng 1.

A Dinh If 19 Néu ham f(z) lién tuc trén doan [a,b] thi f(z) dat gid tri
nhd nhdt va gid tri loh nhdt trén dogn ndy.

o Nhéan xét
Néu ham lién tuc f(z) dat gié tri nhd

nhét hoic gié tri Idn nhat tai ¢ € (a,0)
thlcﬁdiémt&ihg:{cﬁahﬁmf(z). Ngoai
ra, hm cdn o6 thé dat gié tri nho nhdt -

vi gid trj Idn nhat tai hai déu miit a, b.

S




ham mgt by
han tﬁl
M

it cha hhm 1 '
* Céch tim gig tr| nhé nhit vh gié trf idn ohd X 3

doan |[a, b)

- ,b .
Budc 1 Tim céc diém tdi han ctis f(z) trong khodng (a.9)

¢ . ‘
Bude 2 Tnh gig tri cha f(z) tai chc diém tdi han vh tal hai dhu mg o

- [ li
Budc 3 Gid trj nhd nhat va gié trj ldn nhilt trong buide 2 tiddng ding 1y
tri nho nhat va gi4 trj ldn nhit cin tim.

* Vidu 34 Tim gi4 trj nhé nhit v gié trj Idn nhit ctia him
f(x) = 31,;3(1 _ 3')2"3 trén dm {_]' 1]' .

Giai 3
(1 = m)iﬁ 21/3 " 1=3dz ‘
Tacs f(z)= 3223 3(1-z)1/3  3g/0(1 - z)\/?

fl@)=0taiz=}va )=

f'(z) khéng t5n tai tai z = 0,z = 1 va £(0) = f(1) = 0,
Tai dau miit z = —1 ta c6 f(~1) = — ¥4,

V&Y fmin = ~VAt8i 2= 1 VA frae = Y tal o = |,

* Vi du 35 Tim hai s3 khong 4m c6 tong bing 60 sao cho tich t:t'mué'ﬂ*’
voi binh phudng clia 86 kia 13 1dn nhét, i

Giai
Goi m{t s 1a z thi 86 con lai 14 60 — z. Theo gid thigh thi 0 < 7 < 60,
Ta tim gid trj Idn nh&t clia hAm P(z) = (60 - z)2? trén dosn [0, 60),

Ta thiy P(z) > 0 trén [0,60] va P(0) = P(60) = 0 nén Prin = P(0) 2
P(60). Do d6 him chi c6 the dat gid trj Idn nhilt i diém dilng thube (0, 60)

P'(z) = =32 + 120z = 32(40 - 7)
P'(z) = 0 khi z =0 hay z = 40 (z = 0 bj logi),
Viy P(z) dat gié trj ldn nhat tai z = 40, Khj d6 86 cbn 1ai 14 20,
.Gumnudnhftvamtrgldnnha‘nmngkmg

Trong thyc hanh ta thudng gip trudng hop phdi 4ig, g tr) nh nhi
idn nht cia bAm f(z) trong khodng (a,b). Khj 6 ta khong thé ap dymb
phmpbipd‘ﬂith’é“d"é“'q“h"ma?dﬁpucﬁchdﬁgiﬁﬂ“f&'
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A Dinh If 20 Gid sw ham f(z) lién tuc trong khodng (a,b) vd

im f(z)=L, lim f(z)=M.
Khi d6 = - 10

i) Néu f(u) > L va ; -
| wi&lnhai;én(m;’).f(u)>Muaiundoddthu15c(n,b)b‘l!!(:)dglgnd

ii) Néu f(u) < L va f(u) < M ek a6 thi
BB e ot ) u ndo dd thudc (a,b) thi f(z) dat gid
e Vidu 36 Tim gi4 tri Ion nhét cla ham f(z) = :,—l— trong (0,1).

- T

Giai

Ta thiy f(z) lién tyc trong (0,1), lim f(z) = lim f(z) = —co vA
f(%} = —3 > —co nén f(z) dat gi tri 1dn nhat trong (0,1) vA gik trj ldn
nhat ndy phdi dat tai mét diém tdi han cha f(z) trong khodng (0,1). Ta c6

' 2z -1
flz)= = g

P LT
f(m)=0khla:=-2-va.f(§)=-4.Vi_iyfm=—-4tgin:=-12-.

* Vi dy 37 Ngudi ta muén lam mét c4i can hinh tru ¢6 thé tich 1 lit (1000
cm®) dé chua chat 1ong. Tim kich thudc chia can sao cho dé lam can ndy ta

ton it nhién liéu nhat.

Giai

Goi r 13 bén kinh vA h 14 chiéu cao clia can. Dién tich todn phan cla
can la

S = 2nr? + 2arh.

Can ¢6 thé tich 1000 cm® nén wr2h = 1000. Suy ra h = 1000/(xr?).
Thay vao biéu thic cta S ta dudc

1000 2000
e i i, YOO o
§ = 2mr® +2mr(—7) 2nrt + -

DX tén {t nhién liéu nhat, ta tim gié tri nho nhét cha him
S(r) = omr? + @ (0 <r < 400).

Ta thiy S & ham lién tuc trong khodng (0,+00), r_ﬁ% S(r) = +00
v lim S(r) = +0o nén S(r) c6 gid tri nhé nhat trong khodng (0, +00) va
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gia tri nhg nhat ndy phdi dat tai mot dié'm tdi han cua S(r). Ta 6
4(mr® — 500)

2000
S‘(r)=4-|rr---?= 3

S'(T)=0khim3=500_.rhwdiéhb&imf=afsw?'_

V1 5(r) chi c6 duy nhat diém td khodng (0, +00) nén g

2 o y nhat dlemto‘ihq.ntmng ) ’ m‘q
Pho nhat phy; dat tai r = 3/500/x. Gié tri tudng ing cla h 1

1000 1000 g
h = 3 —— 2 2 5m T= 2r'
mr? ~ 7(500/7)2/3 e

Vay @€ ton it nhién ligu nhé thi bén kinh cha can 1a 3/5007/7 v chiéy
€20 phai gap d6i bén kinh.

6.4 Tinh 16i 16m. Diém uén
a) Tinh 18i, 16m ctia dudng cong
O Dinh nghia 11

Dudng cong C : y = f(z) goi la 16} (16m) tai zo néu trong mot lan cin
k] ~ # - # »
cla 7o moi diém ctia C déu nim dudi (trén) tiép tuyén vdi C tai z.

Dudng cong 161 (16m) trong khodng (a,b) néu né 161 (16m) tai moi diém
trong khodng nay. |

A Dinh If 21 Cho ham f(z) zdc dinh trong (a,b).

Néu f"(z) <0 (f'(z) > 0) vok moi z € (a,b) thi duidhg cong y = f(z)
61 (Iom) trong (a,b).

b) Diém uén

O Dinh nghia 12 Diém phan céch cung 16i va cung 16m clia duidng cong
dudc goi la diém uén clia dudng cong.

A Dinh If 22 Gid su ham f(z) lién tuc tai o, khd vi dén cdp hai ¢ lin cin
zo (c6 thé trizo). Néu f'(z) déi ddu khi z di qua zo thi (zo, f(zo)) la dich
uén cia duonhg cong y = f(z).

e Vi dy 38 Xét tinh 16, 16m va tim diém uén cla dudng cong y = ez
Giai
Ta cb
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y’ = —2:1:6_:’,
Y =42% ~ 2 =2(22% - 1)e* =0 khiz = t

z | -o0 —;b ﬁ +00
¥ D =

y" | 0 +

Vay dudng cong 16m trong hai khodng (—o0, —ﬂ‘). (;},, +00), i trong
* Khodng (—Jz, J5). Hai diém (~Jg, J2), (J5, J;) 1A cc diém udn.

»

6.5 Tiém can
a) Dinh nghia

Didng thang A goi I dudng tiém chn cha dudng cong y = f(2) néu
khodng céch ti diém M trén dudng cong dén A dén dén 0 khi M di ra vo
tan doc theo dudng cong.

b) Tiém cén ding
r Né'uiiﬂlaf(a:]=:!:oo thi dﬂ&ngthé‘ngx=ul&tiémcﬁ.ndﬁngcﬂadd&ng
cong y = f(z).

¢ Vi du 39

1

lcéhaitiémcé.ndﬁngm:()vé.z:l.
m-—

\ 1
i) Dudng y=m2+5+
ii}{)dangy=t&nm06vﬁs-§tiémc$nd&ngm=%-l—k-rr,kez.

c) Tiém cén ngang
Néu lim f(z) = b thi ducng thang y = b 13 tiém cén ngang cla dudng
I—00 &
cong y = f(x).

* Vidu 40
i)mangy=£.mti@mc@nngaugmmchomh.
ﬁ)mangy=mmmfrti@mcanngmgphiatramy=—%vatiem
¢jn ngang phia phdi 13y = 7.



X hhm mat bién

) Tiém cin xian

,D'lansm&ng&:y_u+butwmc¢nmcﬁ-dm“"'v-!:.

néu :l_i_.n;u[f(-'ﬁ) - (az + b)) = 0.

Ta cé
a=tim L& b= lm|f(z) - 92}
=00 T g—+00
* Vi du 41 Duidng cong y = ﬂl+:+="’cﬁli¢m°‘"m""ﬂ
. L

iy —~g]= ,}i{lgo(% +e*) =0.

=00

6.6 Khdo sat ham sé
Viée khdo sét ham & thudng dudc tién hanh theo céc budc sau diy -

i) Tim mién xéc dinh, céc diém gidn doan clia ham. Xét tinh chén, k¥,
tuan hoan (néu co).
) ii) Tim khodng di‘;né bién, nghich bién, cuc tri, khodng 14i,
uén cta do thi.
iii) Tim céc dudng tiém cin cla dé thi.
iv) V& dd thi : xéc dinh giao idm cia d0 thi vdi céc truc vA tiép tuyéa
vdi 46 thi tai céc diém dgc bigt (néu cd).

16m, diém

) # xg-"l
o Vi du 42 Khdo skt vh vé d0 thi ham 80y = —5—
Giai
Hamsﬁ'xécdinhvd*imgim?éﬁ.
v’=?':,;'i£'y'"_Okhi"'“i\/g"ﬁlfkhﬁﬂgtgntq-ikhim=0.
2"" N .
y = E{i;s"ﬂ' y' =0khiz=+/6vay(-v6) = 58, y(v6) = 5%
z2-1 _ 0 A i T
V]sli?_--sg-—-+0°\’ﬁzh_lg+ 3 oo nén do thi c6 tiém ca
g =g .

.
- .
P—
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6. Ung dung cta dao ham

d hai nhénh
—0 V6 -V8 0 Vi VB 4x
- | -0 + | + 0 - | -
— Al e =l = .
0 I i
A Sl [ N0
*Iﬁthjcﬁahh.msﬁ'chobéih]nhsau:
Yy
6
»
4
2
= - 3 4 x
-2
-4
-6
o Vi du 43 Khéo sét va vé d6 thi ham s8 y = zel/~.
Giai
Ham 88 x4c dinh vdi moi z # 0.
yf=m'leljzty*=thiz=1vﬁy(1)=g,y'khﬁngxécdinhkhi
z=0.
y"=laelf‘,y”}ﬂkhi:n::-ﬁ,y"«(ﬁkhi:r{ﬂ.Dcdédffthilﬁmtrong

I \ 5 a » _ﬂl o

khodng (0, +00) va 16i trong khodng (—00,0), d6 thi khéng cd diém udn.
i

Vi limy=0, hm zel/* = lim B—=+conénd<‘ithicétiémc§,n

=0 t—+00
ding z = 0 vdi nhénh phé.l
el/z —1
. ¥ ‘ 1/z = A e, A
Vi lim £ = lim e/* =1, hm(y T) = (:ce T = zangD 7z

r—0 T T—00

| nén A4 thj c6 tiém cdn xién y =z + 1.

T | —00 0 1 +00
v + ] - 0 +
v - | + |l +

|| +o0 +00
y |- / | N &7
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£3 a®
D5 thi clia ham s5 cho bdi hinh sau :

~

6.7 Dudng cong trong toa d cuc
a) Hé toa d6 cuc
Trong mat phe‘ing chon mét diém cé dinh O goi 1a cuc va mot truc Oz &
qua O goi la truc cue.
Vi trf cla diém M trong mit phang M
hoan toan dudc xéc dinh bdi cip (r, ),
trong dé

. r=0M _

= (5";: W} 0 . 4

Cap (r,) goi la toa dd cuc clia diém M, r goi 1& bdn kinh vector cla
diém M va ¢ la gdc cuc cla diém M.

Vdi0<5o<:21r,r>0 tacdtddngungllglﬁadlemtrongmatph&us
va cap (r, ¢)- Géc toa d5 c6 thé xem ung vdi r = 0 va ¢ tuy .

b) Lién hé gida toa do Descartes va toa do cuc

Chon hé tryc toa d6 Descartes vuong géc sao cho gdc O trung vdi it
truc Oz trung vdi truc cuc. Ta c6 cong thuc lién hé :
= rcosy
y=rsing

va ngudc lai
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roo= Jiliy

tan:p:g.
I

Trong toa d3 cyc ta c6 |22 + 42 = 2|

c) Phudng trinh dudng cong trong toa 49 cuc
Dang F(r,) = 0 hay r = r(p).

e Vidu 44
i)mangtrbntamomnkmhaoaphumtﬂngua.
ii) Tia Ou tao vdi Oz mét géc 3 ¢6 phudng trinh ¢ = §.

d) Tiép tuyén cha dudng cong trong toa d cuc

Cho duong cong c6 phudng trinh trong toa d¢ cuc : r = r(p). Goi V 1A

Egc gida bén kinh cuc chia diém M va tiép tuyén vdi dudng cong tai M. Ta

tanV = 1,
r

Ta thiy khi tanV = 0 thi tiép tuyén tring vdi bdn kinh cie. Khi
tan V' = oo thi tiép tuyén vudng géc vdi bén kinh cyc.

e) Khdo sét va vé dudng cong trong toa d cuc

Khdo s&t dudng cong trong toa d3 cuc dudc tién hanh theo céc budc :

i) Tim mién x4c dinh ctia him sb.

ii) Xét tinh ddi xung, tinh tudn hoan clia ham sb.

Néu ham s r(¢) tuan hoan vdi chu ki w thi chi cin khdo sit va vé dudng
cong trong mét khodng c6 d6 dai w. Ta nhan didc toadn bd dudng cong tu

phan dudng cong da vé bﬁng phép quay lién tiép quanh tam O vdi céc g6e
quay w, 2w, ...

Néu r(y) 13 ham sb chin thi dudng cong nhén tryc cie lam truc 46}
xiing. Néu r(ip) 13 ham s3 1é thi dudng cong nhan dudng thing di qua cie
v vudng géc vdi truc cyc 1am tryc doi xung.

iii) Tinh dao ham r’ = r () va xét déu clia 1’ (ip) d€ xéc dinh céc khodng
tdng, gidm clia r theo .

iv) Tim tan V tai cic diém dic bigt.

v) Lip bdng bién thién.
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vi) Vé dudng cong-

_ omg Cardiorde)

, vé duomg binh 17 b L
e Vi du 45 Khdo sét va ¥
trinh r = a(1 + cosy), @ >l

Giai
; : . e
Ham sb xdc dinh voi mol ¥ ¢ an khdo sét 4.
: chi can d'“‘!r

i nén ta
Ham so tuan hoan vol chu ki 27 .

bmose oo i, ¥ 5} thuc hién phép a:
Ham sé chin, do d6 xét trong khodng [0’ ] roi th ic hien phép d(l.

qua truc cuc. ; sg p
~2c08" 3 _ _cot= =tan(¥,?
T a(1+-‘30559)________._..--—§—- co 2 2+..
tanV=;?—Tm"_' 251:1*';-’0052 IJ
R
Suyra V = 5 -+ 5"
Ta c6 bang bién thién sau :
T ™ 3T
- = —_—
R 1% o g Jgiecdg
r —
r 2a a 0

Duia vao bdng bién thién, ta vé phan
g;é‘:ﬁ cong ung vdi € [0,7). Lgy
1 XUng qua truc cuc ta dide toin ha
dudng cong. R

f »
. L c
i) Mlﬂ Toan 6;: Amhiméde ‘
O
L

=% (a> )



T ———— -

man&:bin&r-Zp.

ii) Hoa héng ba cdnh : r=asindp (a>0)

Didng r = sin 3.

iii) Duong Lemniscat Bernoulli : r2 = a2 cos 2 (a>0)

/\3/\

Di&ngr’ = 4.cos 2.

6.8 Dudng cong cho bdi phudng trinh tham sé
a) Phudng trinh tham s8 cha dudng cong

Xét hé hai ham
z = p(t) (25)

(.fngvd'i mmgétncﬁattaoémot cap (z,y). Khltb:enth;enthldmm

M(g(t), ¥(t)) vach nén mdt dudng cong C trong méit phang toa dd. Ta goi
(2.5) 1A phuodng trinh tham s cla C.

* Vi du 46
i) Dudng tron tam O bén kinh R c6 phudng trinh tham s3
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r = Rcos!
y = Rsint.
2,2 ‘ :
i) Elip % + % = 1 ¢6 phudng trinh tham 50
r=acost
y = bsint.

b) Pao ham theo tham so
Gid su dudng cong C ¢6 phudng trinh tham s& (2.!‘1}. trong dé y =

Do tinh bat bién ctia biéu thic vi phan nén ta cé

: , d
dy =y (z)dz = y(:r)=d—§.
Mat khéc, ta c6 dy = ¢'(t)dt va dz = ' (t)dt, do d6
b Y1)
Vo) = 5%

¢) Khdo sat dudng cong cé phudng trinh tham so

Khéo sét dudng cong cho bdi

' phudng trinh tham so dlidc tién hanh tud
td nhd khdo sét ham 6 y = f(

). Cu thé theo cic bude sau :
- Tim mién xéc dinh, xét tinh chan, 14, tuan hoan.
- Khdo sét sy bién thién vdi chyg vy =%

z,
- Tim céc duong tiém can :

Néu hm z(t) = a, hm y(t) =oothiz=gq

3 tiém cin diing.
Néu llt{lﬂ z(t) = hm y(t) =

bthiy =b1a tigm cin ngang,

s Y(t)
Néu Am 2(2) ~ Y MM y(E) - a.z(t)] = b gn y

- =az +b 13 tiém o
xien.

* Vi du 47 Khdo sit va ve duong cong cho

{J: = acogd¢
v = asin3; (a>0) (Duéong hinp $00)

boi Phudng trinh tham so

Giai




¢ Unsdungcladeobim

Ta thay z vi y xéc dinh vdi moi ¢ v luon thuje doan [~a,a]. Ngohi ra.
7, y la céc ham tudn hoan vdi chu ki 2r nén ta chi cin khdo sét dudng cong
trén doan [0, 2r].

7, = —3acos’ tsint = 0 khi t=0, ;, T, %‘. 2n ;
yr = %Binﬂtmt= 0 khi t=0, %. T, 3?”' .
Ta ¢6 bdng bién thién sau :
t' 0 b T ¥ 2r
a a
T N\ 0 o /
, N, =8 A
Yi 0O+ 0 - 0 - 0 + 0
a
y|0 / N 0 0
N -8 /A

Chi y rang ta c6
3asin’tcost

] yt
=== — = —tant.
v (@) z, —3acos®tsint i)

Ta thdy : |
+ ¢ (z) =0tai t =0, m, 2 va tai cdc diém ndy tiép tuyén nim ngang;
+ y'(:c) =o00 tait= 32[, E;_r va tai céc diém nay tiép tuyén thﬁng ding.

D6 thij cho bdi hinh dudi day :

+ Chi y. T phudng trinh tham s z = acosdt, y = asin®t ta cb z2/3 =
0?3 cogl ¢, /3 = a¥/3sin’t nén dddng hinh sao cdn ¢6 phudng trinh dang
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2/3
733 4 y¥3 = a¥.

d) Mbt s& dudng cong c6 phudng trinh tham 0

= a(! — S ”

o gy i T
i) Duong cycloid : { Y a(1 - cost).

il a

e —
~
1.5
L
1
0.5
e ———— . .
1 2 I 4 s ® an

ii) Ld Descartes :

5 Jat
148 (@>0) hay  2¥+y-3azy=0
Y = 1+

6.9 Téc dd bién thién
Dao ham f'(zo) cho ta biét vé toc dé b1en thién cua f( ) tai zo. Kb
f'(z0) > 0 thi f(z) dang téng vdi téc d6 f (o), con khi f' (o) < 0 thi (@)

dang gidm voi toc do | f (zo)|. Trong phan nay, ta nghién cdu cc bai tod?
lién quan dén téc d6 bién thién. Céc budc gidi quyét bai todn nhd sau :

Budc 1 Ki hi¢u cic dai hidng bién thién v xem chiing nhu 13 ham the?
thdi gian ¢.

Budc 2 Xac dinh dai lidng da biét va dai ludng chua bist.
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Budc 3 Lap phudng trinh lién quan gila céc dal hidng.

pudc 4 Tinh dao ham hai vé cia phudng trinh trén theo ¢ v g ra 04
vdi dao ham ctia dai lidng cin biét. e

Budc 5 TEDhsiﬁtljdgohMcﬁadﬂlumdnbi&tﬂtbildi&Jdm xiét
va két lun vé téc 4 bién thién.

o Vi du 48 Dién tich cia hinh chd nhit thay 46i nhy thé nko néu chiby
dai 1 10 cm dang téng vdi tdc 49 2cm/s vi chidu rong A § om dang
véi toc d6 3 cm/s? .

Giai

Goi z(t), y(t) ln lugt 1a chidu dai, chiéu rong
clia hinh chi nhét tai thdi diém ¢ (ddn vi cm).

Dién tich ctia hinh chi nhét tai thdh diém
t1a S(t) = z()y(t).

S'(t) = = (t)y(t) + =)y (¢)-

Tai thdi diém to dang xét thi z(tg) = 10 va y(to) = 8 vdi z'(to) = 2 va
y (to) = —3 (chi ¥ 1a dau tri cho thiy y dang gidm) nén

S (to) = z (to)y(to) +z(to)y (o) =2.8+10. (-3) = —14.
Vay dién tich clia hinh chil nhat dang gidm 0 téc do 14 em?/s.

o Vi du 49 Mot méy bay dang bay theo phudng nﬁ'm}nga.ng vdi vén toc
600 km/g. Khi bay dén tram tin hiéu rada thi méy bay d a5 cao 5 km. Hoi

khodng céch gida méy bay v tram thay ddi nhu thé nao sau d6 1 phit?
Gidi
C 600 kn/g Gid s tram tin higu dat tai diém B, sau
A - tphﬁtméybayévitr{AvhBC=5km.
e .
ik Goi 2(t), 5(¢) 16 1ugt 1 khodng céch gidla vi
Sk trf cla méy bay 8 thoi diém ¢ va diém C,
P giém B (ddn vi tinh theo gid). Ta cé
Y -~ ¥ PR U

b VB0 + 25
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, w10 km
Tai thei dié‘mtodmgxét Lacéi{tﬂ]=ﬁwkm;g e

z(to) = 10 km. Do 46
s()2't0) _ 10800 17 = 536,k
VA +5 sV

tram t
Vay tai thdi diém 1 phot sau khi méy bay DO e :T'
khodng céch td méy bay dén tram tin higu tAng v 7 km/g

3’ (to) =

6.10 Van téc, gia téc

r
i) Van tac

Gia sd mét vit chu}'é'n dong doc theo tryc Oz, c6 vi trf theo thdi b
l& T = m(t)_

* Vin tdc trung binh ctia vét trong khodng (thdi gian) [t + At 4

_ Dz z(t + At) — a:(t)‘
=T At

* Van toc tuc thdi chia vét tai thoi diém ¢ 13

At
v(t) = a.lg—nro_ﬁ_t =z (t).

Vén téc clia vt tai thoi diém ¢ cho ta biét d9 nhanh, chim cla chy
dong. Ngodi ra, van tdc cdn cho ta biét hudng chuyén déng cla vat.

+ Néu v(t) > 0 thi z(t) ting : vat dang chuyén déng vé bén pq
+ Néu v(t) < 0 thi z(t) gidm : vt dang chuyén dong vé bén trl
+ Néu v(t) = 0 tai t = to thi tai thoi diém niy vét & trang thai
© Cht § Vén t&c bao gdm cd d¢ nhanh chim clia chuyén dong, con!
46 1 gié tri tuyét doi cla vén toc.

o Vi du 50 Mot chat diém chuyén dong doc theo truc Og cé phidng

=1t -4t +2.
,)ma}nhg@nta'ccﬁachgtajé}ukhitza,t=4vﬂv@nt&’cﬁ'
binh clia chat diém gida thdi diém t =3 va ¢t = 4. !
b)xjcdinhlfhoi.ngthﬁ‘iginnmhtrongdéchft dié’mchuyé’nd@”‘?
bén tréi, bén phdi.
Gidi |

R
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Vin toc cla chit diém tai thdi diém ¢ 14 v(t) = 2 (t) = 2t - 4

Taodu(3) = 2, v(4) = 4 v vin téc trung binh clia chit diém gitla
thoidlemt—:ivht—qm
2(4)-2(3) _2-(-1) _,
1-3  {-3
b)T&Cé‘U(t):ﬂkhlt-___ 92.
Khi 0 < t < 2 thi v(t) < 0 nén chit diém chuyén dng vé phia bén tri.

Khi ¢ > 2 thi v(t) > 0 nén chat diém chuyén ddng vé phia bén phai
ii) Gia toc v

Téc dd b:en thién clia vén tdc theo thdi gian clia vit chuyén ddng thiing
goi la gia toc cha vat. Ki hiéu a(t).

Tacé a(t) =v'(t) =z"(t).

 Néu a(t) > 0 thi vén tc téing. Trong trudng hdp nay, khong nhét thiét
toc dO ting. Béng sau cho ta chi tiét vé chuyé'n dong :

Vén téc | Gia téc | Hudng chuyén ddng Téc 46
+ + vé bén phéi tang
+ - vé bén phdi giam
- + vé bén tréi gidm
- - vé bén trdi tang

o Vi du 51 Mt chét diém chuyén déng doc theo tryc Oz ¢ phudng trinh
z(t) =13 -6t + 1.
8) Xéc dinh gia t6c cla chat diém tai thoi diém ma van téc bang 0.
b) Tim khodng thdi gian ma chat diém dang téng téc vé phia bén phai.
Giai
a) Tacb z(t) =32 —6=3(t"-2).
o(t) =2 (£) =0 & t=%v2
a(t) = v'(t) = 6t.
Gia téc clia chit didm tai thdi diém ¢ = £12 13 a(£v3) = £6v2.

b) Dé chat 4iom dang téng toc vé phia bén phdi thi v(t) > 0 va a(t) > 0.
Suy ra t > V2.



biew
da hhm 1ogl
Esi—-.—q.:________(fﬂll}hg 2. Phép tinb Fl_!'_h":‘ ——

11 Phudng phap Newton

Cho ph“dﬂs trinh f'l
J(z) =0

a phudng t
. Céc dang ham f(z) cho phép ta tim nghigun ddng €08 PRLEZE FL

: : ol |
Al hep. Trong thuc té ndi chung ta khong hodn toal PA duc iy
Xdc (2.6). '

Cé nhiéy phudng phip gidi gin ding phudng g 1(:,:¢mfhll:h
bay phudng phép chia d6i dé tim nghi¢m gin AUNg. .-m 'r b o
nghién ciu phudng phép Newton dé tim nghi¢m gin o pdl;' al
Noi dung clia phudng phép la thay cung bai tidp tuy o - t;;nut h
cung. Hoinh d§ giao diém cla tiép tuyén va tryc hodnh dude xem LA nghyy
gan ding cla phudng trinh.

* Diéu kién cho ham f(x)
Gid su ham f(z) xéc dinh trén doan [, b] vi trong khodng (a,b), ta g
i) f(a), f(b) trdi ddu (diéu nhy cho phép ta suy ra phudng trinh (2.6)y
nghiém trong (a,b)). ;

ii) Ton tai f'(z), f*(z) va céc dao ham nay gid nguyén diu trong (a
(diéu kién nay ddm bdo (2.6) chi c6 mot nghiém trong (a,b) va 46 thi (€
cua ham y = f(z) luén 16i hodc 16m trong (a, b)).

(a,b) goi 1a khodng phdn li nghiém cha (2.6).

e M6 ta phudng phép

Léy ; 14 a hoic b tuy theo f(a) hay f(b) cung ddu vdi /" (x) i
nghi¢m gan ding cta phidng trinh. Viét phudng trinh tiép tuyén vdi (€
tai (z1, f(z1)) :

v f(z:1) = f(21)(z - z).

Vi f'(z1) # 0 nén tiép tuyén cit tryc
hoanh tai diém (z2,0). Ta ¢6 V7

0= f(z1) = f (@1)(z2 ~ ).
Gidi ra doi vdi z7 ta dudc
f(z1)
f(z1)
Tudng tu, tiép tuyén vdi (C) tai
(22, f(z2)) cit truc hodnh tai didm c6
hoanh do6 :
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: 6. Ung dyng cta dgo him Ky
B e e e e e e e —
f(zx2)
T3 =23~ .
, J (x2)
Tiép tuc qué trinh, ta dudc day lap z,22,...,%n, - vdi phép lip
f(zn)
z“‘"]=z ey ¥ n=1121"'
* f(%a)

Qué trinh xay dung sao cho ddy xip xi nghiém {Zn}n bl ty vé nghi¢m
dtng r cla phudng trinh. Ta dung qué trinh khi nhin dudc nghi¢m gan
dting dat dd chinh xéc theo yéu cau.

® Chu y

! : i g L = .
i) f (:F) phﬁ.l khong déi dau trong (a,b) vi néu ngude lai thl céc gia tr
z, cO thé nam ngoai (a, b).

i) Chon 21 14 a hay b tuy theo f(a) hay f(8) clng du vdi /*(2) dé
d4m bdo z — 7. Néu f'.f" < 0 thi {zn}n don diéu ting, cdn f.f >0 thi
{In}ﬂ don diéu glihll

iii) Doan [a, b] dude tim bang céch ding d thi clia ham y = f(z) hoac
ding tinh chat ham f(z) lién tuc trén [a, b va f(a).f(b) <0 thi ton tai
¢ € (a,b) sao cho f(c) = 0.

iv) D6 chinh xéc cla x&p xi nghiém dude xéc dinh nhu sau :
Néu |f (z)] = m >0 va |f (z)| < M, ¥z € [a,b] thi
M 2
— 7|l < —lz, — zo-1]"
|2n = 7| < 2mixn Tn-1|

e Vi du 52 Dung phudng phap Newton, xAp xi nghiém cha phudng trinh
2 —z-1=0.

Giai
!m'tf{z)=:r3—m-1thi i
f(n:)=3a:2—1.Tacéphép1§.p 1
:L'a - Tn—1 0,5 /
Tntl = Tn — JEETET (*) x
n -1 -05 05 1 f15

Tu d6 thi cha ham s& f(z) ta thiy 0,5
phudng trinh c6 duy phat nghiém. m
Nghiém nay thudc khodng (1,2) vi _15
f)=-1<0va f(2)=5>0 Ta al
chon z; = 1,5 I3 nghiém xép xi déu

tién (cling c6 thé chon z; = 1 hodc

T =2)
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Cho n = I va thay z, vao (*) ta dudc '
(1,5) - 1,5 =1 . 1,34782609
T3=15-"—73v - |
Lr1 nay h A
sli | lq‘

(Ta ding méy tinh bé tii (calculator) dé tinh

sau dau ),
782609

Ké’tié’f-’, ta chon =2 va thay 12 = 1,34 1
(1.34782609)° — (1, 347820757 2609) = 1, 3252004

I3 =1, i -
3 = 1,34782609 301, 34782609 ~ 1
Tiép tuc qué trinh ta dude diy nghiém xap X1 © o

vio (*) thi dud

I =1,5

T2 = 1,34782609
z3 = 1,32520040
T4 = 1,32471817
s = 1,32471796

ze = 1,32471796.
Tai budc thy 6 ta khéng can tinh nila vi cic nghiém xap xi tiép theo sy

cling gi4 tri nhu 7. Viy nghiém xap xi ctia phudng trinh 13 z = 1, 324714

W Bai tap
1. Tinh dao ham ctia cdc ham sau :

2 = |
a)y= ;E-l_::\l/f_ %; b) y = sin|cos®(tan® z)] ;
V=" D=1/
E)y:JI‘l-\/x'l'\/E; f)y:]_n(e".i.m)l

=g h) y = eactanz,

g) y = arcsin 7—— ;
Gid si f la ham kh4 vi. Tinh dao ham clia céc ham say
b)!f‘=f(sin2:)+f(omzz};

a)y=f(z%) ;
¢) y = f(e%)-e/.

3. Tinh dao ham ctla cdc ham sau :



Bai tjp 9l

M

a) y=z/*; b) y =2 ;
c)y=z+2* +z1% ; d)y=(lnz)* ;
e) y = (sinz)*n= ; f)u=(1+i)-
4. Tinh dao hdm cla céc ham s& sau :
0 (=+1? g ’(E)“ 4
Ia")y_(:n+2)9'(m+3)4i' b)”=(3) z (ﬂ) 1
ln T
c)y=($lﬂ.

¥

5. Tinh dao ham clia him &n xéc dinh bdi phudng trinh :
a) 2° +9° - 32y =0; b) z° 4 Iny — z%e¥ = 0.
6. Tinh dao h&mcﬁahﬁ_.p:s&utgim=0:

[ €/ ndu z#0
f(m)_{ 0 néu z=0.

7. Tinh dao ham cla ham s
i l1-2z ndu z<1
ﬁﬂ={(

1-7)(2-z) néu z2>1.

8. Chiing minh ham s§ sau c¢6 dao ham gian doan :
z2sinl néu z#0
'ﬁm):{ 0  néa z=0.
9. Tim f (a) néu f(z) = (z — a)p(z), trong 46 ham ¢(z) lién tuc tai
T = a.

10. Tinh dao ham cép hai clia céc ham s3 sau :

V=
11. Tiah dao ham clia céc ham s5 & cap dude chira :
a) y = (2 +3)V3. Tihy"; b) y=zlnz. Tinhy™ ;
; = (n)
¢) y = %=, Tinhy™(0); d)y= SR Tinh .

12. Tim vi phén clia cic ham 80 sau :

a T
n)y=z(h}£—1); h)g=;+&f¢t&n;.
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14,

15.

16.

17.

18.

19.

20.

w}‘m 2 I"'“Q" tinh vi Ph.li CUa h.-lll T th|
—————

13,

T .

inh gan, ding céc gig tri sau
a) arcsip ( y4983 ; b) In0,9
c) cos4]o . d) Y15

Dine - L ;
Ung con% thuc 6 gia hudu han tinh gin ding gid tr Arcaiy ) o
ch{.}ﬂ 0= _ )

5
Tinh .
) .
a) E(-r—ij(ma ~-2z%_79). b) E(i:‘?‘}. (ET_I) '
¢) d(sin z)
d(cosz)

Tim a, b 4 ham 5

2 «
a)_f(g;)={ T neu z<1| T
aZ+b néu 171 khd vitaiz =1 ;

b}f:c.—_-{ az +b né:u z<0 A
(z) 2sinz +3cosz néu o3>0 khd vi tai z = 0.

IKié’m tra dinh If Rolle ddi vdi ham f(z) = 2%+ 422 - 7z + 10 trén do
-1,2].

Chiing minh ra.ng phudng trinh z" + pz + ¢ = 0 khéng thé c6 qué b
nghiém thuc néu n chin va c6 khong qué ba nghiém thic néu n 1é.

Xéac dinh diém trung gian c trong dinh Ii Lagrange déi vdi ham sé s
trén doan [0,2] :
T’ neh z € [0,1]
fE)= { -1 néu ze€(1,2.
Diing cong thuc Lagrange ching minh céc bat ding thic sau :

a) jarctanz—arctanyli:lx-yls Vz,y€R;

<In(l1+z)<z,Vz>0;

b) 1

IJ'
< 0< <I<-
c)._._._-ctanz tany e Yy 2
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21. Tim céc gidi han gay, -

a) lime:he-fﬁzﬁ; b) lim __{:_'__:_F__;
0 Z-sing s~llnz-z4)

. Tcotzx—~1
c) hm--__._____; . “"i'_.
=T D -
e) lim ——-—--mm . I
T—+00 I + pF f)lﬂ(cot:-;):
- 1 1 .

e : Inz. -1);

g)i’—?ﬁ(z 83_1), h)ll_lgl* nz.ln(z - 1)

" tan 2r
i) lim (z — 1)z, j) lim (tanz) ;
z—1 2 =%
k) lim (7 — 9g)cosz ) lim (z+e2)i/z,
Ty T—+400

22. Chung t4 ring cde gidi han sau :
2. 1 {aradt
. ZTsinz ‘ T —sinz
li z. i
. 220 sing '’ b)xll-n&$+sinz
khong thé tinh bing quy tic L Hospital. Héy tinh céc gidi han nay
bang phudng phap khéc.

23. Khai trien Mae Laurin céc ham sau :
a) f(z) = e®-** gén s6 hang 22 ;
b) f(z) = In(cos z) dén 5 hang 25 ;

01 L PN R

l1+z
l+z+422 . .
d) f(ﬂ:) = 'i‘_—:r-l_—x—z aﬁnﬁﬁhgnﬂ.g:ﬂ‘.

24. Dung khai trién Mac Laurin, tim céc gidi han sau :

— e—22/2 1
. cosT—e _ . a2 SN
DRI (el
e*sinz — z(1 + z)
= ]

¢) lim
z—0

25, Vi&khnitrié'n'raylorcﬁa’hémf(z)= ¥z 3 lan cén z = 8 dén 8
hang (z — 8)%. Ap dung dé tinh gn diing V9 va dénh gis sai s3,



|
|
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31.

39. Ching minh :

33. Tim

ha hhm mdt bién
Chubhg 2. Phép ctnh vi ph o e

Il l'l'n .l b hml;’ ol

2 \ i o R
o Diing khai trién Mac Laurin U8 ham f{f)
tinh gan dn R
gan ding gia tr 7 g
27. Tinh gan diing cos 10° chinh xdc dén 0,001 ('lllllllﬂ_'“ “'.H:"m dm ‘
chinh xéc d6 chi can dung cONg thic Mac Laurtt dén bac 2 ;
28. Chi phi sdn xuit z sin phim I C(z) 4008 v
C(zx) = 8000 + 400z

ién thién ctia C(2))

-0, 512

a) Tim chi phi bién (téc 4o b .“é“ o5 sin pulag
100.

b) Chuing t4 ring chi phi bién ¢
xuit 101 v& 100 sin pham.

rén xﬁfp xi hﬁng hi¢u cua chi phi *1

|
20, Thé tich clia nude trong thing sau ¢ phiit ke td khi nude bat diu lﬂ
ra ngodi Ia V/(t) = 350(20 — t)? it

a) Tim toc do chdy cla nudc sau 5 phut. |
|
b) Tim téc do trung binh clia nuide chédy ra trong khodng thdi giany

5 dén 10 phit.

30. Tim gié tri nho nhat va gid tri Idn nhat clia cdc ham sau trén tap did

cho :

a) f(z) = z%Inz trén [1,€] ; l
i
|

b) f(z) = |z% — 3z + 2| trén [-10,10] ;
c) f(z) = 2sinz + sin 2z trén [0, %ﬂ'l '
|

z3 +2

Tim gid tri nhd nhat clia ham f(z) = = trong (0, +00).

a) Trong tat cé céc hinh chi nhét c6 cung dién tich thi hinh vuong d

chu vi nho nhat.
b) Trong t?ft cd céc tam gidc can c6 cung chu vi thi tam gidc
dién tich lon nhat.

chc canh cta hinh chi nhit c6 dién tich 1dn nhat ndi tiép trod

déud

_d
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35.

36.

37.

38.

39.

40.

41.

Mot cai hop c6 day

# lh. hlnh vuo 2 of o ot y -
kich thudc ciia hgp ng khong nap 6 thé tich 4m®. Tim

580 cho lam n6 tén it nguyén lidu nhit.

m;:: ﬂidi)' cing dai 1m dude cit thanh hai doan. Mt doan cudn
o'y nhﬁ,trgn, dcgim kia cujn thanh hinh vudng, Tim 46 dii cia
1 doan dé tong dién tich ctia hinh tron va hinh vuéng lA nhé nhat.

Ngudi ta muon kéo mt dudng day dién til vi tri A trén bd bidn dén
vitri B trén mdt hon ddo theo phudng én nhu sau : ding cdp loai |
G€ kéo tul A d&n mdt vi trf C trén by, sau 44 diing cdp logi I1 kéo til C
dén B. Biét khodng céch gida B v ba 1a Ia Skm vh khodng céch gila
A dén diém chigy vuong géc clha B trén bd 1a f0km. Gié tién cép logi

I1a 30008/km va loai 11 1A 50008 /km. Hoi phdi Y ako #f i
phithﬁ'puhﬁ’t? ' /km. Héi phdi chon C 4 diu dé chi

Cﬁf). 0 clia ngdi Bic Au thudng dude thidt k& theo dang hinh chil
nhat dude phii 1én bdi mét ndla hinh trdn v dudng kinh bing chiéu
dai clia hinh chil nh4t. N&u chu vi cda cila 3 1 4m thi kich thudc ctia
cua s8 phai nhu thé nio dé nhén duge nhiéu 4nh sdng nhit?

Qua quan sét ngudi ta thiy s6 lidng vi khudn trong mét méi tridng
dinh dudng ddng nhat tai thi diém ¢ 14
N = 5000(25 + te~%).

a) Tim s8 ludng vi khuén nhd nhét va 1dn nhét trong méi trudng dé
trong khodng thdi gian 0 < ¢ < 100.

b) Tai thdi diém nao trong khodng d6 3 lidng vi khuén téing nhanh
nhat 7

Hai chiéc xe clng xuat phat ti mot dia diém. Mot chiéc chay vé hidng
Bic vdi téc 6 60km/gid con mot chiéc chay theo huidng Dong vdi toc
do 25km/gid. Sau hai gic thi khodng cich gida hai xe téng theo téc
d6 nhu thé nao ?

Tim téc d bién thién ctia hinh ldp phudng khi the tich ciia n6 la
216cm® va canh clia n6 dang gidm voi toc 49 2 em® /phiit. Vdi van
téc bién thién nhu vay thi hinh Iap phudng sé bién mat sau 1 phiit hay
khong ? Hay gidi thich.

Bt gé rdi thanh déng 4 téc 46 0,5 m® /phit. Néu déng bt g5 c6 dang

hinh nén tron xoay vdi 49 cao bang dudng kinh ddy thi d9 cao cla
déng bét g bién thién nhu thé ndo khi 35 cao cla dong 1 3m ?



P 9 chmi:",'/"‘“'“”
L e (AP chidng 2
) 50 b T

£ \p
» Hudng dan V3 daj
1 ’ 5‘},— 3 l
. a) gt 7 e T "r_i, '
y=3 8- 53 r 6ry ¥ ‘ "”'JI.
an’ 1)) sin(21a0 ¥ cont 2
|

b) y = ~3cos [cos’(

C)y:=31~ﬁin2.rcuzz;
3rvr?

P [ 4
e 4ﬁ.\/?+775+2\/f+' I} Al
8y/Z.\/z + V. I+m e

P er e

1) ..f'[culj-'f” '

2. a.) y, = QIfF(I} ; b) y’ = §in ﬁ[f'(ﬂin
¢)y =e/@e*f () + £ () f(€)]:

l—lnI. b)y'sfj+](2]nf+l);

)inz + 3 ;
2 [l 4 In(sin z) |

3. a) y' = Ilfz

¢)y =1+z*(Inz+ l)+.~:".:r:’[{ln.t+l
d)y =(In z)? i ln:. In(lnz) o)y = (sinz)™"
r?lnz

cos’z |

f) (14 1) n(1 + 3 — )
,___(5x2+14x+5)(z+1}_ |
R T J
av=(0)' () @ (u+55%) >0
oy = B (atne)+ g -22%).
.'__y—Iz‘ r_{hﬁy'—:;zg)y
by = T yer

] _ -‘1 néh I<l
7. [ {2:;—3 il 255
8. f’(:c):{mﬂ%-ms% néu z#0
0 llé'll r=0.
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Bai t4p

Vi gidi han Jim cos ~ khong tda tai nén //(0) gidn dogn tgi 2 = 0
). f(a)=¢la).

10. v 21-2%)

-8z
a)v—m. b)ﬂ -m‘

11. n)um=8—3f—;(5+-3;); I:n)n‘"‘-(ll“(ﬂ =7 (22

¢) ¥™(0) = n(n - a™?; d)y =nl [-(—-—-—i;;-[ + -;;é')'[’:

o

12. a)dy=Inzdz; b)dy= —wd:

13.  a) arcsin0,4983 ~0,5218; b) In0,9 ~
d) /15,8 ~ 1,9937,

14. 0,57043.

-0,1; c)cosdl?;

15. B.) d(rg)(m —22% - 9)—1—42:3*"31‘6',

) g (57) =3 (==~ ) s

d(sinz) _
) d(CDSQ?) —cotz, T # km, keZ.

16. a)a=2b=-1; ba=2b=3
18. Dimng dinh If Rolle. Xét dao ham clia hdm f(z) = 2" +pz +¢.

1
21. a)2; b)-2; c)-%; d)-oc0; €0; 005 g -3

Wo; D1; Dgs B1i D

22. a)0; bl

g? gt P
2. ) f(z)=1+2+22+0@"); D) f@=-5 -5~ —+O( );

2 12 45
11 25
¢) f(w)-f""%’c i B* 0
d) f(:l:)=1+23+2:‘2 2a:‘+0(93 )-

1 Le oagd
4, a}--ﬁ; b)it c)s
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gode MU

4 phi
2 Chubhg 2. Phép tinh vip

=
B

31, gt U9 2,079
25 11 el | :
2 § < 0,01
26 N 2 1.0,
f@)~14z+ T e
27.  cos10° ~ 0, 985. C

- 300 - 0.5 = C (100)
28. a) C’(100) =300; b)C(101) - C(100) i
20. a) V'(5) = —10.500 lit/phit; ) Ve = -8

1 _dtair=e,
30. H.} fmin:“zl_e tgiz:—?Vhfmu“c tal .

jz=10;
b) fmiﬂ=0t§i$=111=2\rhfm“=132"4"I

W3, ..
c)fmin:“zt@iz:a?ﬂvﬁfm“:—-‘z——t.!}lI—-3-

31‘ fmln =3tgj.$= 1.
33.  Hinh chi nhat cén tim c6 cée canh 2 = 35, ¥ = 75

16
34. Dién tich toan phan clia hop S(z) = 2* + — (2> 0). |

Smin = 12 khi canh ddy z = 2 vA chiéu cao h = 1, tilc 12 canh day g
déi chiéu cao.

35. Téng dién tich clia hai hinh 13 S(z) = (£)* 7 + (352)* (0 < z < 1),
S dat min khi d6 dai doan cudn thanh hinh tron 137 va do dai da

n+4
cudn thanh hinh vuéng 1& 3.

37. Cia o nhan nhiéu 4nh séng nhét (dién tich cla cla s3 1dn nhat) ¥
chiéu rong bang bén kinh bing 4.

38.  a) Vinin = 125000 tai £ = 0, Vinax = 161788 tai ¢ = 20.

39. Goi z(t), y(t) 1a khodng céch gitla xe chay vé hidng Béc, hudng Dif
so vdi vi tri ban dau tai thdi diém ¢ va d(t) 13 khodng céch gida hai xel

thdi diém t. Ta c6 d(t) = /z%(2) + (). Tai thdi diém to dang xét §
d (to) = 29+/5 km/gio. =

40. Tai thdi diém to dang xét thi V' (to) = —216 cm? /phait, tafc 1 thi

ctia hinh lp phudng dang gidm vdi tdc 49 216 cm? /phit, Sau thei dicm o
1 phit thi V = 0.

41. Goi V(t), h(t) 13 the tich va chiéu cao clia d8ng bt gd tai thei didn’
To o6 V(t) = §h°(t). Tai thf diém ty dang et th (1) 81 phit
m
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PHEP TiNH TiCH PHAN
HAM MOT BIEN

§1. Nguyén ham va tich phan bat dinh
1.1 Nguyén ham

O Dinh nghia 1 Ham F(z) dudc goi 14 mét nguyén ham cha ham f (z)
trong khodng (a,b) néu F (z) = f(z), Vz € (a,b).*

eVidul

i) Ham F(z) = z* 13 nguyén ham cta ham f(z) = 473 trén R vi
(z4) = 423, vz € R.

ii) Him F(z) = cosz |2 nguyén ham cha ham f(z) = —sinz trén R vi
(cosz) = —sinz, Vz € R.
A Dinh If 1 Néu F(z) la mgt nguyén ham cta f(z) trong khodng (a,b) thi
trong (a,b) ta cd

i) F(z) + C (C ld hdng s6 tuy g ciing ld mot nguyén ham cia f(z).

ii) Moi nguyén ham cla f(z) déu c6 dang F(z) +C, voi C la mot hing
30,

Chung minh
i) Vi (F(z) +C)
cla f(z).
ii) Gid si G(z) A mét nguyén ham khéc cta f(z). Ta cb
(Gz) - F@) = G(z) - F (z) = f(z) - f(z) =0.

Do 46 G(z) - F(z) = C. Véy G(z) = F(z) +C. B

= F(z) + 0 = f(z) nén F(z) + C 1a mot nguyén ham

99




(nh tich phan
="

100
— Chubhg 3. Phép t

6 c6 mot nguyeén ham

o Nhan xét T4 dinh ot ham
I 1 ta thay néu mo khéc nhau mot hang 6 cing

né c6 vd sd nguyén ham va cdc nguyén ham sai

1.2 Tich phan bét dinh
a) Khai nigm tich phan bat dinh
Ho t&t c4 céc nguyén ham clia ham f(z) d¢° goi la tich phan bt
ctia f(z), ki hiéu [ f(z)de.
[ goi 1a déu tich phén
#(z) goi I3 ham dudi déu tich phan >
f(z)dz goi I biéu thic ddi du tich phan.

Td dinh Ii 1 ta suy ra, néu F(z) 1a mot nguyen
[ / f(z)dz _F@) + J

trong dé C la mot hing so tuy ¥-

b) Céc tinh chat cha tich phan bat dinh
i) ([ f(z)dz) = f(z); [ f(z)dz = f(z)dz
i) fdF(z) = F(z) +C.
iii) [ kf(x)dz =k [ f(z)dz (k 13 hing s8).
iv) [f(z) £ 9(z)ldz = [ f(z)dz £ [ 9(z)dz.
v) Néu [ f(z)dz = F(z) + C thi [ f(u)du= F(u) +C, voi u = u(z)-

ham cta f(z) thi

Chidng minh

Gid si F'(z) = f(z). Ta cb

i) (ff(:)d:)' = [F(z) + C] = F'(z) = f(z). Tu d6 suy ra
d([ f(z)dz) = (f f(z)dz) dz = f(z)dz.

§) [dF(z) = [ f(z)dz = F(z) + C.
€) Céc tich phin cd badn

‘B/M-C;
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VA tich phan bt Ajoh I
e ———————
oy ——
Dac biat . d.:'

--—+c/’ "
e 7 2V +C;
i) | — =

z ~mlel+c,

iv) [ a%dz = &

)/ na TC O<ax,
D?.f.cbiét:jédx:ez_l_c,

V) [Sin:ﬂd:c:-c()sm_l_c;

ﬁ)/cos:cd:c:sinm+c;

vﬂ)/ & =t
costz  enE+C;

Vm)f ) =—COtiI.'+C‘;
sin*x

L 4

, dz
m)/1+m2 = arctanz + C,

= arcsinz + C ;

Jk -
o [ 5= gl

1 2
-VqusznhI=/-(\/5+-sﬁ) dz
Gidi

2 vz 1 )dg;:/;cdm+2/a:1"ﬂdm+f:c—2!3d:c

2
=%+17_2xa/5+3\’/5+0-

®

tVl‘dyST‘inhI=/m=l‘d’-'-

: d(cos )
sinz ,_ _ _ = —In|cosz| + C.
e
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Chubhg 3. Phép tinh tch p_h_ﬁrl_lﬂ* .

Vay @=—ln|mz|+6j
Tuong ty ta s ]mtmdx=ln|sinm+0|

¢ Nhén xét

2 1
Néu [ f(a)de = P(a) + Ot [ flao +thda = GFlax +0)+C

That vay, ta c6

¥

1 Ll
ff(m+b)d$=%ff(ﬂﬂ?+b)d(ﬂ$+b]=EF(az+b)+c,

Tu d6 ta c6 cac tich phéan sau :

; 1 (az + b)>*!
(] —_— .
i) [{a:x:+b) dm—ﬂ._—a =

1
ii) /sin(am + b)dz = - cos(az +b) + C ;
1
iii) ]cos(a:r + b)dz = ;sin(az +b)+C;

w)f az+b g, — a=+b+c

dr
— =~ + b +C.
V) ar +b anlaz |

dz
e Vidud Tinh I = po gt

Giai

= Sran)ems

; —(In]n+:r|—1n1a-:c|)+C

a+m)

2a
. dx 1 |a+z
Vo /a’-—:’"hm a-z e
dz
e Vidu5 Tinh [ = (a>0).
“‘n!_;

e i, 2
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. N on

d) Céc tich phan ddc bigt khic
) [ L@

—

flz) % =Mnlf@)| +C, "

» f(z
H)/.\/‘ri)dm:2\/m+c;

i) [ S =l + VAR 40
; I z
IV.)f 2:2+kd93= E"‘xz""k""glﬂl;f-}- ’:c2+kl+G',

T 2
V)/Vﬂz—xzdx‘—‘é' az—:r:2+%arcsinz+c.

e) Cdc ham khéng c6 nguyén ham 13 ham sd cip
Céc ham sau khong c6 nguyén ham biéu dién dudi dang ham s6 sd cap :

sinzx COS T 1 T

= — = —_—— = 8i 2 = ﬂ:z = — — r—
y . T y Y x ! Yy sz, ¥ cosz®, Yy = Y h}_m’
— ]

y=e ", ..
1.3 Céc phudng phép tinh tich phan
a) Dai bién s6

i) Doi bién t = p(z)

Néu t = ¢(z) 12 ham khd vi thi

j flo(@) (z)dz = j F(#)dt (31)

ii) D63 bién z = ¥(t)




A
{
L hin
Ch tinh tich P _
' -‘L_h*———r—_*___—_-—'_—_-—_____m—-w - ——\

Néu %(t) 12 ham kha i ddn digu thi
[ steyia= [ 110001 O ‘ a3

Ch'j“E mlinh
Dao ham hai vé ctia (3.1) theo ¢ ta dudc
i -
(J fle(@))¢ (@)dz), = ([ flo@)le (2)de)z-Te = flo@)e @) 7@ = 105

(f f(t)dt) = f(2).

Dao ham hai vé bing nhau nén
dude ching minh tudng tu.

. #
(3.1) dudc chung minh. Cong thuc IS.ﬂ

-VfduGTinhI=f—1-sin\/de.
' VT

Giai

Dit t =/ thi dt = —fdz Ta ¢

I=2./Sintdt:-2cost+c= —2cosyz +C.

e Vidu 7 Tinh I = /xs(:r.2 +1)%z.

Giai
Ditt=2z°+1thidt= 9zdz. Khi dé

I= f 2 (2? + 1)°zdz = 3 / (t—1)t%dt = 5 f (2 — %)dt
1

18 0t 1 (z2+ 1) (22 +1 __)m
=§('1'1'"16)+C‘? T T TR

o Vi du 8 Tinh I=/ 1 - z%dz.

Giai
Dit z = sint (—% gtgg) thi dz = cos tdt. Khi d6

f=/mﬁtlmstldt=/cos2m.—_/l+w32tdt

+ism2t+C—-—\/1-—12+ ! arcsing +C.
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—_—
=

5
2



0 bAm va tich phan bat dinh /

b) Tich phan ting phay

Gid si u =
1a su u u(m)vav‘:v(m)mﬂﬁchkmcédgohhmliéntuc- Khidd

‘f”dﬂ:ﬂﬂ-*/vdu

Ta cé d(uv) = udy + vdy, Do d6

Ching minh

. Jd(wo) = [ udv + [ vdu.
Vay fudv::ﬂﬂ_jﬁdﬂ, -
® Chu y
i) D6i vdi céc tich phan [ P(z) In zdz :
: , [ P(z) arctan zdz, [ P(z)arcsin zdz,
trong d6 P(z) 1a da thic, ta dit u = In z{ P mhx{ dv = P(z)dz.

if) o1 voi cdc tich phan [ P(z).e%dz, [ P(z).sinzdz, [ P(). cos zdz,
trong dé .P(I) 1a da thdc, ta dgt U= P{;[;} - dv = ezdw, sin:ud:l:, cos zdz.

o Vidu 9 Tinh I=/;narcta.nwdm.

Giai
Iﬁtu:arctanm:du:-l-_%‘., dau=g;dx=-u=-’§.
Khi dé
z? 1 z? z? 1 1
] = —arctanz — - = — = =
2 ; 2[1+zﬁd" g aretens 2/(1 1+mﬂ)““lc
2 2
z 1 zt+1 4
_-Emtan:rn§+§arctan:r+0— 5 a.rctan:c-—§+C.

o Vidy 10 Tinh I= f:cze’d:r.

Giai
*Dit u = 22 = du = 2zdz, dv=edz = v=¢. Khidé
I=zze=-2'[2:e’da:.

'G¢J=fz¢=dz.
Dit u = z = du = dz,
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®* Vidu 11 Tinh I, —/m

Giai ¥

Ta c6

dt 1 t?
ety [ [
I“=F[ (t2 + a2)" " & +a?)"! a? (f"ﬂ’}"

1 1 ¢ dt
— = | t——=
- et 32/ (&2 +a?)"

Xét tich phan J = / mdt
-[h"t u=t=du= dt'l- |
dv = ———t dt =>v=-— - 3 |
v (2 + a?)" - 2(n - 1)(t% + a?)n!
Ta ¢

1 1 t
I = ;l—ifu—l ) (""2(“ —1)(82 + o)1 * 2(n—-1) J (2 + ﬂa)'_il

= azfn_[ + 2(“ _ l)ﬂz(tz + 32)“'_1 - 2(n_ l)azIﬂ.—'l-

t 2n -3 I g
2(n — 1)a?(t? + q2)n-1 2(11 —1)a2 "'

1.4 Tich phan cic ham hdy t{
Moi bam huu tf f(z) déu c6 the viét dudi dang

f(z) = R(z) + £
=R+ 55



1. Nm;;\%\"\"m\‘?’a\w‘ — 7

Do dé,
0 de tinh tich Phén cla ham hiu i ta chi can tinh ,/ P(I

Q(I}
Ta viét Q(z) dudi dang

Q(z) = k(z—a)*... (2% + pz £q)*,
vdip? —4¢ < 0. Ta c6

P(z) A, A
Q{I) I‘“+($-a)3+'“+__"(¢._a)h+'“
i Biz +C, Boz + Cy Buz +Cy

T tprtq @4patel @ +pmta)t

trong d6 cac hang s3 A;, B;, C; dude tim theo phudng phép h¢ s6 bét dinh.
Td d6 ta chi cdn tfnh céc tich phan dang

BI+C g
/(I a)" /(w2+m+~?)"dm’ p-dg<0

Aln[::—~aL+C néu n=1
/(1. a)n —(n-lj{z-a)“‘1+c néu n#1l
Bz+C dz:/”(ﬂwp)ﬂc 4P

L]

(z2 +pz+q" (z? +pz + )"
dz? +pc+q)  ~_ Bp d(z +5)
"_ (z2+pz+o" 3 2)flz+¥2+ — B

dt
Tich phan thu hai c6 dang In=fm—a,)—., (xem (3.3)).

*Vidy 12 Tinh /= /ﬂ‘h
W
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" 108 han |
' Chubhg 3. Phép tinh tich. P |

Ta cé
Cc
:1:(1:1—1)2 = %+i+( 1)?
Alz - )2+Bm(z-1)+‘g”_
x z(z - 1)?
Suyra
A(z —1)® + Bz(z — 1)+Czr=1 (¢)
hay
(A+B)3:2+(-2A—B+C)1:+A=1'{‘-’5)
* Céch 1 : Dong nhat hé sb céc liy thua cung béc 4 (i) ta nhan dudc
A+ B =0
—2A'B+C = 0
A = 1.
Gidi hé trén ta dide A=1,B=-1,C=
I * Céch 2 : Tu (ii), cho
z=0 = A = 1
z=1 = C = 1
z=2 = A+2B+2C = 1

Viy A=1,B=-1,C=1

S / [:.': 1dx+/($_1)2

Injz| - In|z - 1|—-—.|.C

- C
*—1 I__1+ ;

Khi dé6

In

o Vi du 18 Tioh / (,a“)zdx

Ta cd



— - A
e+ = =+82+0

= A(z? 4 12
T+ (B C)z(2? +1) 4 (Dz + E)z
” =@ 1 1
= + 4
= \\%—\\*‘M+B+D)zﬁ+(0+£}z+z‘il
Suy ra z(z? 4 1)2
(A+ B)zt 4+ 0p3

Pong nhit hg s3 c4e

tRA+BY DY L (Cr B A=1-12

lu thila ciing bac ta ddde

. T
=LB=-1,0=0,D=-2 B=0.

Khi d6

I = /d_-’E_ 2dr [ 2ude
z z2 41 f{z2+1)2
= /’d_g_g dz®+1)  [d@z®+1)
2 2] 2+1 " @+1p

1 1
= In|z| - = In(z? ol .
2] = 5 In(z F )by o4O

= 1n_l= 1 i
7= s el I

1.6 Tich phén cdc ham vé ti

ar + b . az +b\*
l) DW/R{I’(Q_N) ,“.,(a—-l-d) ]dﬂ:
trong 46 R 1A ham hiu ti d6i vdi céc bién chané vam, n, ..., 1, s 1a céc s5

nguyén dudng.

Gol k 1A bdi chung nhd nhit clia cic mdu sd n,...,s. Dit
az+b _
cz+d

'a dia tich phin trén vé tich phin clia ham hiu ti d5i vdi ¢.

*Vidy 14 Tinh ”/of;ﬁf"

Ga

|-




p tinh tich PO

10 Chubhg 3. Phé
Détt=¢/£ dz = 4t3dt. Ta co
2
it _ /(* TLT)dI
/t3+1 aa
3 3
ﬁ_ﬁfd—————(t +1) _ 4 _mpp+ 10+
5 3)F B+l
Viy f:%({'&_ﬂeln(ﬁﬂ))-

b) Dmg]R(x,Vaz2+bz+c)dm,a%U "
2

Ta ding phép thé Euler :
i) Néu o > 0 thi dat \/ax§+b¢+c~ifx+t Tacb T = bqZth'
46 bién nay dua tich phan vé “tich phan chia ham huu ti,
+2,/ct — b

Phép doi
ii) Néu ¢ > 0 thi dét}x/a:ﬁi+bm+c=:rt:|: ,/E' Tacds="—"r_43

+¢ = 0 c6 hai nghiém thic a, B thi dat‘ Var2 + bz +c= (z-
af — at?

—’ﬁ)=($—a)2t2 nén tacom___?z—

iii) Néu az?+bz

\na:r2+b:£+c=a(x—a){z

dz
o Vidu 15 Tfnh/ ,
i VI2+k

Giai
2 -k 2
dx = t_:'i

dt va

[lit\f?+k-—'t—-r. Tacbz = —
2t ' 212
\/§’+k=t-z=t_t=_—!s,__s2_+ﬁ

2t 2% -
Khi dé6
[7==/5
+k_/?—h|t|+C=MIz+ml+c_

© Chi y Ph

w17 plc wdw@iﬁaié l'ltlt:'}prIg qul?t e thdang dén dén cac tinh
cu the, ta

doi thich hdp dé tinh tich phin dé dang hohn. c6 thé ding c4c phép bién

* Vidu 16 Tinh J = /‘@_—__-
+2z 42




- — ~ rey ay ~
1. Nguyén ham vj tig, D R epi< 111

Gid
ar _dz+1)
C.
if/’m \/(?:TUQT =ln|z+1+vz2+20+2F

N g To 6 the tinh tich phin f R(z, V/az? 1 bz + cds) bing AP
aﬂ"g phép biéh 61 dng gidc. Ta phan tich

az +ba:+c=a[(m+§;) “%@]_

7iép theo dat u =z + %, ta dua tich phan vé mét trong céc dang sau
[R(u: a? —u?)du ; (u)/R Vo2 +ul)du; (i) ]R

. o4 tich phan trén ta 1&n lgt thc hién céc phép ddi bién sau

JaE = a?)du-
i

m’ivdi ;
(i]u=asmt(*'§5t_‘2-' (i) u = atant; () u= T
(Az + B)
‘}Dgngf(I-ﬂ)“\[ﬂx2+bz+c
1
mvdldangn&y,tadatt—z_a
dzr
.Vidl'llT ol I=./l(m—1)7i—-:r,2'
Giai ; ”
o t- —-E-l-l dﬂ:_—?ﬂf.
xm:: e

I-—f‘/l—_m-gf /m / —i—-l

=-—\f—2t—1+c Vl +C

‘len;f""(wbw")” mmp€Q

hﬁmdmmpmmwﬁchphmhhmhﬂutlmngc&trﬂdng
" sy ;

P



4 Chubhg 3. Phép tinh tich phan
_ﬁf‘_———"'“"‘_' s - __-‘H

i) p nguyén : dat z =¢°, vai s a mgu sb chung cua n.
i) p=3 J" nguyén : dat a +ba" =

s?
g Tt +p nguyén : dat a+bz" =t"g"

iil) p= 15, —;1'— khong nguyén nhun

; dz
¢ Vi du 18 Tinh I=/m.

Giai
: : i o= 13
Ta thiym = -2/3,n=2/3,p="1 én theo triidng hdp i) ta ditz =t
Ta cb .
2
I= —:si—dt—=3 —ﬁ—=3arctant+0=33rctan%+0.
t2(1 +t2) 1+t

zdr
Vi du 19 Tinh Iz-/.————-.
*UE Ti1 iz
Giai

. |
Tich phén c6 thé viét lai I = f:c(l + 2% 2dz.
| mil =3 €Znén theo trudng hdp ii) ta

Ta thiy m = 1,7 = tp=
it 1+28 = Tach
g=E-1)¥?, dz= 3¢(¢ — 1)"/2dt.

Khi d6 3
I=3]{t’*‘—1)’dt=Et5—233+3t+c

g(l 4 22502 (1 + 2232 +3(1 L2224 C.

Giai
Tichpbhoﬂthévié&lg/z-iu_‘_zz)_gd:'

Tathiym=-2n=2,p= g —‘?‘—+p~—2EZnentheotrdcingh0'P

m}lldﬂli-r’:g:;’_'rﬁdﬁ
2t

L F_ kd.t l}zdt =—(_t%1}z1ft2_ldt- J



L Neuyen him gy i s . ORESB

m&_’—;
| ﬁqlﬁ 1
; =" t2 “t““+C=_m_ I—-+C

z  Vita

3 h"
r Tich phan cic ham ludng gisc

ng phan ndy ta tinh
Toe I'= fR (sinz, cos z)dz, trong d6 R(t v) 1a
pdu ¢f déi vai u,v.

o
] rruong hdp tong quét J

T
pit t:tani.Khjdé

2dt 2
¢ = 2arctant, dz = — s _ % A
’ e T e T S
v du 21 Tinh r=/ piy . L
i sint+cosz+1
Giai
2dt

{:att=tan-—thim~2arctant dz——ﬁ Khi do

- [z [
_.,‘r_,._g,.|.11+:t2 2t+(1—12)+(1+17)

1+t

dt z
. C=In|tan= +1|+C.
/t+1 Injt+1|+ |asm2 |

b) Céc trudng hdp déc biét
a) R chdn, Ié déi vot sinz,cosT

i) R(~ sinz,cosz) = —R(sinZ;
) = —R(sinz,cosz) : dat ¢t =sinz.

cosz) : dat t = cosz.

ii) R(sinz,—cosz

iii) R(—sinz,—cosz) = R(sinz,cosz) : dat t =tanz.




SN

inh tich phan

l_li____ Chubhg 3. Phép t e

cosz. Ta co

Ham duidi dé tich phan 16 ddi voi sinZ- pDat t =

dt = —sinzdz. Tu d6
1-t )dr
]14—:2 [(1 1+2

—t—2arctant +C =0T~ zmctan(cosz:) + C.

cos’ T
e Vidu23 Tinh = | = 9%
) sinz
Giai
Ham dudi déu tich phan ¢ 46i vdi cosz nén tardat t = sinz. Ta c6
:ﬂ=ms:cd:c.}(hido
Slll I
r:jl‘ —1n|tl—-—+C In|sing] + —=— +C.

1+sm Idx'

e Vi du 24 Tinh I= /

Giai
Himddcﬁdﬁutichphﬁnchﬁndﬁiv&isinz,cosm nén ta dat ¢t = tanZz.
Ta c6
4 sn?z= a cosz:r-—--——-l
BT L T T+
Khi dé

I/ ”‘Ht f(2t2+1]dt

2
‘§¢3+t+C—§tan 3z +tanz+C.

B8) R(sin:.cns:}=sin";r.ms’"n:
i)hnhi'.tmtjtmnghaisffm,nlé:
Néun lé thidit t =sinz ;
Néu m )¢ thi dit ¢ = cosz.
ii)m,ndé‘udﬁ.nviitnhﬁ‘tm@ttmnghaisﬁém: dat t = tanz.
ad?l'll';iﬁ‘ii"m bién d6i ham dudi d&u tich phan bang

“’:E"_—_:'.jir “2:=__1+¢CB2I
2 ]

. 1|
sinzcost = Esin2z.
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2. Tich phén x4c
di
ﬁ=%ﬂh__=ﬂ__=j1_5
Tich phan xac dinh

Bai todn tinh dién tich hinh thang cong

).

Chc!i h;?il":jrt;wg cong aABb gidi han bdi tryc Oz, céc dudng thing =
(# b va o cong y = .f (z), trong d6 f(x) 1a ham ddn tri, lién tuc trén
ot Hay tinh dién tich cha hinh thang cong trén. '

Giai

cia su f(z) > 0 voi moi = € [a,b]. "\
Chis t}lgr ¢ [a,b] thanh n doan nhé bdi
che diem chia {\ B

a:mu{Il{Ig‘(...{In:b. :

Tu céc ﬂifm z; (i = I,n—1) dung .
cac dﬁEing thang song song 'Véi truc Oy 0 ax % b x5 Xo-l .b-—?' *

Khi d6 hinh thang cong aABb dudc chia thanh 7 hinh thang cong nho cé

diéﬂ ﬁCh &S; va dé}' Az; =T — Ti-1 (1 = T,_'I'I:).
i=Tnvagoivi= f(&)-

Trong méi doan [Zi-1,%i] lay tuy ¥ diem &,
chd nhét a8y AZi,

Khi Az; khé bé thi AS; xﬁpﬁ’v&idiéntichcﬁnmnh
chiéu cao f (&), tuc 12
AS; ~ f(&)DTi.
T 46 . .
dt(aABb) = Y DSi= Y f(&)BT ()

i=1 i=1
Néu tong (*) din dén mdt
i Az, — 0 th § dude gol I di

§= m“ﬁ'i—n?.:l f(&)D:

2.2 Khﬂnmmvé’tichphﬁnmainh
O Dinh nghia 2 Chohimf{s)ﬂcdinhtréu[n,b].
mmﬂa.qmuhnmnhﬁbacsméncma
u=m<t;<n<...<:n=b.
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e han =
Chubhg 3. Phép tinb tich P .

“ l o tujr 5{ dlém £|
. Dat Az; = g; — z;_, va trén méi doan [Ii‘hxll N
(f=12.... ,n). Lap tong tich phan

.= 0. Néu ton tai gig
Cho 8 diém chia ting vo han sao chO o ﬂx‘b] va cach chon t‘lié'm{
han  lim I, khong phu thué}c vao cach chid [a, i
max Az, —0 : : ' ham f(:c} trén doan [a, b]' ki

thi gici han dudc goi 1a tich phan xéc dinh 12

y L s A a1, Tarchd
hi¢u la [ f(z)dz, a goi 12 can dudl, b 1a can tred
a

max Hzi—

b
i AT
/ fz)dz=_lim  f(6 )
Khi d6 f(z) dude goi 13 khd tich trén doan [a,b]-
A Dinh If 2

Néu ham f(z) lién tuc trén doan [a, b] thi nd khd tich trén doan nay.

© Chd ¢ Dinh If trén con diing khi f(z) c6 mot s hiu han diém gian doan
loai mot trén doan [a, b].
o Nhién xét

b
i) f!(r)dx =:"!(ﬂdt-
i) [ f(z)dz =0.
i) [ f(2)dz = -f f(z)dz.
o Vi du 25 Tinh / =jl':r’d:z.
0

G
Vi f(z) = z? lién tuc trén [0, 1) nén f(z) kha tich trén [0,1]. Tu d6

! n
,-.'!I?d't > mlﬁﬂ_ﬂz(&)zﬁi'i-

i=1




Gidi han d vé phéi khéng phy thujc vio cach chia [0,1) vh céch chom
am &i nén ta co the chia’{ﬁ, 1] thanh n doan béng nhau va chon & 1 dau
& it phé_i ctia moi doan, tue 1a
0

1
&mi = Es Ei =Ti=- (t‘= 1,2,...,11)-

Ta c6 max Az; — 0 khi v chi khi n — oo. Do d6

b 2, riN* 1 1i.2
o V1 1y
fmdz - "E%Z(n) n nl-l-lo%ons
a

= lim S(14+2+4...+7)

n—00 1N

lim n(n+1)(2n+1) _ 1
n—oo 6nd

o

o Tinh chat

i) _Fcf (z)dz = cafb f(z)dz.

a

b
i) Jl/) £ ol@de = | fle)de = [ ole)is
: c b
i) | f(@)s = | 1@z + | s
iv) _]l:od:c =c(b— a).

b b
dz.
v) Néu f(z) < 9(z) vdi moi Z € [a,b],a < b thliff(:r.)da: 5&[9{:1:)

i) Néum v M mcscgmrinhdnhiwagﬁml&nnha‘tcﬁaham ()
v
trén doan [a, b] thi ,,

m(b-a) < [ f(z)dz £ M(b-a).

vii) (Dinh If gid tr3 trung binh) : Néu f(z) lién tyc trén doan [a,b] thi
\3n tai € € [, b] sa0 cho b
[ f(z)dz = (b-0)f (&)
Khi 46 : ,
(&) = ;l-.! f(z)dz
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b).

a
yrén dos?
dude goi 1a gid tri trung binh ctla ham J (z)

2.3 Cong thic Newton—Leibﬂitﬁ

a) Nhan xét e Jrf(g)dt la ham cfy,
N ham f(z) khi tich trén doan [& p) thi &(Z

T trén [a, b].
h phén XAC dlnh

z) lién tyc trén doan

b) Lién hé gida nguyén ham va tie (@, b] thi ham

A Dinh “ 3 (Laibnitz) Néu ham f(=z d
®(z) = f f(t)dt 6 dao ham trén [ b) vi ¢

/; oit = fla), Vo€ lmth

a0 cho z + AT € (a,b),

X

&' (z) =

Az s
Chung minh. Ly z € (a,b). Cho z mot 80 gia

Khi a6
A® = B(z + Oz) — D(2) = f “f(tydt — f f
x+ﬂm

—ff(t)dH f " f(t)dt - ff(tdt f f(t)dt

ﬁamv&x-&-&xsaﬂcho ,

(t)dt

Theo dinh If gié tri trung binh, ton tai § nam gi

" pde = £(©)L.

Tudé A® = f(€)Az hay %§ = £(€).

Cho Az — 0 thi £ — z. Vi f(z) lién tyc tai z € (a,b) nén f(§) — f(z).

Do dé s
#(2)= Jim 7= = lim £(¢) = f(a).

8z—0 AT f-z
Khi z = a hodc z = b, chuing minh tudng tu ta ciing c6
¥,(a) = f(a); ®_(b) = f(b).
Viy vdi moi z € [a,b] ta déu c6 &'(z) = f(z). b

& H§ qud 1 Néuhim f(z) lién tuc trén dogn [a, b thi ham &(z) = ff
4 mt nguyén ham cda f(z) trén [a, b).




Leibnizt Newton

A He f}“é 2 Moi ham lién tuc trén doan [a,b] déu c6 nguyén ham trén
doan do.

o Nhan xét T dinh If Leibnitz ta cning minh dude

= f f (t)dt = fl(a)¥ (@) - flsp(m)lw’(ﬂﬂ

w(r)

c) Cong thuc Newton-Leibnitz
n-Leibnitz) Néu f(z) lién tuc trén doan

A Dinh 1i 4 (Cbng thuc Newto
f(z) trén [a,b] thi

{a,b] vd F(z) l& mgt nguyén ham cia
.;f f(z)dz = F(b) - F(a) = & p(z))% hay [F(z)la:
Chung minh
Vi Flz) vh ®(z) = f £(t)dt 13 nguyén ham clia f(z) nén
(z) = F(z)+C, vaiClh hing s0.

Cho z = a thi ®(a) = F(a)+C. Ma &(e) = T f(t)dt =0nénC = —F(a).

Tu 46
&(z) = F(z) - F(a).

Cho z = b thi ta dude
b
[ f(t)dt = &(b) = F(b) - Fla).



han R ¢
= 8 N
Vay [ f(z)dz = F(b) - F(a).
a
H . r 14 Inz
bt * Vidu 26 Tinh I = f = dr.
N ;
&“" Giai | e 4
ey llllJI) 15{5'

e
1=/{1+1n?z)d(ln.r)= (‘“"‘* 3
1

2
e Vi du 27 Tinh I=/ll*-$|d-’5-
0

Giai 2
[ = [l-alde+ [Nl
u 1
! f dz
= [-2)dz- Q-7
0 2
_2|! 1-z)?
e __ﬂ_zj')_ﬂ_'.LT)—l
2
, T @
e Vidu 28 Udc hidng tich phan f——-—'—'——s_l_acoﬁgx-
0
Giai
ﬂﬂﬁm’zﬁlnén5£5+3cu&2r£& Tu d6
% 1 1 1
1.1 1
\' 8£5+3coszz"5
. Do d6
: /2 B
X {/_‘iz_{f_ ¥
16 = / 5+3cos?z — 10 E
0 k
L
F
_ e Vidy 29 Xét f(z) = sin’z. Gid tri trung binh clia ham f(x) trén doan |
k- 0,2x] la :
_ [0, 2x] . 1 - 2
1 r 1
: 4 2 5
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/NE

: ,‘.i.- [5‘.\11'12 tdt = 3'1]512 I.
i) e
0

0
d s
ll] ﬁf 1+tidt = _231{1_{_;4.
23

cosI
i) :; [ cos mt*dt = [cos (cos? z))(~ sin z) — [cos m(sin® z)] cos Z
sinz
= —sinz. cos[m(1 — sin? z)] — cosz. cos( sin’ z)
¥

= sin z cos( sin? &) — cos z cos(w sin? 2)

= (sinz — cosz) cos(r sin’ z).

T
1 2
= li - t
o Vidu3l Tim L Eﬁ]z_[mﬂtd
0

Giai
k! i g ry . cd
Gioi han c6 dang vd dinh 8. Theo quy tac L'Hospital ta
z
Toost“dt 4 [cost®dt .
= lim ° - lim 0 —— = lim cosz” =1.
ki z—0 T z—0 1 z

9.4 Céc phudng phép tinh tfch phan xac dinh

a) Phudng phép ddi bién s6
ié é , bl.
Xét tich phian } f(z)dz, trong d6 () 13 ham lién tuc tren doan [a,b]
o) DAi bién t = ¢(z)
Gid su
i) Ham ¢(z) don diéu va c6 dao
i) f(z)dz = g(t)dt, vdi () 1o hhm lién tyc trén dogn [¢(a), ¢ (B)l

Khi d6

ham lién tuc trén doan (a, b],

b w(b)
[ rieas = [ steye
a (o)
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Chubhng 8, Phép tinh tich phén -

Chl.ll'll minh Gid Hl'] /E(t]dt = F(t) +C. Ta ¢

/J((I}d.'ﬂ =/ﬂ“)dﬁ - F[W(I” +C.

Khi d6
elb)

b
[ t(eia = Fp@: = Flo) - Flele) = T~ /, ot

® Chd ¢ Khi tinh tich phén xéc djnh biing phudng Phép 46 bién, ta khé
trd vé bién cil.

w/2
cosT

= dz.

Giai
Dit t = sinz = dt = cos zdz.

r=0 = t=0
z=§ = t=1.

1
dt 1 m
0

4) DI bién z = Y(t)
Gid s
i) Ham y(t) c6 dgo ham lién tuc trén doan [a, A],

m ﬁ[ﬂ) =, ﬁ'(ﬂ) = b,
jii) Khi ¢ bién thién trong [a, 8] thl z bién thién trong [a, b).

Khi dé

b 8
/ J(z)dz = / WO (t)dt

Chung minh
sguyin him cla Mﬂm . f(z) trén [a,b]. Khi d6 Flp(t)] B
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Theo cong thlic: Nemon‘hibnitz b

b
.[ f(z)dz = F(5) - F(a); (3.4)

:
f fle(®le (0t = Flo(e))2 = Flpg) - Flp(a)), (3:5)

a

5o sénh (3.4) va (3.5) ta suy ra dang thde can chiing minh. u

a
o Vi du 33 Tinh I=[\/az—n:2d:|: (a > 0).
0

Giai
Dit z = asint (0 <t < %) thi dz = acostdt.

z=0 =2 t=0
z=a = t=73.

1+ cos2t
I = facost.aoostdtm*f 3 dt
0
ﬂzt"2+a= . %’!2 ﬂaz
= -— BlN T

£ . o
e Vi du 34 Cho ham f(z) lién tyc trén [—a,d], (a > 0). Chung minh rang

. 0 néu f(z)1é
f f)dz =1 o [ f(z)dz néu f(z) chin.
K. ;

Giai
M0 a 0 a

f(z)dz = [ f(z)dz+ | flz)dz. (3.6)
Jrug ]
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w
0
Xét [ f(z)de
-a

mtic'_—_,t Ta ¢6 dz = —d.

0 0 q
[ @iz =- [ 1= Ji6E
2 4 0 ¢
Thay vio (3.6) ta dudc

/ N~ [ - a[f(— )+ f(z)]dz
_n/f(w)dm—cff( m)dx+!ffx}dz D/ %

0 néu f(z)1é
2 / f(z)dz néu f(2) chan.
0

o

* Ap dung : Ta thiy /singa:cos”zdz — 0 vi ham dudi dau tich phan

-

14 ham sd Ié.
o Vf du 35 Ching minh néu f(z) 13 ham lién tuc trén [0,1] thi ta cd
n/2 /2
/ f(sinz)dz = / f(cos z)dz.
Giai
m:-': ;—‘t Tacé dz = —
z=0 = t= -
. 2
z=—- = t=0.
2
Khi 6

w2

/f(ﬂnrldf‘-/f Sm(——f) /f s.m(—--t)




3. Tinh

tich

4 /2 -
= | flcost)dt =
ﬁ[ ) u/ f(cos z)dz,
n/2

n/2
e T fsm”m: fcos“md:
d :
0

) Tich phén tiing phén

Gia su u(z),v(z) 1a cde him c6 dao ham lién tyc. Khi d6 ta ¢6

b ¥

b
/ﬂdﬂ:uu'i‘_fﬂdu
a

Chdng minh
Ta c6 d(uv) = vdu + udv hay udv = d(uwv) — vdu. Tu d6

b b b
[udv = [ d(uv) - [vdu.
a a a
b b b
Wi [d(uv) = uv} nén ta c6 [udv = wv|® — [vdu.
a a a

w

o Vi du 36 Tinh I=/:r:ms:nd:l:.

0
Giai
Dit u = z, du = dz ; dv = coszdz, v = sinZ. Tu d6

n
I= :sinzl;-jsinzd:c = cosz|y = —2.
0

§3. Tinh gin ding tich phén xic dinh

Tich phin xéc dinh cia mt hm trén mdt doan khong the tinh duge khi
ta khdng xéc dinh dude biéu thic dang hién cla ham hoéic ta khong tim
&ide nguyén hm cta ham. Gip tinh hudng ndy ta phai ding phiidng phép

. inh gin Qung tich phan.
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L Chubhg 3. Phép H2

3.1 Cong thic hinh thang

. ] " b é
Gid s ta cin tinh f §(z)dz, trong d

f(x) > 0 va lién tuc trén [a,0] (@< ::) .
Chia doan [a, b] thanh n doan nho ban

nhaub(’hcacdlemchm ; ; l
ﬂ:Iﬂ{El{Ig{...'ian; ' N L
mth=b';ﬂ. T‘aCéIt=xﬂ+=h1 aﬂgxuxl r: = ] xh-jiu”
- n r
vi = flzi) ((=0,1,..,7m)-

an ba] Cung y= f( J! tul'l_lc Olﬂ

Ty o S0 conbg&lnhﬂni'l (:lh:ng co Chlel.l cao 1a h = 2 vi b
<y B o an ding sau :
;ic t:;iﬁ‘llg - (z; 11) %= ‘f(wiJ, ta dudc cOng thale g2
y 1a Yi-1 = i-

h
: oot o (Un-1 + Un)
ff(:f)dxf: —é(yo+w)+§{y1 +y)t- T3

=

E(yn +2n+ 22t A+ 2p-1t Yn)
2

b i
f.r‘(-'chz=h(-”°—2—'~f+y1+yz+...+yﬂ_1). (37

Khi f(z) < 0 thi cng thic (3.7) van ding.

© Chi § Ngudi ta ching minh dudc rang khi f(z) ¢6 dao hﬁm cap haili |

chiin vi néu ding cdng thdc (3.7) dé tinh gén diing tich phan f f(z)dz th

sai s0 pham phai Ia :

(b-a)’
12n2

trong 46 |f"(z)] < M vdi moi z € [a,b].

é(n) < M,

e Viduy 37 Dungmngthdch]nhthangtmhgandungtlchphan[
v n =S5

Gai Tacsh=1-0_
5 01.2\"&

; | ‘!

1+z2
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3. Tinh g =
§7n diing tich phin xéc dinb 127

zg=0 % = /(0) = 1,0000
z1=0,2 1 = £(0,2) = 0,9615
22=0,4 3= £(0,4) = 0,8621
23=0,6  y3=£(0,6) = 0,7353
24=0,8  y4 = £(0,8) =0,6098
z5 =1 ys = 0,5

Khi d6

1
1 1 1
= dx =~ 0,2-15.1+0,9ﬁ15+n,8621 +0,7353 40,6098 + 5.0,5]

0
~ (), 784.

,vi du 38 Gié si ta 6 bing gid tri ciia ham f(z) vdi 1<z < 3 cho bl

z | 1 [1,25]1,50 | 1,75] 2 | 2:25]250 |27 3 |
7(z) |06 08 |1,12| 18 [14] 14] 1 |04 0,2 |

3
Tinh [ f(z)dz bing céng thic hinh thang.
1

Gidi
Tacé h=0,25, 29 =1, 21 = 1,25,..., 78 =3vayp=006u
js = 0,2. Ap dyng cong thic hinh thang ta dude

= 0181““1

{ 1
[ f(z)dz ~0,25.(3.0,6+0,8+1,12+ 1,8+1,4+1,4+1+ 0,4+ 3.0,2]
1

~ 2,08.

3.2 Cong thic Simpson
b -~ ~
Gid si ta cin tinh [ f(z)dz, trong d6 f(z) khong Am va lién tuc tren
dogn [a, b).
Chia doan [a, )] thanhzndoqnbéngnhaubaicﬁcdié‘mchia
G==a<zl{:‘1<*--{:h=b'
mh='§‘.ucﬂ=¢==u+ih,m=f(=i) (i=1,2,...,2n).
mm&nﬁpmnhthmswnsnhéﬁéntﬁbsi&hanb&icungy=j(x),
!mco:l.'.dcdd&:;:=:q_1,z=n.z=z¢+1baih1nhthangmnggldih?n

bk trye Oz, chc dudng T = Zi-1, T = Zi+1 va cung parabol di qua 3 diem
‘ Moy (2io1, Bie1)s Mi(Zi, %), Mis1(Zis1,3%41) 6 truc song song voi Oy va

3 # b
o phudng trinh y = az? + bz + ¢ Khi d6 c6 thé xap xi [ f(z)dz bdi dién

—
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Chubhg 3. Phép toD sk

tich clia n hinh thang parabol trén.

i

0 h ¥

/.

0 Xp1 X Xl

Do phép tinh tién khong lam th
tinh todn dudc don gidn ta t{nh dién tich
bi cée dudng z = —h, 2= Y= Ovay=0aF
Y- = y(--h) = ﬂh2 = bh + ¢,

ay doi dié
2 4 bz +c. Dat

yo =y(0) =6
ys = y(h) = ah® + bR +C

Ta cb )

S = f(aa: +bz+c)dz = (aﬁ-;-b%’--fcm)'_h
= I(Zah2+6c) =4 [(ah® - bh+c)+4c+(ah2+bh+c]]
nén

§= g(y- +4yo + Y+)-

Do dé

b
[f(@)dz = Blo+49+v2)+ (e + 49 +va)t
a
+.o. + (¥2n-2 + 4y2n—1 + ¥2n)]

L
[ Sz = §lbo+ym+4+ust... 1)t (38

+ 2y +ya+... + yon-2)]-

Khi f(z) < 0 thi céng thic (3.8) van diing.

© Chd § Ngdﬁuchltngmmhddc‘kmngkhf(:)cédaohamcﬂp""
chiin vi néu diing cdng thic (3.8) dé tinh gan dting thi sai s pham P

2

én tfch tha mét hinh nén dem
S cua hinh thang parabol gigi b,

bi
Is
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4. Tich phan suy ri;ng

M

(b—a)®
6(2n) < ——L_ 180(2")43{
g 881 /O@ISM Vzefo,

, Vi du 39 Tinh gn ding tich phan f dz bang cich ding cong thiic
Smpsgn le n = 10.

Giai

Chia doan [1,2] thanh 10 phén bang nhau. Tacéh= 20 i,
¥ 3.10 30

1
y_——xacdmhtdbéngsau

z9=1,0 yo = 1,00000
z1=11 v = 0,90909
o =12 y2 = 0,83333
z3=1,3 Y3 = 0, 76923
Ty = 1,4 Ys = 0, 71428
$5=1,5 %50966'666
ze=16  yg=0,62500
zy=17  yr=0,58823
zg =1,8 vs =0,55555
z9=1,9 yo = 0,52631
z10 = 2,0 10 = 0, 5000

Theo cong thic Simpson ta c6

2
lfid“ & (ﬁ)[yn+y1u+4(m+y3+...+w)+2[yg+y4+_,,+ya)]
~ (&) (1,0+0,5+4.3,45052+ 2 . 2,72816) = 0,69315.

§4. Tich phan suy rong

41 Tich phén vdi can vé tén (loai 1)
a) Khodng lay tich phén dang [a, +0c)

Lﬂ:h nghia 3 Cho ham f(z) kha tich trén doan [a,b] vdi moi s6 hiu
> a.

Gidi han ‘_lim (z)dz (*) dude goi 1A tich phan suy rong cha f(z) trén

-



r

.

2 Chubhg 3. Phép ol vich P22 |

(@, +00), ki hidu 1a _f f(z)dz. Nhd vay

dz.
f f(z)dz blufm.if fe @ suy rong boj
1
Néu Eld‘.'l han (*) ton t.q.l va hidu han th] ta 00! ﬂd:l phi;:;lh phén suy 1-9:;
Néu gidi * Khong ton t8i © thi t&
gidi han (*) bang co hay ng t0
phéan ki.
J
> Y nghia hinh hoc
Tich phén suYy rong y 2fix)
+00 : ~
[ f(z)dz biéu thi dién tich
— a
hinh thang cong v0 han. o ¢ *
+00
. 1
o Vi du 40 Xét tinh héi tu cha tich PBAR [ 52 :
i
Giai
b b i
1 a —
P - o] = hm (1-—--—*)-—1-
bEElw d:r: b-—-mfw z|, b+ b

o Vi dy 41 Xét tinh b
Giai
Ta c6 fmud: sin zlg
bkhongtontalnentfchpha.n _j'mamd:cphﬂ-ﬂk‘

=sinb.

V1 gidi hen lim

o Vi dy 42 Xét tinh i ty cla tich phan f:—ﬁ- vdia>0,a>0 |
y _

*Khia=1:

umj‘_’ i Intel] = i
ay |=|.=b_.lu+l_lmﬂnb—lnn]=+co.

___—A!
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4. -

; R
po d6 tich phan [ = phan ki

sKhia#1:
b
. 1 b
lim el lim zl-© =__1_ lim (bl—n al-—a)
b""‘+ﬁﬂﬂ I I_Qb—b-}-m l—ab-.+m
+o0 khi a<1
- — al-a
khi a>1
a-—1

Vay

phan ki khi 0<a<l1

+co

j‘gdg_ héitu khi a>1
o

a

b) Khodng lay tich phan dang (-oc,a]
Néu f(z) xAc dinh trén (—oo,a] thi ta dinh nghia

; f(@)dz = lim_ f f(z)dz.

¢) Khodng ldy tich phén dang (-0, +00)
Néu f(z) xéc dinh trén (—oo, +00) thi ta dinh nghia

+00 a +00
j Hehde = f f(z)dz + j fa)iz (~00<a< oo).

t{ch phan v& tréi hi tu khi va chi khi cd hai tich

Trong dinh nghia trén, ! i ‘ K :
phin vé phai hoi tu va néu tich phin vé trai ton tai thi né khong phu thudc

vio viéc chon sb a.
+oo

0
. : dz dx
.Vidgi&)(étsglh@:tucﬁac&.ctmhph&n [1-&-:2’ ,[1+s2'
—-00

(=]

Giai
7 dz
. _ow
“m/m—wh.glwmz
¢

G =0

L—_
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hén
Chubhg 3. Phép tinh tich F —
D ’ A R
odéthhphﬁnf Az 15i tu vd fr;';;f# 2
1+22 A
—00
b ; =
* . A Cf-ﬂ-ﬂ = -,
lim —: T b— lim ar 2
it ] Thas —5_‘h$warctanzlo ™
0
ro T |
Do d6 tich phan | ——3 hoi ™ v [ 7322 2
1+ 0

0
4.2 Tich phan ciia ham khong P! chin (logi 2)
O Dinh nghia 4

* Cho ham f(z) kha tich trén doan [a,b0 —
f(z) khong bi chan khiz — b -

el vdi moi € > 0 bé tuy ¥ vy

o hai fim bftf(ﬂi‘) i [**) dudc goi ]a tich phﬁﬂ suy rong clia f{z}
Tog—0tg

b
trén [a, b), ki hiéu 13 [ f(z)dz. Nhu vay
a

E
b—¢

/b )i = tm [ @)

¢ Néu gidh han (**) ton tai vé hilu ban thi ta néi tich phan suy rong hi
h ty. Néu gidi han (**) bang oo hodc khong ton tai thi ta noi tich phan suy

'\ rong phin ki.
f * Néu f(z) kha tich trén moi doan [a
| chiin khi z — a* thi ta dinh nghia tich phan suy rong cua f

‘ b b
[ stayia = im, [ 1@
a a+e
‘Néhf(x)khﬁngbichénkhiz—rce(a,b) thi ta dinh nghia :
b c—€ b
[ s = im, [ sierie+ i, [ siarie
e Y nghia hinh hoc ] o
Néu f(z) khong bj chin khi z — ¢ € (a,b) thi tich phén Jl!f{:r:)dw biés
th dién tich hinh thang cong v6 han. ®

+¢,b), vdi moi & > 0 va khong b
(z) trén (a,b]:




;Chi ¥ Néu f(zlﬁédiémgiﬁndognvéaktgiz=a(hqz=ijgﬁﬂ

o

flz) lién tyc trén (o, b va :hnguyén ham ciia f(z) tfn (a,5] (bay [o.B)) thi

j {(z)dz = F(8) - Fla).

Ngohi ra, cong thic trén chn ding khi f(z) ob mit sb diem gidn dozn
v ciic trén [a,b] va nguyén ham F(z) lién tuc trén [a,b.
[ iz
ondgMKétﬂJh@itgdutﬁ;phhf:j———_;.
=1 1
Gidi
Ham dudi ddu tich phan khong bi chin khi z — 1~ bodc z — 17. Ta o5
1] 0
iz . / dz
f?l—?dt—-ﬁ*lﬂ vi-z?
-] -

- _*
-‘Ii_’:g*udnzﬂm '-':h_g{ﬂm{—l +¢€)= 2

Vi tich phin 1 bii ty v o6
f:] r__:,h -+ ,——:.3& =7
-1 - 1-

b
* Vidy 45 Xét su boi ty cha tich phin I=](,i‘)a (a <b,a>0).




T —
hubhg 8. Phép tinh tich phan

134
_“h‘%ﬂ:—__

Ham duidi du tich phan khong bi chin kb &~

+

*Khiazl:

*Khia#1:

dz
= Iim — = Ilm
Ia E_.[]+./-(I‘_G)a e—0+ 1—¢c
ate

—
—

—a
: khi a> 1.

(6-a)'"" hi o<1
+00

Vay

[ [ héitu khi 0<a<l
_/(;r,_a)a‘ phanki khi a=1
a

4.3 Tiéu chudn héi tu va phan ki chia tich phén suy rong

a) Dang :fm f(z)dz

a) Truohg hop f(z) 20
A Dinh If 5 Gid st f(z) vi g(z) khd tich trén moi dogn [a,b] (a < b) va

b loh tup § va 0 < f(z) < 9(2), ¥z > a. Khi dd
) Néw T o(z)dz hgi tu thi | f(z)dz hoi tu
R " 4o
i1) Néu f f(z)dz phan ki thi [ g(z)dz phin ki.

A Dinh If 6 Gid sv f(z) vd g(z) ld hai hd 5na 4 B
@M[n.bi(nsb)u&“a'm@(ﬁ? m khéng ém, khd tich trén ™
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ph 104 4 Sl %'“"‘*’m;mmuﬂ

,,rwj ff”)““ﬁjﬂfmmhmwwﬁk
g Ty Wy f(z) o6 diu tugy §

v f f‘xlm%wﬂu I!(t)dxléw- Wi &4 | fixrts b

Néu Iﬂz)dzb&mma ju(z)wpwua [fmaw:sm
4 bén i ty.

a b F _ y =8
b) Dang | f(z)dz hoic [ f(zx)dz véh f(z) — o0 ki z — & (B3 %
%v&&tﬁﬁ@mmmud&ﬁhﬂﬁﬁﬂ‘#
i tudng td.

¢ Cht ¢ Tathﬂ&gmnhht&hphhmyr{ngchhhf{z}ﬂd:ui
phinmrrénsm i

75 J% Jot o

a

dr
-V(dl;ux&tuqhéitnohtﬂlphh I=[M1_z.!.
i

Giai
. <-£-,V121.

Dot z\/l+;’ z?
+0G
ﬂtlchphin]ghﬁtg(a=2}1}n&ltﬁphh1hﬁq.
1

. 4o
JE
« Vi dy 47 Xét i biji tu cia tich phin I=]mh.
I 1
G

-
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Chubhg 3. Phé

Thed X2 VT \/_ 1
42

1 7
= 3o Yz >

1+:t:

én tich phan ! phan ki,

V’Itfchphanf ph kla-—&‘-'ln
z1/?

caBI
o Vi du 48 Xét su hoi tu cia tich phan 1= / ‘,/1-:;7

Giai
# cosT =475 »
th — o0 khi z
Ta thay o 1
Tacd | 374 22 ,’/1+ V=3
Xét tich phan J = / 31 . dz. 18 z 2|
T ] _ Lot
=y BEL
r—t
+z
1 é]jﬁfj:'q, N e .
A 4T ygi ty (a = §) nén tich phan J hoi tu. Vay tich
Vi tich phéan T

0
phin I hi tu tuyét asi.

o Vi du 49 Xét su héi tu cta tich phén /
Giai |
’ ,(-—Vx::-lvitichphﬁn/—-hmtu(a-2>1}nennch

phiin d& cho hdi tu tuyét doi.

smx
e Vi du 50 Xét su héi tu clia tich phan [ = /

Giai
{ﬁlu=$ > du:—;,du =sinzds = v=—cosz. TA 46
b (44T
BOE i B | s § T
T z I 74
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" \ . cosb

b +00
et PO LT
| 2 —5-de hoi tu (theo vi dy trén). Do d6 tich phén da
| b 1
Jo hf}l tu.

Ta sé chi ra tich phan ndy bén héi ty, tuc 1a Tlﬂzﬂdx phén k.
I

. s T A ’ +
Vi |sinz| > sin?z nén ta sé chuing minh tich phén fm ﬂ'-‘:—:-dx phan ki.
Ta co v

+oo 9 400
sin“z —cos?2
T 2z
1 1
hay

+wdz +o0 9 400 0z
j___:gj'smzdx_l_ cos2z ,

T T T
1 1 1

sin® T
T

+00 +ood$
Néu tich phan ] dz hoi tu thi tich phéan f = phai héi tu. Diéu
1 1

+00
ndy vo If vi tich phan f d—:— phan ki.
1

§5. Ung dung cta tich phan x4c dinh

5.1 Dién tich hinh phing
a) Bién ctia hinh cho trong hé toa 49 Descartes

i) Néu hinh phang gidi han bdi dudng N
mu=!(=).mnsdﬁy=f(=)1hhim

lién tyuc, khong &m trén dogn [a,b], tryc y=f=)
Oz. vi hai dudng thang z = a, z = b thi
dién tich § cda hinh cho bdi
b g
s=f,r(:)dz L i)
a B b ="

M AT N T N FFE N W W TR



138 ch phln

b Do 406 trong tr
&) __ [ f(x)dE
hdp tong quét ta cé
if) Tridng hop hinh phang g0

dudng cong lién tuc y = /1
hai dl.if:iugthh;.ng r=0a72=
cho bdi

; :
S =/Jf;(::} — fa(z)ldz _______&___:_..__ —
: 3 sidi han bdi dudng A’
iii) Néu hinh phang gidi han s 1t
cong z = ply), trong 46 ¢(y) 1& B3 4 P
tuc trén [c,d), truc Oy V& céc duong thandi e 2,} :,
) = ¢y = d thi dién tich cla hih dU¢ [ N x()
tfnh theo cong thtic
d‘ c F i . rd £
=
5= [ letlay - :
c

o Vi dy 51 Tinh dién tich cta hinh gidi han bdi hai parabol y = 7 vi

y=Vz.
Gidi

b) Bién cda hinh cho bdi phudng trinh tham s3
Néu bién clia hinh cho bdi phudng trinh tham 85




5. Ung -\ BN GG A IRT——

P e N

{ I= ﬁt)
V=19(1),

, <t<Bvla)=a,p8) =y
A2 (o) thi di , 7008 86 che bim y(t), y(t),  (t) liéa
“"“[“’mtsd'e"“d’m“hph‘*%mmbamm&wo,

# l’dﬂ t'h‘a'“'gz:a, = ,
{,dﬂd ¢ e bd‘i‘.’“ﬁobﬁcéngthdc

B
. ] Ol (e

, i dy 52 Tinh dién tich hinh phang gidi han bdi mit cung xycloide

{-‘r aft - sint)
¥ = afl-cost)

ya truc OZ.
Giai
Ta c6 ¥(t) = a1 - cost), ¢ (f) = a(1 - cost).

2z 2=
= j la(1 - cost)a(l — cost)dt = azj(l — 2cost + cos t)dt
0 0

2

2=

1
= g Et-—2t+-sin2t)| = 3ma’.
2 4 o

2x
2
=a’](1-2m:+1+“ )dt
0

¢) Bién ctia hinh cho trong toa dd cic

Cho hinh phing D gidi han bdi hai tia -
p=a,¢=ﬁ(ﬂ{ﬁ)?ﬁ¢ﬂﬂs¢ﬁldlﬁfs AN
cong r = r(y), trong d6 () 13 ham lién £
tyc trén [ﬁ,ﬁ]. L :::E:-Z"
Chia D thanh n hinh quat cong nhd bdi '
*tha=go¢<rp1<...<tp,.=ﬂ.
3 g - - 'y

Hinh oungmnﬂinimgiﬁahmhncpi_lﬁlpicﬁdmndlxap
ﬁdﬁnﬁg”hmhqmbénkhhr(&}v&w.;ifiﬁtﬁ. Td 36 ta cb
8(Dy) = }r?(&)Awpi. Do 86

g=c

L—._ ‘
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Chubng 3. Phép tinb

G
b

' Tﬁ’ng trén I3 tong tich phan cha
gidi han ta dugc dién tich ctia hinb chO

‘ duong Lemniscat
3 : h@n bai
e Vi du 53 Tinh dién tich pinh phing &%

r? = a® cos 2¢. 3y |
Gidi /“
, iscat . AN
Vi tinh a6} xing cla udng LemT 0 RN
nén ta chi can tinh 7 dién tich cua .
e % 2(12 sm_.___.__i’lﬂ : = ag.
3:4,%]::20052'&#:' 2 15

0

3
5.2 Db dai dudng cong phang
a) Dudng cong trong hé toa do Descartes .,
Cho cung dudng cong AB c6 phidng tﬁnhy=ﬁf(ﬂ-') (a <z <b), trong
(0]

i thanh n cung nho b
46 f(z) c6 dao ham lién tyc trén [a,b]. Chia cu:{% thep ol i
4o diém chia A = Mo, My, Ma, .., Mn = B X5 P cung nhu v

ing vdi phép phén hoach chia doan [a, b] voi Zi 13 hOﬁ-“:h "1'5 Cfia ﬂl@m;M.
pb dai dudng gap khic MoM, ... My 12 mot gia tri xap xi cta d0 dai s
ctia cung AB :
§ = i M1 M; = Zn; V@ - i) + (@) - f(zi-1)?
rom

i=1
Theo dinh 1f Lagrange, ton tai ¢ € (zi-1,%:) sao cho
f(z:) - f(zi1) = £ (ci)(zi — Zi-1)-

Do dé

= Xn: 1+ f2(ci)(zi — zi-1).

Vi viy

¢ ——

e 4
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5. Ung dung ctia tich phag x4 dj:h \&%%Wﬁl

8= mnxl.ggiqo '1 1+ fYe) Az
1=

idi han ton tai vi f( ) lién tuc tai moi z € (g, b vhnélégtdihancﬁa
:Fégtlch phén cliia ham \f1+f5(a: trén [a,b). Vay cung ABoédédiu s

pto b
3=]m'1x

' yidu 54 Tinh do dai cung dd&ng cong y = :;30'2(; € [ﬂ, 1].
Gid
Tacoy = 32'/2, 14+ =1+ 3. Do d6 d6 dai cung dudng cong 13

1 1 1
8= f V1+y?dz = % f VA + 9zdz = Tlé f (4 + 9z)*/%d(4 + 92)
0 0 0

2.

1
1
= —(13v13 - 8).
27 27{13 )

0

(4 + 92:}3"' J

5 Chi § Cho cung AM 6 phidng trinh y = f(z), trong 46 A(a, f(a)) 12
5 dai clia cung AM la

diém o6 dinh vA M(z, f(z)) 1& diém tuy ¥. Khi d6do

o(z) = [ 1+ [(z)ds.

Dao hAm theo cin trén ta dudc s (z) = V1+ [ (3)-
(z)dz

Ta ¢6 cong thic vi phén cung |ds =

b)mangmngchobmphmtﬂnhthamaﬁ'
Giﬂsﬂcungﬂdﬂngmng:ﬁ?chobﬁphddngtﬁnhthamsf;
z=9(t), y=9(t), a<t<h,
trong 46 (t), ¥(t) ¢6 dao ham lién tyc trén [a, ]

Tacb dz = ¢ (t)dt VA y' (z) = E’%

-
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tfch phén
=========éﬂﬁiii?mm%‘* TN
g 2 '
v2(t) ' ()dt hay
+ (1)

mﬂéd@dﬁﬁﬁacung‘ﬁ?l&s-f

ta c6 cONE ¢huc vi phdn cung

Tudng tu nhu trong toa do Des

ds = rORa4 2(t)dt.

¥

e Vi du 55 Tinh d dai duong cycloide
), 0= <t <2m

z=a(t—sint), ¥ = a(1 — cost

Giai
2r

Ta cé
i i -t—dt—Sa
1o o= [ 74
0

0
hé toa do cuc

c) Dudng cong cho trong
cho bdi phudng trinh trong hé toa d6 cuc

Gi4 su cung duong cong dudc
r=r(p), ase<h
trong d6 r(y) c6 dso ham lién tuc trén [ax, B]-
Ta diing cong thc

A r=r(w)m,¢.v=r(¢)sinw
vixemx.ybiéudiéntheothamaéw,tadd@c
z(p) = r(p)omp—r(p)sing
v(p) = r(p)sing+r(p)cose.

Do dé
%) +y*(p) = () + r'2(p)-

Khi 36 36 dai clia cung dudng cong cho bai

g
o= [V + (o

® Vi dy 56 Tinh 85 dai dudng Cardioid r = a(1 + cosg) (a > 0).




~ Y B Y I
- Uﬂtdmmmm,k“

//’-.\1“
oo, LR
o™ = ~00nP. V) dildng 4 xiing qua trye e nén

ﬁgj\/uz(l +amﬂp)?+ainin’¢d¢-24/1/2(1+myw
0
" 0
=4a/mgd¢~saﬁn?—’|;-sa.
/ 2

(3 Thé tich chia vat thé
) Vit thé bit ki

Cho it vt thé gidh han b mit mit cong kin vh hai mst phiog
;a,z'—'b(ﬂ-{b).

Gi4 s mat 'phgng vudng gbe vdi
iruc 07 tai diém tuy § z € [a,b] cit
4t thé theo mdt thiét dién c6 dién
ich S = S(z) va S(z) lién tyc trén
goan [a,].

Chia [a,b] thanh n doan nhd bdi 3
che diém pm

a=29g<Z) <23<...<Zp=b

Qunméidiémdﬁdungns@tm#tphﬂngvﬁnsg&vﬁngcm,dcmét
phhgaachmmthétmhmmhénhé.

Trén méi doan (21, zi) 1y mdt diém & tuy §. Diing hinh try dung gich
h.;nb&ic&cmﬁtphﬁng:=:;-1,:=:;vim§l-tr1,lti,6d|ﬂngmiismgsong
vdi Oz vh di qua bién ciia thiét dién tao bdi vat the va mat z=§.
Th tich clia hinh try 46 1& S(&)Azi, vdi Az = z; — zi-1. The tich cha
binh try tng vdi moi i 1

!

3 S(E)az (39)
i=1

Gidi han ctia (3.9) khi 1 — 0o 880 cho max Az; — 0 goi 14 the tich clia
vit thé di cho.

Thendinhnghiit(daphinxﬁcdinh,gj&ihgntrénl&}.&'(z)dz. Tich

L..__



phan tn tai vi §(z) lién tyc trén 4,0

Goi V 13 the tich cha vat thé thi
(3.10)

2 2 =1
b?

T
L] * +y =t
e Vi du 57 Tinh thé tich i ellipsoid 73
r

uc 0%

Giai - ,
. vdi tai Z € [—a, a]. Thig
Cit ellipsoid bdi mat pha.ug‘!' vuong 8¢ ¥ o '

dién thu duge 13 hinh elliP ’
2 %1

(b 1-%

Dién tich cta thiét dién rE
§(z) = mbe (1 3 )

Vay the tich cia ellipsoid la
r [ z’ dz = é-:mbc
V=fs(z)dx=1rbc/ 1=23 ~a ‘

b) Vit thé tron xoay

ChohlnhphﬂnsnABbgicﬁhgnbﬂi

dudng cong ¥ = f(z), truc Oz va‘ hai
dudng thing 7 = a, z = b. Ta tim th tich

cﬁlv&thétrbnxoaytgonénkhiquny
hlnhphinsniyqumhtmco::.

Gid st ham f(z) lién tyc trén [a, B].

mgims&dshnmggavéummmze[u,b]a&mmnhu&noﬁ
‘i trén Oz va o6 bén kinh 1 y = f(z). Diéa tich clia thiét di¢n I3

S(z) = nf*(z).
Do 86 theo (3.10) ta o6 cong thic tinh thé tich clia vat the tron xoay

% . d i
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5. Ung dung cta tich phan x4c dinh 145
-

_—

b
V= ﬁ./fz(ﬁ)dx

Ngodi 13, ngudi ta ching minh duge rng the tich cla vt thé tron
oy 180 nén khi quay hinh phing aABb quanh tryc Oy cho béi cong thuc

¥

b

Vy= QW/I.f(z]dz

a

) ’ e Lt 2 s
vi du 58 Tinh the tich cla vit the tron xoay ginh bdi hinh phang gidi

. LY
h3nb5'105-3 duong y = 2z — 72 va y = 0 khi quay hinh quanh truc Oz, Oy-
Giai
Céﬁdﬂaﬂgy=23:-Izvéy=0c§tnhautgihaidi€;mcéhoé-ﬂhaf”’:U
vg,:g=2.'1hc6
2 2
16 2 ._Sﬂ
V==Wf(2$‘$2]2d$=ﬁvr; Vy=2wf${2m~—:n)dx-'§'
- 0

0

5.4 Dién tich mat tron xoay

Cho cung dudng cong AB c6 phudng trinh ¥ = f(z) @< <b), Egng
d6 f(z) khong 4m va c6 dao ham lién tuc E‘én [a,b]. Hay tinh dién ti
clia mit tron xoay tao nén khi quay cung AB quanh truc Oz.

Chia doan [a,b] thanh n doan nhd bai céc diém chia :

a=:ru<:r1<:cg<...<z:,,=b.

Khi d6 céc diem Mi(zi, f(zi)) (@ = 0,1,...,n) chia cung AB thanh n
cung nhé. Néu Az; = z; — Zi-1 khé bé, 6 thé xem dién tich cha mat tron
xoay do quay cung Mi—1 M; quanh truc Oz xap xi b%ng dién tich clia mat
aén cut do quay day cung M;_1 M; quanh truc Oz, tic 1a xap xi bang

w M Mi[f(zi1) + f(23)),

trong 46 Mi_1 M; = /1+ f2(£)Dzi, i1 S & S i

Dodé S =~ E‘l’ 1+ f"[&}[f{a:i_l + f(:c,-])]&a:;.

i=1

Khi n — oo sao cho max Az; — 0 thi tong trén dan tdi
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b
on f f(@) 4 [

voy = f fa)y/1+ @)%
a
" én doan [a, b] thi
Néu f(z) c6 dau bat ki v o6 dao ham 1i¢” tuc o7
¥
i 24 (y—b)?=
o Vi du 59 Tinh dién tich cha mat xu:ffﬂll1 do duong gron 22+ (y —b)* =¢?
(0<a< b) quay quanh trg ¢ Oz tao than
Giai o
trinh ¥ = b+ — T, nua o
Nua trén dddnbg tronaci ihddni {_& a] A yen g bang
; ndy quay quanh truc Oz tao thanh,

phudng trinh ¥ =
dién tich hai mét do do hai nia dudng tron

Do d6
§ = 2fr/{b+\/a=— )1+ 722 32
e
+2n’f(b-\/az-:r:2) 1+-—2—:—z'§’dz

® _ 4nlab (dudt).

-3

a
dz T
4rab @ __ _ 4mabarcsin—
5 -/V'-‘.I’-I! a

ng hinh hoc ciia tich phan suy rong

ngkhlcécdallﬂdngcantinh nhu dién tich,
khongb:lchan(z-—roohoacy-roo)

5.5 Ungdu
Ta su dung tich phan suy o
thé tich, .. . xéc dinh trén mién
-Vfdpw'I‘inhdlentichcﬁamlengldihanbﬁidﬁangmngy —:.r
(:>0}wcho&nhvﬁdﬂangthangz—-l

Giai

dr
5=[_= [
z? b—om =
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5. Ung dung cta tich phén x4c dinh s E \

r gﬂi 1:du.mg ctia tich phan x4c dinh trong khoa hoc va ki

!a] -I'E;ng thay d6i chia dai lugng

" £(2) = F (£) 12 0 89 thay 46i cia dai igng FY() thi theo cbn thie
» mun-LBlbnltZ H

Do dé

] 1 b |
Tong thay doi cla dai hidng
gilat=avat=> ' =ff{t)dt
a

¥ £ b - - -
Néu f(t) c6 ddn vi 1a dai liong/tha gian thi [ f(£)dt €6 don vi 12 dai
a
hiong-
, Vi du 61 S6 hidng vi khuan tai thoi diém ¢ = 013 14 trigu vi khuan. Gid
ol 56 lidng vi khuan téng vdi toc 46 F(¢) = ot tribu vi khuan/gid.
a) Tinh tong thay d8i cla s6 higng vi khudn trong 2 gig tit =0 déen

t=2.

* b) Tim 86 ligng vi khuan tai tho diém t =

2.

Giai
a) Téng thay ddi clia 5 ludng vi k
Rdt= —| =
fra- 2
b) S& hidng vi khudn tai tho diém ¢ = 0 13 14 triéu va ting 4,328 triéu
gilat =0vat=2 Dodé,tmhaiaiém:=2,sélﬂgngvikhu§nbang
14 + 4,328 = 18,328 (triu vi khudn).

huﬁntat=oaaht=2b§ng

3
— =4,328.
In2 38

b) Cong cha lic bién thién

Gid s mdt vt chuyén dong theo hudng dudng trén dudng thang ti a
8én b dudi téc dong cia ic F(z). Khi dé cong clia hic sdn sinh cho bdi

W= }F(z)dz
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tinh tfch ph —

148
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ch Iui]; mot 16 xo ¢ &

au nt
* Vi du 62 Theo dinh luit Hooke, trons)dd § thc dun ng clia e F(z) = ke

E:ur ﬂc(;‘x; vi (s0 vai 49 dai ty nhién ctia nd
ng d6 k 1A hing
SD ng cl’]ﬂ, m!:it Il.l(: 5‘N.

Gid su mét 1d xo cing ra 1m dudi tdc du

a) Tim hing s k.

b) Xéc dinh cong dé 19 X0 ciing

Giai

a) Theo dinh ludt Hoo .

P S g
lujc cén tm 1a

a 1,8M-

kz.

o6 F(2) =
ke ta (z ék ! Vay!‘{)_.'jm.

hang.

k.hod-natti:c-{}denz-—l,ﬁ Cong cua
, 118
=8,1J.
w: 5 '
J
W Bai tap
1. Tinh céc tich phan sau :
(z—l)’ f
0[5 ) | rr
[2,+3'}2 d)/x\/z-— 2dz ;

c) / pege

e)/mT: f)./(:c+j;2_1)2;

. dr

"/*T” ) [ e

l+u|.n’ 1+sinz

) [ A w [ s
zcos?(l+Inz)

lmphmmd&bi&ﬂnhcﬂcﬂchphﬁnmu: |

£ g
@tz




uu t' T T R T T T —

dz
e) ;;.(lir;IJ In(lnz) ’ f) jﬁdz'
5][8"4-1; )/ i
pe . z(l+ze‘j
) | JE g1 J')f\/e‘-ldz;
arcsin z
K) f\/T_‘;z-d-fi ”]szz

3, Dung phudng phép tich phan tiing phén tinh cic tich phin san -
a)[a%dz; b)j:rmnudz;
c) fxarmin:cdz; d)farctanfzdz;
e)farcsinzdz; n/mt;ne’dr
of e w )
i) f(z’+1)e"=dz; i)f”s"’m*
k)fﬁlnzzdz; lfzh(z+m_)dz;
m)f:uinzmwdz; n) fe‘mnzd:r,
o) [ S p) [ snlnz)is

4. Tinh tich phén cha céc ham hdu ti sau :

JF—=1 JEr

o9 [ mrmrat | {3crg e
¢) _[ (: 4{;:::1] / ) f x(:?-+1}=‘
g) / =l ) f ﬂi'

522 +4 2 +1
“f,-.*+ax=+4 ”[:4“



f dz

o) [ = ;

sinz +cosz + 1

& w 3
e) /Sln:r-i-sm -
cos 2z

Jf_._-———‘” -

& | Sn?zcostz’

sin 2z
. i
) ,/sin“:r +cosiz

dz
— )
ﬁt)f\/2+.'5:c:—r2:r;i

I da: ;
g f \fzi +z+1
dx .
g [ S-m-vi-28
dz

Y=
i) /-——-—-—de

k .
)/\/{x5+1}3'
I
dz
mJ/w/HfVEﬁ

a) -'n=/sin"zd:c (n>2);

. § Tinhmphin_/r"lnxdznéh;
a)jn#-1; b)ﬂ:]_

9. Tinh cdc tich phan sau :

' Tiah tich phan cdc ham VO ti sau :

N

An
____ Chubng 3. Phép ¢fnh tich PP

5. Tinh tich phan cac ham lidng gide 534 ;

1. 5
b) fsin’:rcoﬂ zdr |

sinz
o [ e teme it
/coa zyVsinzdz |

h) _/ \fsmga: cos5 T |

1+tan;r
j) _/ —tanT

b)/v:::3+2x+3dz;

d)/l+fd:c

T+

z+1 i
JEl

/(I+12\/:_L'2+21:+2;
V-1
.i}/ L de;

T

] dx
)| war

Tim cong thic truy hoi doi vai cc tich phan

dz (n > 2).

) [




Bai tap

161

ﬁ_—___

a}!m;

2 L4
md oi =
c]uff(}xv f{a":) {

f de
b)/-———-;
1ll-—In:r

khi 0<z<1

2-z khi 1<z<2

0. Ditng tich phén xéc dinh tim che gidi han sau :

1 2
a)lim( A 1),

n—00

(11
b) Jﬂ'éo(n+1+n+2+

\ s + B
),,L“&g n?+1

d) lim 1(smw+sm2—1r+ +sm-——-——')
n n

n—oo T

1% 4284 ... +nF
¢) Jim, yEs

11. Tinh céc dao ham sau :

a) g—cflntdt, (z>0);

12. Tim céc gidi han sau :

fsin t3dt
a) llj? 0 =3 "
sinz

f V'tan tdt
¢) lim

it “'j! : v/sin tdt

0

T

)
n+n

n L]
ton)’

(n—1)7
n

d f 2 d dt
b)Efe‘dt; c)a;:! L

z

sinz

| Viantdt
) lim o -

=0 [ Vsintdt

0

-
[(arctant)?dt
0

9 =P£1°° vzt +1

13. Tinh céc tich phin sau bing phudng phép doi bién :

1
a) jz“\/1+3:r°d:r;
0

%/2

dz
b) f 2+coszx ’
0




N

‘-'...“_m .

2 gfch P
Chubhg 3. Phép 02

1
) [ £,
J VE+l mg o
: o[ 71
8)6[1}6:+E"3 03 ‘//__
2 z?dz
V2/2 h) /:l: 9
1+2
E)f ——dz; -3
0,1 B!
h angneuf( )lént"'ctmn[ ¥ '
14. Chung minh r ;2 /2 .
ki T.
_ [ fleos®
sinz)dz“/f
[ 5 0
¢inh céc tich phan
Ap dung, /2 ﬁoﬁ

w2 B _____,__-————_‘"_dI
f*‘*’ﬁm e J'/W”S‘”
sinr

15. Chiing mmh rang néu f(2)

/ zf(sinz) / f(sin z}dz

jién tuc trén [0 1] thi

ISIHI
Ap dung, t{nh tich phan / 1+ cost
16. Tinh cdc tich phan sau bang phudng phap tich phan tung phan :
1
1
a) f:e"‘dr; b) fa:a:ctan rdz ;
0 =1
- 27
o) [Imaids d)/mzcosmdm;
0

/e

: 2
e)/ln(x+\f:|.‘7+l)dz; f)farcain
' 0

T
ldm.

17. Xét su hi ty vA tim gid tri (trong tridng hdp hdi tu) cha céc teh |

phin suy rjng sau :

]

a



0 +00 "
rede J
”)fﬂ: ’ b),/:(z-fl)'
- 00 1
o +o0
e dz
c) f 1+:1:2dx' d)jz_-Tln "t
-0 e
e zlnz i ; : di
e) {1+32)2 ) )]m
0 0

18, X6t su hdi tu cha céc tich phan sau :

i In(1+ ) +°°:-=’ '
3]] re dz ; b)]-?‘.—dzu
1 1
c) Ta(l—cus—%)ds, )yml—}f— ;
1
e);[w\/g%; f)jgagm_1=
1
g)]le-if—ld“' m]ﬁdx;
0
R

19.

T{ah dién tich clia hinh phing gidi han bdi céc dudng

a)y=5-2% y=2-22z;
b) Parabol (P): y = 2 —4z+5 va tiép tuyén cta (P) tai diém (1 ; 2);

o) 22 +y? =4z, ¥ =2z;
e}y=2_zﬂs ya=1'2;

d}z=%,::=e,y=0,y=l.nz;

1 B
f)y':mly_"z—l

g)y=(1+e)z,y=(1+e’):; i;)y2=m2(1—$2).

%. Tinh dién tich cia hinh phing gidi han bdi céc dudng

T
y

a]{
d._

a(t —sint) % e
G(l-cnat) (0_t__211'},ﬂ>0\" Yy 0’



A
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hin
e Chubhg 3. Phép tif_l_l.:fk-g-"" —

(a > 0)-
g vé theadﬂtﬂ-ﬂzrnaphh
n cﬂ-t- ng (2 & z)m va chiéy “}Qg

21. Mat vat thé cao 6m. Thiét dién €87
trén, ddy 1a mét hinh chd nhét Vv di chiev
(8 — z)m. Tim thé tich cua vt the. "
MQI t ca vuong 861: v
on bé.n kinh £ nh vuong Tim thé tich cﬁ{:

22. Mot vat co dﬁy 1a hinh tron 13 hi
dudng kinh cta déy déu c6 th &t dién
vat. . 2

. bdi hai miit, trY ?+y° =aly

23. Tmh thé tich cla vat
pén khi quay céc hinh Phing

y? + 22 =a’.
24. Tinh thé tich va¢ ¢hé tron xoay dude ta0 M ong ung :

gidi han bdi céc dudng sau day quanh truc t
uay quanh truc O,

£ < ) quay quanh

b) T =a(l + cosyp)

Oy ;

a)y:ﬂ,y::zﬂ:_f q
truc OZ, Oy ;

b)y=0,y=msinm(0£
C)y’+£-4=0quayquanhtrucoy;
d)!f"fz 2z +1, y'-x-i—lquayquanhtruco:r.
3)7’2+(ﬂ—'22=1quayquanhtruc0m,
ﬂo‘ngthanga:-z;

f)y=zg,y-—-4quayquauhd
g z=0y 2vay= :c-—a:(:r::(])quayqua.nhtruco:r
95. Tinh @) dai clia céc ddong cong sau:

72 — 2 gom gila céc giao diém ctia né vdi truc hoanh;

a)2y=
b)y*=2

G iy, (S

3 ¢3l gbc toa do dén diém (4; 8);

d)r=a(1+ousqa) (a>0).
Ttnhdiéntinhmﬁttrbnxoaytaonéndodﬂang
a) = Ztgrﬂagaodiemcﬁandvo‘idﬂdngz—gqmyquanh(h,

b) y=tanz, (0 <z < %) quay quanh truc Oz.
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S

, Hitdng dan va d4p s8 bai tip chudng 3

97% - 122~ 6 1
+C; b)ln e '
RN ) 1:+1|+:+1+c,
2
ﬂﬁ} > . et /)z 2Z+C d)g{:—2)5;2+£(3‘2)3ﬂ+c;

) ip(2/3)  In(3/2) 3
2 .
E-J5[{:-%1}3"2—(:-1)3’2].}.0; {)5[,3_ (32-1)3}—::-?01
g ~ 16 sm'c'az+§mnz+0 h)tanz-z+C;
i}-—(%wﬁz+wtz)+c; j)tanz-—é—é-:c;
k) 2/1+tanz+C; m)tan(l+Inz)+C.

1[(2z+5)? 5(2z+5)"
Y T 11

1 || c
S+ VA -1)+C; dh—mmm

]; b) 2arctan vz +C ;

& lolln(nz)| +C; ) 3(nz-2VIFBz+C;

& zé* . N i@E-2vEF1+C;
I +C; 3l
g)lnau—l'!hc’ h}lanﬂ’l 2

j) 2(e¥ =1 - arctan /e —1) + C'; k) §v/(arcsinz);
cos” 2z
%) 4.

l)-%arctan(
3. a)ztanz+In|cosz{+C; b)xa:m:-vl—;i-{-C’;

1 i 1\/ 2. d)(z+1)arctan/z—vZ+C;
c}i(hz—l)mmz+-iz 1-z%; ) {z

) arcsin r lu1+ 1+V'1+3!+C.
e) — — )
T |1|

f)z-e"nrctane’-lln(1+eh)+0'

1
Z hmVI-2+C; h)—f:;—+c

0 it
|]-Ee“h(2:’+2=+3)+0; i) I{:*ln::+z3)+c;

k) %,m_(]nﬂ,:_ glmH. g) s DvVz2+1ln(z+vVz24+1)-z+C;




e

10Q

Chubhg 3. Phép tinh tich phlﬂ \

1
4m°°82m+§sin2a:+c; n) 3¢

o) Dit t = arcsinz, [ = [e'sintdt | p) Dit ¢

m) *(sinz ~ Co8zT) ;

=Inz,l= f!f!d[.

T-1
z+95

4 a)ip

-2
5 £ :
c) -ln(32-4m+8)+§arctﬂn"'§" +C

2
d) - 4 lz-1+C
3z —1)
2] »

L A —
¢) In|z - 1|+ 2arctanz +C; DI 777 7 2 +1) *C;
1 z—-2

1
T3x2-z+1'

7 2(]1“
+§In|x+2l+§'

1 1 1
“GiD@@-z+l) 32+l
2z — 1
________(:c+l}? 1 arctan == +C;
nzz—'m+1+\/§ V3

z-1
z+1
522 + 4 1 1 16 1

i =——— 7 e
} (z2 - 1)(z* +4) 3z2-1 3z*+4
2

1 ¢ -1

i) -‘/-Earctan oz

—%arctanz+0i

h) %ln

+C

1. I 1
5. a)sinz—gsin"‘z+gsm5::+6‘; b)-lgm—asmci:c-i—ﬁsm"’zt;
c)ﬁitt=tan§,f=ln|tan§+1f+0;
1. |cosz—1 _
d}{htt=cosz-3.f=—zln e +C;
1 3 v2cosT -1

e){htt=msz,f=§cua::—dﬁ P

f) Dit t =sinz, [ = (g — §m=z+ ﬁsin"':c) Vsin® z :
1

o s o - . .
;){htt—tan:,f—2tanz+3tan:c tana:+c'

h) Dit ¢ = tanz, J = 2(Vtan®z - Veotz) + C ;
i) Dit t = cos?z, I = arctan(tan®z)+C;  j) —In|sinz—cosz|+C:
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g+l ~ =
b) =5 V2 +23:+3+1n|3.|.1+\/\

2 +2+3)4C;

1
/22 i 1
o) VI T 21n|9:+§+ 2424140,

4(t3+t2 t . 2
43773 "Eln(t +1)+arctant)+0v&it={‘/5;

e)I=—(\/1—2$+2\,/‘1—2m+2h1|~./‘1_-2m'-—1|)+C;
2 [(z41)\3
-3 (‘—“) +0

g) \/(I—1)3($—2}=(a:——l)(m-zhfx_f_fff:z 2240
x-
h) _w/:t:§+21+2+c; ) _,z"‘_il_z

z+1 T

—arcsinz 4+ C ;

, 1 T 2+32
Vz2-1- il . : T
j) arccos m+(}', k) +C; 1) Y R

7 +1

=

m) Dit ¢ = V1+ V2, I=3(§t"’-§*"'+*)+"*

3
sin"lzcosz n-1
. a)ln=- + In2
n n
n—lJ V] -1 |
b) In=z 2 +1_ﬂ In-2.

n n |
Iﬂ'+1 zI'I.+]. 1 |

-2 +C; b)zhlz+C.
b8 I a1y '3

o

) 8)12; b)z

1 1
dz T
1 dz ; = it
0. 8) 3 b)L=f1+==1“2’ c)L-/ng 4’
0 0

1
E+1

1
dL=[sinrads=2; o L=[stds
0
322 2z
L. a)lnz; b)—e; ) Tza8 Vit

12, a.)::; b)1; ¢1; d1l
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Chubhg 3. Phép tfnh tich PP , _
2

—arcsinz? [ = T

13. )29 —_—
P b)), S _2In2; d) e o
m’ Y3z 93 Ir
ﬂ--
€) Dit t = ¢ 1=1n5_t__#__--"’ f2-73F
} H‘? geint, J'= 2
m 2. h)ﬁtm‘"’ Sln —-g.?r
) Dt == cos2t, T= g1 =77 e
14. mtf=f_$ I J=% 15.-13'3155"“"3:‘ ="
. 3~
1). d)dr;
16 a}l_?. b) = —1; 0}2(1—6);
4
e) 1+In(1+v2); f-g—-—\/i .
' .
17. 8)-1; b)1-In2; cPhanks d)1 E}A tk*- )
18. a)Phanki; b)HOItW o) Hoi ty;  d) Phan .e} Hi ty,
) Hoi ty; ) HO1 twi h) Phén ki ; i) Pha;n ki; )31;hank1;
—_ =) e) —
19. a)?.?; b}%; c)2(§+gr]; d) 2(1 e) ]15
3 4
X g)"'_lv h)g

r)s=_{l(l—3;,-§’-)dr=-§—-g.

6 H
20. a)3a’r; b) gazrr. 21. V=[(-#+6z+ 16)dz = 132.
b : i
a
22. V=2 f 4(R? - r¥)dz = ¥R, 23. V=8 Uf(aF ~y?)dy = ¥
4 2
% = 27% — 87 ;

o
H. ’)V‘""P; 37 b)"’::="ﬁ——-2—,

cm="_’_{“"”’”‘*y=%w:
d) V=lj[(:+1)’-(:-l)‘]d.r=%r
1
e)V=Er-{vI—;’dz=41’; nv:%r’ g)V=

2. ) VB+h(vi+VA); b)%(lﬂw/ﬁ—l);3 o) 2n?; d)se

4

u- .} ...j..'-

209
mﬂ-t



chddng 4
CHUOI

il Chubi s6
{1 Khai niém chudi sd

7 Dinh nghfa 1 Cho déy s5 u1,us, ... tn, ... Tong v han

R

utug ... tunt.. (4.1)

dude goi 12 chubi s6 va ki hiéu 13 Eu,f

u, dudc goi 1a 80 y hang thi n (ha.y s& hang tong quét) ctia chudi s6

Tong clia n s8 hang dau tien s, = u1 +ug +...+us dudc goi 1a tong

rieng thd n clha chudi sb.
Néu ton tai s = lim 8q (hdu han) thi ta néi chudi sb (4.1) hdi tu va c6
n=—00

00
tong 1a s. Khi 46 ta ki higu s = Y .

i=1

Néu day {Sn}n khong o gidi han hiu han thi ta néi chudi s6 phan k.

<o I | 1 1
eVidul Xétsl..lhgltucfmchumac 1-2+2-3+'"+n(n+1)+

Gidi
O N S
Un=an+l n n+l
1 B ) ! T
L T L T g
n = 21)"(2 3)*(3 4)* *(n n+1)
- T+l

150

’ _



1
& Chubhg 4 IO " -

\ 1 -
Tﬂﬂé hm Sp = hm (l_m) =1.

n—00
Viy chudi da cho hoi tu va c6 tong 188 = 1.

diéu hod Z ~.

¢ Vidu % Xét su hoi tu cua chudi

iai k+1 k+1
Giai 1 1nén-1-== id-’b’?/ldz
Vciimf?ia:thodkﬁsz-kltacé; o ko k ; i
Do dé ¥
143+ .
5 = - -
n 2 2 3 n n+l ﬂ+11dg:-—ln(n-|—1)-—s+m
> [liz+[zde+ g [ tdz= 1=
T ‘ 2 ’ n 1
2l |
Vay chuo! = phén ki’
n=
’Chu&ihlnhhot:,g
Chubi s Zaq“'l (a # 0) dude gol 3 chuéi hinh hoe.
n q '_1
Xéts,,=a+aq+...+aq =a ‘_1

*Néhlqi.:nmn%q":o.ncé
q“—l a

“lingnsn—-ah:&q i P

_._-—-
[

Do d6 chudi ag" ! hoi ty va c6 tong 13
» =y
o 8. = co. Do d6 chuli |

tNéulq]}lth]hIan 00. Suy rdzlim

Enq"'iphﬁ!lki-
'Néulql-lchitaxéthmtrdanghdp
Khig=1tacds,=a+a+.. .+a=na. Tathayhms,,

a < 0 hodc l:m 84 = +00 néu a > 0. Ti‘lié‘nghdpna}rchumphankl

=a—a+a—06+.. Tathayda.ytongrlﬂﬂg

= —oo 0l

Khlq: ‘l thlZaqﬂ

; n=1 I.J | J



/; a

} poi tu vé 0, con day tong rieng {8ox+1 }x hoi tu vé a. Tridng hdp nay
ﬂol phal'l . '
J

vay

00
Y ag —1:{H{5Etu khi |g| <1
~ Phan ki khi |g| > 1

g Dinh nghia 2 Néu chudi z Un hoi tu va c6 tong & s thi hiéu r, = §—5n
=1
dﬂdc ng la SU hang du t-h‘lj n cua (',hum 30 e

Trong tridng hdp nay tacé lim r, =0.
n—o0

o0
A Dinh i 1 Chudi (u) : Y un hdi tu khi vé chi'khi voi moi e > 0, ton tai
n=1

N, sao cho voi moin> N, peN ta ¢é
’ [unt1 + Ung2 + .- - + Unsp| <€
Chung minh
Chudi (u) hditu <« {sn} hoi tu
" & Vs}ﬂ,ﬂN,Vn}Ntacélsnﬂ—s,J<£

& |unsr + Untz + ..o Unapl <E

e

1.2 Diéu kién cdn dé chudi hoi tu
oo

A Dinh If 2 Néu chudi s6° ) un hgi tu thi lim un =0.
n=1

Chung minh
Ta c6 Sp = Uy + U2+ ...+ Up = Sp—1 + Un. Tu d6 up = 85 — Sp—1.

o0
Do d6 néu chudi Zu,. héi tu va c6 tong 14 s thi

n=1

n‘ﬁlqlnun=n%(h—h-l)=“%3n-n%%-1=8—3=0. ||
A Hé qua 1 (Tiéu chudn phan ki)

A T . £ -
Néw lim un # 0 thi chudi ) | un phin K.

n=1




162 )
_M%E‘_Fﬂihii'—-—(:hﬂ .
Vidy: _140.
Chll'Ul E_ ha.nkl mn+1 #
© Chi y Néu lim up =0 thi khong the kba0 ginh ring chud 21 tn, i
i n=
tu.

Ch&ng han, xét chum Z \/-

" n=1

Ta thay hm —— = 0 nhung chubi nay phan ki vi*
\/ﬁ

1.3 Céc tinh chit don gidn chia chudi s8

* Tinh chét 1
o0
Néu chudi s z u,, hoi tu va c6 tong |
n=1

n=1

tu va c6 tong 1a as. Ta c6

=23t

n=1
Chung minh
Goi 8, On tudng ung 13 tong riéng thi n cla céc ch

Ta c6
o, = auy +auz + ... +0Un =a(u1+ug+...+un)=
Do d6
lim op = lun as, = as.
n—oo
- L m
Chth;tdchuéiaﬁZaunh@itgvhcétE;nglhas, 7
n=l
* Tinh chit 2
Néu chc chudi s5 Zu.,z:v,. hi tu va c6 tong lan ludt 1a u,v

n=] n=l

- 4
cbuﬁi-ﬁz[u.iu.)dmghéituvtoétﬁ’nglhud:u.hcd

o0
ﬁsthichuéiséZauncﬁngh@i

o0 o0
udi sd E Un, Z Gy
n=1 n=1 |



4. Uhudi 86 ‘
/}mﬁu—;ﬁj '

(o4}

ﬂ;(un )= nzﬂ"n - E”"'

n=1

Chljng minh

y : td g 2 p o
Goi SnySn)On ong ung la tong riéng thd n cha céc chudi sb Zum

n=1

et

oo
i 3 (Un 4 v). Ta c6
n=1

1

=

on = (u1+v1)+(ug+ve)+...+ (un+vn)
= (u+ug+...+u)+(+ng...+n)
= 3n+5;‘.
Do do :
lim op = lim (s +sp) = lim sn + lim s, =u+v.

o0
Chiing t0 chudi s3 Y (un +vn) hoi tu va €6 tdng 1 u+v.

|
n=1 .'

o0
Tudng tu, ta ching minh dudc chudi 8 (un — vn) cling bl tu V2 cb
n=1
tong 13 u — v.
* Tnh chét 3

Tinh héi tu hay phan ki cha mdt chubi s8 khong thay adi néu ta bdt di

mot 86 hilu han céc s6 hang dau tién cha chuoi.
£ rd
§2. Chuoi s0 duidng
2.1 Khai niém chudi s3 dudng
m - AJ
0 Dinh nghia 3 Chudi 83 ) ta trong 36t > 0,0 dude goi 1a chudi so
n=l1

dudng.
» Tiéu chuin hdi tu

A Dinh If 3 Néu day tng riéng {sn}n clia chudi s& duong bi chdn thi chudi

-

hos tu.
Chung minh




164 Chitng 4. OB """

M_

| day ving. Theo gia thyg

Ta c6 ntl = 8p + Up > 8p, vn nén {Hﬂ}ﬂ ugi h‘:’i Y .

ddy nay b chin trén nén ddy hoi ty. Do a6 ch

o0 O thi t
. 4, khong hol ty LRl ta o
© Nhéin xét Trudng hdp chudi so dudng Zl
- ".‘

[* o]
Zun=+cc.

n=]

2.2 Céc dau hiéu so sdnh

¥ ok

n=1

A Dinh If 4 Cho hai chudi s6 duong (u

n=1

ton tai 86 ¢ > 0 a0 cho un < CUn, VN Khi dé
i) Néu chudi (v) hoi tu thi chudi (u) hot .
i) Néu chudi (u) phdn ki thi chudi (v) phdn ki.
Chuing minh
Goi 8., 0 tudng tng 13 tong riéng thi 7 clia chudi (u), (v).
| Vi u,, < cu, Vn nén s, < cop Yn.

Néu chudi (v) hdi tu thi ddy {on} bi chin trén. Dén dén day {s,} bi
chéin trén. Do d6 chuéi (u) hdi tu.

Néu chudi (u) phén ki thi lim s, = +o00 nén lim oy = +00. Do d6
chudi (v) phén ki. ¥

o0
o Vidu 3 Xét su hoi tu cla chudi s6 -1—
' ' Z n.2n’
w s “=1
Giai

1 1 -
n SLxy) ﬁ-u'. 1 ~ o
cd S o Vn va chuoi E T héi tu nén chudi d3 cho hoi tu.

n=1
oo
* Vidyd Xét su hoi tu clia chudi so -——!—-—
Giai s

1 H
Ta o6 i 1 0 t

” T Wm>lvacg S L0
cho phén ki, Vil lzﬁphmkinenchuﬁidﬁ

S

n=1



W’h li 3 Cho hai chugi s6 dwohg (u) i %

‘2 Un i (v): ¥y,

Ggi k = ’}i_r’llm'l—;n-_' n=1 (1"') " nzgl"'ﬂa
n

+Khi0 <k <400 : b1
| cdc chudi (v) v (v) cung hdi tu hodc cd
| 01 tu hodc cting phan
* Khi 0 < : néy
Khi 0 <k < +00 : né (4) hoi ty thi (u) hgi 1y
#Khi 0 < k < 400 : né hi
Khi S 100 : néu (u) phin ki thi (u) phin K.
{-_hﬂngmin'n

¥

Gia su chudi (v) hdi tu va 0 < k < +o00, vdi k = lim o

n—o0 Un

Khi d6 vdi g9 > 0, ton tai N sao cho vdi moi n > N ta c6

Un
o <k+e hay un <(h+e)n

o ~ e . . - F) m #
Néu chudi (v) hoi ty thi chubisd Yy wn hoi tu. Theo dau hiéu so sanh
n=N+1

o0
5 dinh \f 4 ta suy ra chudi s8 Y un hoi tu. Véy chufi (u) hoitn. M

n=N+1

o Vidub Xé suhmt.l,lcﬁachuoxsoz:sm— (0<z<m).

n=1

Giai
T =
Ta thay sin% 5 0.¥z € (0, nin 3 sin - 1 chudi 80 didng,
n=1

o0

= . R

Ta cO hm%—ze(ﬂ,ﬁ}vtchuaisé zl;;phank;_
n=

n

Viy chudi s6 48 cho phéan ki
n

o Vidu 6 Xét su héi tu cla chudi sd Z ————'{n T3
n=1

Giai ® /1\"
ntl ._...- =1va chudi so E (5) hoi tu nén chudi
n=1

ll—-un {g n-—vmn
da cho hoi tu.
@ Chudi diéu hod tang quat



w

o 1 (,GR).

ChuSi diéu hoé téng quét 1 chudi fﬂ)’zl;;
n=
© 1 ki pén chudi (u)

*Khis<1:Tach— <——Vﬂ"3 ZE phin 7 -

- n.'-'l
K.

*Khia}l:V:ﬁmqizthoﬁl“’Sk’k
k

eNtacd

el k-1 ”
nén
n 1 n - ’ 1 " 1 l
ZpﬂZfz-'df/;-“( et et e
k=2 l-‘—-zt_,l 1
Td d6 L 1
o R Y T
im0 = i ) 55
Do d6 chudi (u) hoi tu-
Vay
n:ln" Phﬁ'uki khi s<1

2.3 Céc tiéu chudn hdi tu
a) Tiéu chuin D’Alembert

| Gid st lim 2! =1. Kni d6

Vi n— Un

:, * Néul < 1 thi (u) hi tu.

d * Néul > 1 thi (u) phan kK. |
Chiing mioh | |
Viuga>0¥n nén [20.

{]!Aqnhud‘awdmﬁsa’m(u):fﬂw
n=1

i)Khil<1: Tachone >0dubésaochol+e=¢<1 Vi lim—-u"-'t-l-ﬂ '
W00 U !

| e—
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3 Ol o anea e
bl ob dikdeg 167 z

ﬁ%‘ﬁ"

‘r{'ﬁ n d{l 1&11 ta cd
¢ Un+1
—<l+e=q
Un
Td do
Unt1 < Ung
Unt2 < Ung1d < Und’
<
Uik < Und"
= L 4
A o , * £ -~ e
Ta thay Zunqk 12 tong chia mdt cap so nhan vdi cong boi g (0 <9< 1)

k=1
4én chudi nay hdi tu. Do a6 chubi (u) hoi tu.

1dn ta c6 =t > 1. Tfiﬂéunn‘;’un}l. Ta

i) Khil >1: Vdin dd
suy ra nﬁ_ﬂou’“ # 0. Vay chudi (u) phan Ki.

o0
1 lim =L = 400 thi chudi s didng Zﬂn phan ki.
n=1

o0
Do 46 chui 85 Y un PN Ki

n=1

oy o
o Vidu7 Xétsuhdl ty cha chudi 0 Ziﬂ"
n=1

Giai

Undl _ 1 n+l 2° _ g n+l=}_{1 s e
nﬂm_-t:-nh—i‘gﬂ n 2t o - 2 95 et
chuiin D'Alembert chubi da cho hoi tu.

w0 on
o Vidu8 Xét sy hdi ty cla chudi s5 E%.
n=1

Giai
n+l n‘;

n—0C  Un n—oo " (ﬂ+]_)2

D'Alembert chudi da cho phan ki.

e > 1, nén theo tiéu chuan




- S—— .

/]

/ Gid su lim /iy = 1. Khi 46

168 )
w

®) Tigu chugn Cauchy

A b o o
¥ inh If 7"Cho chudi s6 duong (u) - E;lﬂn-

——

—

* Néul <1 thi (u) hdi tu.
* Néul>1 thi (u) phdn k.
Chung minh
* Néu [ < 1 thi ton tai s0 ¢ 8

tmﬂﬂsaochovdlmmn}mthl {’/'—'ﬂiqha}’
dinh 1f 4 chuéi (u) hoi

a0 chol <g <1 Do §= lim_ {/un nén tg,

un<q

. tu.
Vi chudi Z ¢" hoi tu nén theo e

n=1

aochovéim'?iﬂ:-‘—’"ﬂta
N

% N&u [ > 1 thi ton tai ng 50 €U
up > 1. Theo hé qud 1, chudi (u) phén K. _
S un phén ki

n=1

© Chi § Néu lim {/iin = +oo thi chubi s6 dudng
n—o0

2n
o Vidu9 Xétsu héi tu cla chudi s0 '; =41

Giai -
Ta ¢6 llm Vun = “_w oy TS

chy, ta suy ra chuéi da cho ph

o =2>1
an ki.

Theo tiéu chuan Cau
2

1 n
o Vidu 10 Xét su héi tu clia chudi s6 Z (1 - -—) ;

n=]
Gidi
Tacé un=[(1- 1)"]" nén
lim {un = hm(l—%) =et<1,

n—oo n—o0

Theo tiéu chuan Cauchy, ta suy ra chuéi da cho hdi tu

® Chi y Khi dung ddu hiéu D’Alembert hoac Cauchy, néu | = 1 thi ta
khongthékhangdmhgivesdhmtuhayphankidmchum sudﬂdng Trong
trudng hdp ndy, tiéu chuan dudi day di manh dé cho ta biét chudi hdi ty

hay phéin ki. | _ J



- T gl 50D .uudng o
/m

50 chuan tich phan Cay chy

¥
.. xCho )
joh 11 8 chudi 5§ du
w’“ ghing Gm, lién tuc, don diéy gtdm trén 1, +00).

Khi dd chudi ?;u-nqua tich phﬂ; suy rong _[ f(z)dz cing hi ty hodc
= Z " n ’

! ,:l.iﬂ‘y phﬂ-ﬂ ki.

Chﬂng minh

Véimoi 7 € [mnt1]tacs f(n+1) < f(z) < f(n) hay wnr (@)
- Td dé
n+l
1 S ] f(2)dz < tn.

Goi sk 1a tong riéng thd k cha chudi, ta ¢6
k n+l

k41— S Z f f(z)dz < sk

n=1 g

hay
k+1

Sk41 — U1 S ] f(z)dz < Sk (4.2)
i

k+1 . . .
TN (4.2) ta thy day {sk} va tich phan 1f f(z)dz cing bi chdn hoac
a

khong bi chin. Tu d6 ta ching minh dude dinh 1.

o Vidu 11 Xét su hdi tu cia chuisd ), ——
n=2

L Giai
Chuéi phin ki vi

. b
[ - [R = a(lna)| = -+oo.
b—+oo 9
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§3. Chuéi c6 ddu bt ki

3.1 Cmdand{u
O Dinh nghfa 4 Chudi 55

]
Y (1) =1y~ g #1347

ns=]

dude goi 14 chudi dan déu.
n+]
7 gon o ) (1)t
A Dinh If 9 (Ddu higu Leibnitz) Cho chdh E

2
. nsl
Né‘m:{m,andﬂlj‘%un=ﬂb&icMﬁ§f*U un hint ty o
U'Wctiandmﬁngu@tw;&'mﬁ’uufnu;.
Chung minh
Gﬁhﬁtﬁnsd&:gthﬁnoﬁadm&
* Vdi n chén, n = 2m, ta &b
3 = (w1 —12) + (13~ —uy)+-- . + (upm-1 — 12m)-

Wmmcu..vnnéu{sn}ﬁdaf’”""“mm

Mit khéc,
sam = g — (02— 13) + (14— 08) +--- F Vam)] <1
néud.iy{m}bjdﬁntrénb&u;.

Do 86 tén tgi lim s3m =3 Va8 S 1. Khi d6 vdi moi £ > 0, ton tai N;

m@ﬂmm)ﬂ;uoﬂjm alc‘.’E

*Vdinld,n=2m+1,tacd
8m+1 = 82m T Wom+1-
Theo gid thiét hmugm,l-ﬂnén hmszm,u—-s Tasuymvdm

>0, t&umh'gmdwvdmm}hfghcélshﬂ-slc—

Dit N = max(2N;, 2N, + 1) thi vdi moi n > N ta cb <e Diéu
ndy ching td Jim 5, =s. By

Viy chudi 85 hdi ty va c6 téng s < . B



3. Chudi o df;‘x. \Q"f:f\o%;\%\:\qw/ /I

u

m

00
. Néu Chllé-l 36 LS ..
o d ,;( V™" un i ty theo gy hiéu Leibnitz thi
ura=5" sn cung la chum dan dau
”o itz VA tong cua chudi vé tri tuyét chui ny hdi ty theo dau higu

a5 nhd hon Un41. Do d6, néu thay
. .,55 5, thi sai s pham phai vé bri tuygt ddi nhé hon u,,;.

- -~ w m
yi du 12 Xét su hoi ty cha chudi Z(—l)““ !
' n=1 f

Giai

Chuﬂ‘- hdi tu theo day hiéu Leibnitz vi —1—~ < ¢1~ Yn va hm - =0.

n+ n—oo 1

Néutha}*-ibaiﬁmthismsﬁ' 6:]3—31‘”‘{.@{00

3.2 Chubi héi tu tuyét di va ban hai tu

'PDi.nhli 10 Néu chudi so Zlu"lhmtuthtchumso Z‘un héi tu.

n=1

Chiing minh

Goi 8, va op, 12 tong riéng thi n cla céc chudi Zun va 21‘1&:\- Dat

n=1

, 87 theo thd tﬂlatongcﬁcsohangdﬂdng vht,ongcéc tri tuyét déi clia
Cﬂﬂmm&mtmnsnsohangdautlenc&achumZun Ta cb

n=1

b B 5
sn=31_8n1 aﬂ'_sﬂ-l-aﬂ'

5 on tai i = o, V0 . Khi a6
Wchuf;iz'.unlh@imnéntonmnll.r%uan—a,vo‘ia,,50 K

n=1
s;sur..ga.s‘,‘;gcrnga.

Céc day {s;},{s:}tingv&bichéntrénbaianﬁntﬁntgicécgidihan

= - 1 + +
i =85, im s, =8".
nhmsn iﬂ n

Do d6 ton tai gidi han d
i = li M =8 -8 .
e = Yo R

[+ =]
Viy chudi ) " un hoi tu.

n=1




1N

'---n---_-_________-jshuhh:.t lﬂhudl S

1) DI nguok Iy e djnh 1 10 khong ding: 06 I8 chudi l; tn b
M=

= bl . = nl 1
*% nhung chudi )" |u,| phin K. Chilng has chudi Zl(”” " iy

- -t
uhing chudi "
Y‘ (_1}u+1_1_ ” = 1
o ~[=3_ - phin ki
n=l
il) Khi ding ddu higu D’Alembert hoidc Cauchy md ehudi 80 Z] |tn| phin

o0
kithitasuymdﬂ@cchu&sﬁzuu phén Kl.

n=1

Zu,. va (Jul) : Zh&n

n=l n=1

O Dinh nghia 5 Cho céc chudi s0 (u) :
) thi chudi (u) dudc goi 1 héi ty

Néu chudi (Jul) héi tu (suy ra (u) héi tu

tuyét doi.
Néu chudi (u) hoi tu ma chudi (Ju|) phan ki thi (u) dudc goi 1a ban hji
to.
o
o Vidu 13 Chudi ) (- 1)“+l bén hoi tu.
n=]
sinn
o Vidy 14 Xét s hoi tu tuydt 46i hoic bén hoi tu cla chudi Z
Giai
ThodchuﬁlZ’-——‘hO!tuﬁl——l‘i anﬁ.z——hmtu
n=1
Vay chudi da cho hdi tu tuyét doi.

3.3 Céc tinh chat cha chudi hoi tu tuyét doi.

* Tinh chit 1 -
Néu chudi 80 (u) : Zu.h@imuyetd&'ivioatahgmtmchﬁisuy_

ti(-}bangﬁchmny&utwintrfcﬁcwhmcﬁu(u) cunghéitutuyet
2 vi o tang I 5.

B ol "_“_I ot 1 il N



4. Chudi ham

chét 2
L.
1101 S0 Un ban hoi

P' 5 ch nz:l 01 tu thi ta c6 the thay ddi vi trf cdc 86 hang

b s & thu dudc mot chugi hdi ty hosc phén K
) o |

Tich hai chudi s
= . " o0

igh nghia 6 Cho hai chudi 83 (u) : Y un v (v Zﬂn
! n=1 n=1

Tich cha hai chudi (u) va (v} 13 chudi 14p nén bdi tich céc s6 hang cua
40 Emng doi mot sap theo thy tu.

w1ty + (ugvs + ugwy) + (ugvs + ugvg + uav1)

+"'+{“'1”ﬂ+“21?n-1+.--+un_.1uz+uﬂv1)+.--

0 Tillh Chﬁt
Néu hai chuoi s Zun, ZU,,, hoi tu tuyét déi va cb tong tudng ung

n=1 n=1

3 5,8 thi tich clia ching ciing hdi tu va c6 tong 1a 8.8'.

§4. Chudi ham
41 Khai niém chubi ham

0 Dinh nghia 7 Cho céc ham 86 uy(z),u2(®); -
trén tap X. Khi do chudi
..-—-"""__-"

. un(2),. - cung xéc dinh

Zuﬂ{z) = uy(z) +ua(z) + - +un(z)+ -
n=1
dude goi 1 chudi him.
Sa(z) = wi(z) +ua(z) +.-- un(z) dude gol la tong riéng thd n cha
chubi ham.
P \ o oo
Néu ton tai lim Sn(z) = S(z) thi ta néi chudi ham Zun(a:) hoi tu va
n=1

" _ (s o]
§(z) Ia tng cha chudi ham. Ta ki hiéu S(z) = »_ un(2).

n=1
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Khi g .
8 rafz) = S(a') ~ Sn(z) dudc goi 1a phan

Y6 lim r.(a) =
00 i dlde ¢
Cho & = 24 thi 3" un(ao) Ia chudi s6. VO ¥ ki e, - SR 066
chudi o5 Khde nhay, "

. , 5 o chll{)l 80 un(zg
2o dudc goi 1A diém hoi tu (phan ki) cta cbud! ham néd ‘g’: J

un(z) dude
hoi tu (phan ki). Téap hdp cic diem hoi tu clia chudi hi!.m .; n

goi 1& mién héi ty cha chudi ham.
i 3 2 LI S
e Vidu 15 Xét chudi ham y st=1+2+7 4...+7

=1
> u khi |z] < 1va “Il'ngo Sn(z) =

— " -
Ta thiy Sa(z) = _’; . Diy {Sa(z)}n 01t
.-
=gz
3 : ién héi tu ct 5 ham ndy 1a (—1,1).
Vay ZI" = va mién hoi tu cuad chuol g
n=1 1-z

£ = 1
o Vi dy 16 Xét chudi him “);n—;

00 . )
Ta thiy chudi s6 Y- = di tu khi o > 1 vé phin id khi z < 1. Viy

n=1
mién héi tu clia chudi ham di cho 1a (1, +00).

o0 _n
o Vidu 17 Xét chudi ham Z':_!

*Khiz= Othlchugihértuvbcéténglhﬂ
*Khiz#0: TndﬁngdiuhlﬁuDAlembertxétsﬂhmtucﬁachumso

nal
Un+l ; III'H'I.HI - 1 & i
Tnof Jim "ot = lim oy = el fim Y éﬂél V‘””w

o0
n I .. — z"
Do d6 chudi “_s_lm-h@ltg. Suymchuﬁi ":Elahﬂtu.

Viy mién héi tu cia chudi ham la (—o0, +00).



TS . A 7/~
4. Chudi ham

ﬁf——rz——m

175

1.2 HOi tu déu va hoi tu tuyet dsi

- - m
0 -]]:Ilh nghia 8 Chuéi ham Z un(x} dljdc goi 1a héi tu déu vé ham S(z)
~ A' n=1
tré[n)tr:‘-?:x néu Ve > 0, 3N > 0 sao cho ¥n > N, Vz € X ta ¢6 |S(z) -
SalZ Es

- - oo » S
0 D;nh_nghla 9 Chudi ham Z““(I) dudc goi 12 héi tu tuyét doi neu

n=1

o0
chudi ) |un(z)| héi tu. v

n=1

o0
A Dinh Ii 11 (Weierstrass) Cho chudi ham Z'u.n(fb')- Néu |ua(z)] <
n=1

On, Y1,
- o . -
Vz € X vd chudi s6 Z“"‘ héi tu thi chudi ham héi tu tuyét doi va déu trén
n=1.
X.
Chung minh

Theo déu hiéu so sénh & dinh If 4 ta suy ra chudi ham hdi tu tuyét doi
oo
trén X. Gid s ) _ un(z) = S(z).

n=1

oo
Vlchuc‘;isE;Zaﬂhéitunénvciimgie>0,t5nta.iN>{]sanchuvc§i

n=1

moi n > N ta cé
€
ﬂn+1+ﬂn+2+---<§-

Khi d6 vdi moi m > n > N, vdi moi z € X ta cé

|Sm(z) — Sn(z)|

[tn+1(2) + tn42(2) + ... + um(z)|
< |uns1(z)] + [uns2(@)| + .. . + lum(z)|

€
S Gny1t+lni2t...+ 0, < 2

o P 13(z)~s,,(z)|5§<§.

o0
Diéu ndy chung té chudi ham Zun(a:) héi tu déu trén X.

n=1
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' Chubhg 4. Chudi I

® Vidu 18 Xét chudi ham Z smnz |
fok |

hoi tu nén chuéi ham g3

sin nT
n2

cho hdi ty tuygt doi va déu trén R.

1

o0
v Ly
' -'5 Vz va chudi s6 dudng ZJ: 7

> Céc tinh chét chia chubi ham hoi tw 38
at ham lién tuc, tich

la mo
Ta biét ring tong hiu han cdc ham llf:: ::: ng tong c4C tich phan (dao

iy ha
Ea.m) Sa:c::ﬂ Egtﬂglhj; i!oazg Cj:;‘ pan ham thi cdc tfgh chgt trén
n6i chung khong cbn ding. Tuy nhién: 2 tmh chit nay van ding doi vdi

chudi ham héi tu déu.
o0
A Dinh 1i 12 (Tinh lién tuc) Cho chudi ham 5_:1311(-'5) trong dd cdc ham
C ~ - A
Un(z) lién tuc trén tap X. Néu chuéi ham héi tu déu Ve ham S(z) trén X
thi S(z) lién tuc trén o

o0
A Dinh If 13 (Tinh khd vi) Cho chudi ham Y un(z) 079 @6 cde ham
n.-l

n chudt Zu,,(:t: hm tu cd tong la

n=1

un(z), u,(z) lién tuc trong (a,b). Néi

S(z) va chud Z‘u;(z) hi tu déu trong (a,b) thi S(z) cé dao ham trong
n=1

(a,b) vd cd

§'(z) = E (z) Vz € (a,b).

Nhu vily, ta c6 thé iy deo ham tilng s5 hang cha chudi ham Y | un(2)
n=1

trong (a,b).
A Dinh If 14 (Tinh khd tich) Cho chudi ham Zun(a:) trong d6 cdc ham

Un(z) lién tuc trén [a,b]. NcuchumhmnhmtudeuvehamS(m) treﬂI b]'
thi S(z) khd tich trén [a,b] vd cd

fsmdi=gju“(z)dz.




:r.'db i "\\7 .’. —

{ Nhi VY, ta c6 the 18y tich phan tuing s hang ctia chudi ham Y un(2)

|0 2, b)-

. Chudi ham luy thda

.1 Khai niém v& chudi ham luy thia

4 Dinh nghia 10 Chuéi ham luj thua 1 chudi ham c6 dang

. |
Zﬂn(z"I‘u)“=ﬁ{}+a1(z—-$u)+...+ﬂn(§_mﬂ)n+"'
=0

hay

o0

Zﬂnz“=ag+a1m+...+anx“+.--

n=0

(4.3)

5.2 Mién hdi tu clia chuéi ham luy thia

oo
A"D@nh If 15 (Abel) Néu chudi ham luj thia Y  anz™ hi tu tai zo # 0

ﬂ-=u
thi né héi tu tuyét doi tai z thod |z| < |zol-
Ching minh
o0
Vi chuoi Z anz™ hoi tu nén lim anzf = 0. Do d6 day {anzp} bi chan,
n—00
n=0
tic 1a ton tai M > 0 sao cho |a,zf| < M Vn.
Khi d6 vdi moi n ta c6
n n
n = a2t |2 < M|
l0n2"| = |anzg] (| < M)

mn
2| hét tu. Theo dinh
]

o0
Miit khéc, vi z thod |z| < |zo| nén chudi s6 )
n=0

o0
If 4 ta suy ra chudi Z lanz™| héi tu. u

n=0
A Hé qua 2 Néu chudi luj thua (4.8) phdn ki tai © = zo thi nd phdn ki tei
moi z thod |z| > |zo).

Thét véy, néu chudi (4.3) héi tu tai ¢ = z thod |z1| > |xo| thi theo dinh
li Abel chudi héi tu tuyét déi tai z = zo. Diéu nay tréi voi gid thiét. .
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Nu‘:}h“ 4, Chuéj .

© Nhén xét

l) Khi 2 = 0 thi chudi (4.3) hoi ty va c6 iﬂnzﬂ = ag. 18 lhﬂ:}’ (4.3) 6

o i a)
ft nhat mt, diem hoi . n
(_ln) Néu (4.3) hoi tu tai 2o thi (4.3) hoi tu tuyét

‘|0, 2o]) (theo dinh If 15). Néu (4.3) phén ki tai 70
%l 2 sa0 cho |z| > |ay|.

a6i trong khodng
thl (4.3) phin ki

r < +00 880 cho (4.3) hoi ty

Theo ii) ta thiy sé ton tai mot s6 7 Vi
n tai m ts6rvdi0<
4 o 4c khodng (=00, ~r), (r, +00),
¥

tuyét dai trong khodng (—r, ) v phén ki trong ©
Tai z = +r thi (4.3) c6 thé hi ty hoiic phan k-

E S6 r & trén dude goi 1a bdn kinh hoi ty v khodng (—7,7) dudc goi la
oC g9 4

khodng héi tu clia chuéi ham luy thila E i
n=0
Ta quy dde

* Néu r = 0 thi mién hi tu cla (4.3) 13 X = {0}.
! * N&u r = +oo thi mién hdi tu clia (4.3) 1a X = (—00, +00).
Hadamavd - : “
A Dinh If 16 Cho chudi ham luy thua (4.3) : Y anz".
6 n=0

Ontl| _ | hode lim /]an| =1 thi bdn kinh héi tur cta (4.3)
n—+00

Néu lim '_a,._
diloe zdc dinh nhi sau :

n—00

+00 néu =0
r= ; néu 0<l<+0

0 néu l=+o0.

Chudng minh
Gid sd lim [ans1| =1 (0<l<+00).
n—oo  |an|
1 . !G“ zfl-i-ll 1
Vdi |z] < 3 tacé lim ot fim |2241 =
- |z] PG 2" nl_lﬂ}o i [9,1 <,l.-t~—1,nén
chudi hoi ty theo du higu D’Alembert. J

2 1 n+l
Vdi |z| > = thl lim [an12™7] L |ans 1
s N ﬂhm: e || > 1--[- = 1, nén theo

u-ir Wigw D'Alembert chudi phan ki,

; -'-i ': '?El



thia (4.3)

R— At (~r,7). Say g6 x€t thém sy hoi tu tai hai dau mat

¥

'A‘ m
* Vidu19 Tim mig, hoi ty clha chudi ham luy thua Z zZ,
n

Giai .

L nén ta cé khodng héi tu (-1,1).

n—o0 n—oon+41

Vii:lim‘i‘_“ﬂ
Qp

*T o zﬂ < 1

aii'—_-—li — —_ a 1.

: Zn anhanlﬂ
n=] n=1

* = z" = 1 .

Taiz = -1 — =V (-1)"2 héi

iz=-1: Yy = > (-1 — hoi tu theo dau hiu Leibnitz

n=1 n=1

Vay mién héi ty cta chuSi ham luy thia 1a X = [-1,1).

. - I =Y
* Vidu 20 Tim mién hi tu clia chudi ham Iuy thiia 2
n=1

Giai
= B Ont1| _ —“!—=0nénbé.nkinhhﬁitur=+co.
\ﬂl—nanaln Gn _n—om(n+1)! MR

Viy mién hoi tu clia chudi ham luj thia I3 X = (—00,+00).

0o
o Vidy 21 Tim mién hdi ty clia chudi ham luy thia ) n"z™.
n=1
Giai
im { = li = nén ban kinh hdi tu r = 0.
B lem, il =T bt

Véy mién héi tu ctia chudi ham luy thia 13 X = {0}.
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e —— O 4, Chubl s

*Vid . % (x4 U"_
%22 Tim migy hoi ty cln chudi ham 2 /n

ne=l
Giai

mty=1+lth]m(m+” _ﬂ P,’

Ta tim midy hoi ty cia chudi ham luy thila (P)
n

|an+l| lim —==% =1,
= = JIim
b= lim ST = no Yt 1

hi -1,
(P) ¢6 bén kinh hi ty r = ; = 1 nén 6 chodng hoi 1 (

)

[+ 4] -'I T
Teiy=-1: Ta c6 chudi dan dén F:/FEF

n=l
] hudi nay hoi
1 1 ,.__..-F-Unem J nay hoy
Vi = < —= = 1Up Yn v Un =
tu theo du hiéu Leibnitz.

Sk i huéi diéu hoh ton
Toiy=1: Ta b chubi 85 3 ==, chudi 6 dgng 10 ¢

n=1
oo

1
quét ) : vdia=-§<1ﬂéﬂphﬁﬂm

n=]

Do 46 mién héi ty cha (P) Ia -1<y< 1L Thay y = = + 1 ta dude
-1<z+l<lhny-2¢::r<0

1
Viiy mién hi ty ctia chudi ham E (‘” 1 [-2,0)-

5.3 Céc tinh chit ctia chudi ham luy thua

. Tl‘ﬂh Ch‘t 1 L
Néu chudi ham luy thua En,.:“ c6 bén kinh hoi ty 1a 7 # 0 thi'chudi

hdi tu déu trong [—r', 7] vdi U < rgr.

4 JEF TP
* Tinh chit 2 ¥
Téng cia chuéi ham luythﬂazanz"lhhbmhéntucwwoingh&n
tu (~r,r). .
* Tfnh chit 3

e i l\ﬁrﬁd:‘- o « | w1 ‘
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6. Chudl ham 1:;5- thia

A B 5 r o H
C6 the lay dao ham ting 86 hang clia chudi luf thila Zﬂnzﬂ tai mo} 7
n=i)

e khodng hoi ty (-r,7) va c6

§(z) = (Z ana:“) = Z(an:c"f = inanz""~

n=0 n=0 n-u

Hon nda, chudi luy thiia E nanz™! ciing ¢6 ban kinh héi ty la .

n=0

y 2
o Vidu 28 Tinhtdng S(@)=142+% +... 4 ... (-1<z<1)
Gidi 2 L
Ap dung tinh chat 3, ¥z € (-1,1) ta c6
1
-1 =
S@)=1+z+...+2" +- =75

Suy ra

dz =-1n(1-m)+C.
l1-2

S(z) =

Se—

Cho z = 0 thi 1 = 8(0) =C. Vay S(z) = 1-1In(1 —z).
* Tinh chat 4
[ =]
C6 thé 1dy tich phan tiing s& hang cta chudi luy thia Y ane”" trén
n=0

doan bat ki [a, b] nam trong khodng héi tu (-7, r) va cb

B s 2
f (Z anz") dz = fan:c“dz.
a n=0 ﬂsﬂa
Dic biét,

/ (i ﬂnzﬂ) dz = i/aﬂz"dz, vz € (—r,1).
g \n=0 n=0g

e Vidu 24 Tinhténg S(z) =z +22°+...+na"+... (-1<z <)

Giai
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W

Ta

0 S($}=:(1+23+ Jram: S (S,
im& =142 4 4pgr-ly i S@ =
pdungﬂﬁhﬁhat{.choslt)vmre{u l]tﬂﬁ"

(%)

-
o —

/Sl(x]dz=r+r’+...+x“+m* 1 -3
|

# = . Q = §
%hmhai"édangthdcuéntheormdii&i $i(#) U r)

Viy §
ay S(x) = i }2
5.4 Khai trién ham thanh chudi ham Juy thua
O Dinh nghia 11 Ham f(z) goi 1a khai trién t.hﬁnh chudi ham luy thua
inh ng
1 ton tai chudi luy " sao cho
trong khodng (—r,r) néu ton tai chuol Juy thia Euan

flx) = iunx“. vz € (=1 1)
n=0

i el En h \
A Dinh lf 17 (Pisu kidn c&n) Néu f(z) khai trien doc thanh chudi ham

luy thia ZM trong khodng (—r,7) thi f(z) cd dao ham moi cdp trong
(-r,r1) td cd'
f®(0) = klay  (k=0,1,2,...).
Chung minh

Gid sd f(z) = Znﬂz", z € (-rr). Tacd

n=0

f(z)=a1 + G+ ... +NGaz" 1 +... = E1r1.:a;,,,:...-""'.11
va chudi ndy ciing c6 khodng héi tu(-r,r).
f(z) = 2a +3.2a37 + 4.3a42 +... +n(n - Danz™ 2 + ... :
= fn(n - 1)anz™"3.

I n=2
23 A



Tieﬁ‘p tuc qui trinh ta ﬂlidc f(k)(m = E n(n 1
£hE ])ﬂ-ﬂ-!:

va chudi nay cling cé khodng hg; tu(—r, r}"&

Cho £ = 0 thi f(-‘!}(g} k(k — 1)

-+ Lag = klq,,
o Nhan xét

) Néu f(a) Z”’ﬂm thi a, —f(n]() . Khi 6

(@) = Z f(n]

n=0

() (o
ii) Chudi ham Z ! ( ) gn

n=0

——— " dudc goi 1 chud; Mac Laurin cha him f(z).

* Chubi Mac Laurin c6 thé khéng hoi ty.

* Chubi Mac laurin c6 thé héi tu v& ham khéc f().

A Dinh li 18 (Pidu kién ad) Néu ton tai mat 86 M > 0 sqo cho | £ (z)| <
M, Yz € [-r,7] thi ham f(z) cd thé khai trién thanh chudi ham luj thua

trén [—r, 7).
Chung minh
Khai trién Mac Laurin ham f (z), ta cb

n (n+1)
f(z) =zf(k}(0) kL  biind L

Rl T m )

vdi ¢ nam gida 0 va z.
(k J =
Dit S, (z) = Z ! } z*. Ta can ching minh Jlim 5,(z) = f(z). Vdi

moi
z € [-r,r] ta cé

f{fH.]) (C) e+l
|f($) - S“(x)l = _——(ﬂ, T ]_)l $ﬂ+l —-———(n 7S 1}!. (4.4:)
© L ntl prtl
Theo tiéu chusn D"Alembert, ) =——; hdi tu nén lim m
n=1
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M‘L Ghuﬁj
Cho qua
gioi h
khai A0 (4.4) khi n — 0o ta duge lim_ S  (z) = J(2). Viy [(2)
]

tl'lEn du
de thanh chugi ham luy thua h.én [__,- 7).

® Kh .
ai triép Mac Laurin cia mot 85 ham
l) et = 1 _:E_ 5..-"2 zn
* 11 +§T+'“+H+”" z € R.
Xét ham f(z) = e*
Ta c8 f0(z) = ¢7, vk. Tit a6 f®(0) = 1, V< Chudi Mac Laurin ciia
f(z) 6 dang z 1 v

n—ﬂ

Xét k > 1,VdiN:>0c£i'dinhvhvcﬁmoixE(
|f®(z)| = € <e

_N,N) taco

nén f*) (z) bi chén trong khodng (—N,N). Do a6 f(z) cb thé khai trién
thanh chum ham luy thia & lan can (—N,N) cua 0. Vi N > 0 bt ki nén

f(z) c6 thé khai trién thanh chudi ham luy thia trén R.
Do d6

"
f(z)= E —:r: -—1+l|+—2;T+ +;!'+--», zeR.
. . 33 Ib -] =)
IIJ HIDIH.“:'—E!'-I'FI-—...-I'(—].)“ m‘l'-—-s zeR.

Xét ham f(z) = sinz.
Ta c6 f®)(z) = sin(z + kF). Vdi moi k > 1 va vdi moi z thi

/()] = [sin(z + kZ)| S 1

Do d6 f(z) c6 thé khai trién thanh chudi Mac Laurin trong R'va c6

: 2 2 = -1
f[x):ama:-—:r-i,-+-5—l-. 4+{-1) 1(2’;“1)!

+.iey :;_eR.

iii) Tudng tu khai trién ii), ta c6

53
n*:l—.i'-.i.: +{ l)ﬂ(zn)l
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%

i\'lilflja=l+¢z Ct(a 1}I2+ ﬂfﬂ—l]---(a""*”
ce(-11), acR n!

Xéthémﬂz)=[l+x)"._aeﬂ. Ta ¢

™)) =ala-1)...(a-n+1)(1+ 2z
Do d6

(1+-z)"=1+cz (a 1},,2_,_ ﬂ(&—l}.-.(a—n-frl]
n!

+ Ra(z)

trong 86 Ra(z) = “("-U (a=n) (-9
n! (1+8:r)"+1-"

Ngidi ta ching minh dude lim Jim Ru(z) =0, vz € (-1,1).

v (0<O<1).

o — 1

Vay {l+z}“-l+az+.£12_i)zz+ +a{a 1) ﬂl(a n+]
z € (-1,1).
v) In(1+z)=:—§+§-§+...+(—1)“'1§+..., z € (—1,1).
Xét ham f(z) =In(1+z). Tacd
(@)= =0+

.ipdungkhaitriéhiv}v&ia:—ltadddc
(+2) ' =1-z2+2 -+, 4+ (-1)2"+..., Vze(-1,1)

L.ifytichphﬁntﬂngsﬁha.ngtr&ndoan[ﬂ z], z € (-1,1) thi

/l+t /‘ﬁ /w""j‘zdt"---’r(*i)"jt"du—...

\ay

2 gt
}.ﬂ(1+2)=1—"2-+'3——...+(—1) m'f‘... ,VIE(-].,I).

6. Ung dung cta chudi
1 Tinh gan déng gié tri cha ham tai mdt diém

Gulnihmﬁmg:étnc&ahimf{z)tmdlemznmdév&f(z
&Mth&nhchumThybtmglanmdmﬂng Khi 44




fi) = 3 L2 - 20
=0 mn:

Khi |2 — 2| kha b, ta o6 cimg thilc gin 49

{n) =
ﬂz)zf(zﬂ}‘*'fftn)(r—zg)-f.”*' _f__;{i—’-g-)(:l.'- zo)

T"E‘he?démfnhmmm,mmmémdi
clia biéu thiic bén phai.
* Vidy 25 T[ﬂhgiétrilﬂvfﬁd@chinhxécﬂfml-
Gisi Vdi-1<z<1,tach

nhy'jcécufjh;;,t

¥

A (45
ln(l+::}=:::-—é-+-§-""-- )
Chudi nay héi ty chjm. céthé’maaaa’iaéauqcm@tmﬂh@itunhm
hon. Thay z bdi —z vao (4.5) ta &0
7 “3_-5-4—-... (4.6)
Cﬁcdnﬁihiacuurincﬁaln(l+z)vﬁln(l-z)déuhfﬁ ty vé cic ham
nay vdi |z) < 1. Ly (4.5) tril (4.6), ta suy 13

14z 1 125 )
o = 2 e |-
lnl-z 2(z+323+5

1 1 1 1 1
R"(E)'2(2n+3'3@~+3+2n+5'3'*"‘+5+"')
& et (1+l+ )-c o = -
rrar WA A P E i D L
Dé dat 49 chinh xdc 0,00001 thi
1
4(2n + 3)3n+1
Thil tric tiép ta thiy n > 3. Do d6 vdi n =4 ta c6

1 11 11
h]?':z(._‘i____ S % 1 11
ityptyE oy top) 00N

<0,00001 hay 4(2n+3)3%+1 > 10°,



6.2 Tinh gan dang tich Phén x4c dinh

Khi tinh t 5 ; o
khong c6 ngug,fzz E;l: mx:;,:m’:@p tridng hdp ham dudi ddu tich phin
Leibnitz. Tr . 8d cap thi ta khong thé diin cong thuc Newton-
- 1Tong tridng hdp nay ta cé the diing chudi dg tinh.
a

e Vi du 26 Tinh tich phan [ = / e iz (a>0)

0
Giai

Ta c6

¥

z 2 p

=1 wh 2t
+1!+2!+'“+n!+'”’ zeR

Thay z bdi —2? ta dude
2 # I il

-3 _& % _1yn2 __
e’ =1 11+-ﬁ—3!+...+{ 1Y ot

zr 8 0 i_‘_ )la
(’1'"1._3+2!.5 37 )l
07

a a a°

i~ 3tas 37

Ding phudng trinh trén ta c6 thé tinh tich phn vdi dd chinh xéc mong
muodn vdi a bat k.

Khi d6

I

a
fe"’dz
0

Né‘uchna=-12-tmmc6

1/2

a, 1 1 14 1
/ € dr=3- 133 T wE N T
0

Vé phai la chudi dan dau. Néu gid ba s hang dau tién thi sai 85 tuyét
d6i khong vugt qué

1 1
317.27 ~ 5376

< 0,001.

Vay

0
vdi 4 chinh xac 0,0001.
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Chubhg 4. Chudi

87.  Chuéi Fourjer !

‘- =
1 Chudj ludng gidc

O Dinh nghi: %
inh nghia 12 Chudi higng giéc 1a chudi ham c6 dang

2+ i( cos n + bn SINNT): (.7}
2 e an n

trong d6 aq, a;,as, b, ba, . .- 1a céc hing s0-
A Dinh 1i 19 Vot moi p,k € Z ta cé cde hé thaic
ks

(4.8)

/sin kzdz =03
-
K A’
o néu k#0
/ cos kzdz = { (4.9)

-

or néu k=0;

kL3
f cos kzsinpzdx =0 (4.10)
-

” [ o

0 néu kK#P
/ cos kz cos prdT = ; (4.11)
J4 x néu k =p#0;

" [ 0 - k ?é p
néu

/ sin kz sin pzdz = : (4.12)
r néu k=p#0.

-1

7.2 Khai trién Fourier ctia ham c6 chu ki 27

1) Hé <& Fourier, chudi Fourier _ |
Gid s hm f(z) tuin hoan chu ki 2, c6 & khai trién trén [—, 7] thanh
hudi ludng gidc (4.7). Khi d6 ta co thé viét |

' 0
\“‘\. f(-'lr‘)=%°+n§(anoosnx+b“sinnfc).
Nm - 1830) : nha todn hoc va vt If ngudi Phép
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I \.‘—

eu digp o
| NBu cé the 1au:l;n Cua al(]! a’n'l bﬂ (n"-= 1121-.-) qua f(I}
, ich phén tyng ¢ ) '
che hé thile (4 g) (4'9) iy ‘:;g 80 hang cia (4.13) tray [=, 7| vA két hap
| T x
ff(x)d‘czf%dt=m@
Nha —
| dang t;?ichsl:l;: ;;1:0(:-13) " cosha () b2,...) 181 My tich phén cla
o ] VA ket hgp v (4.10), (4.11) ta duige
f f(z) Cos kzdy = ay fcoa2 kzdz*s rq,
l -

Nha 3 9 3
adn l::: ha Y€ €U (4.13) v gin kg (k=1,2,...) r8 16y tich phan cla
& thue nhan duge trgy =7, 7] va két hap véi (4.10), (4.12) ta duge

m™

™
| f f(z) sin kzdy = by f sin? kzdg = by,
-

-

) khai trién dude thanh chudi lidng gidc (4.7) trén
» 1,03, by, by, ... dudc x4c dinh theo cong thic sau

[ s, - -

T6m lai, néu ham f(
[=7, 7] thi c4c hé 88 qq

a0

i

(4.14)
bn

?}jf(ﬂi)sinn:cdm, (n=1,2,..).

. O Dinh nghia 13 C4c hé 83 ag, a1, as, by, b2, ... dude xAc dinh theo cong
| thic (4.14) dudc goi

13 hé 36° Fourier ctia ham f(z). Ch

_ udi lidng gide (4.7)
ma céc hé s chia né x4ce dinh bdi cong thic (4.14) dude goi 1a chudi Fourier
cua ham f(z).

¢ Nhén xét Néu ham f(z) khd tich trén doan
chudi Fourier clia né t3n tai. Tuy
thiét hoi tu vé f(z). Didu ta qu
chudi Fourier clia né.

[, 7) thi theo trén ta thiy
nhién chuoi Fourier chia f (x) khéng nhat
an tam 13 khi nao thi f(z) bing tdng cha

b) Diéu kién @4 4 ham khai trién dude thanh chudi Fourier
O Dinh nghia 14 Ham f(z) dude goi 13 ddn disu tung khiic trén
néu c6 thé chia [a, b]

doan {a,b
thanh n dogn nhé sao cho f(z) don diéu trén md;
nho.
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wm“‘. Cl -

L i - H 21’ b? CMR
‘-'1: Dinh ‘ll' Zi? (Dirichlet) Gid st him f(z) tudn ;,:,.jﬂ '_’,'Ji ch’u 5 Fourier
v do diéu tiing kivic trén [, ). Khi dé f(z) bing 0% " 0y idn

ctia n6 tgi nhing didm ma him lién tuc. i niving 66m 70
im f(z)+ B2, f(z) ]
z—Zg r—Zp

Z : 1
dogn, chudi Fourier hi ty vé gid tri L (

(hai trién thanh ; j ki 2«
i an hoan vol chu
! L i trié chubi Fourer ham tual

xécd‘i'nhnh'ljsau
0 khi _r<z<0 o
f(x)={z khi 0<z2< %
D6 thi cita ham cho bdi binh dudi 335
er
--.x ............... =TT
/"":'( 0 II n In x
-in
Ta cb i 1 : ]
1 RS
ﬂo'-l-/f(szx—;( oiz-+ [[otz| =3
g4 . F 11
[ 0 e
[ 1 WU | ~ Sgb
== nzdz - p
ﬂnn.l-/f(::)calﬂzdz = I COS .“-e' b b .
" ’ Lu'iﬂﬂ-'l’f
-
--—2—5 khi n € - g 1
= mn
0  khi n chan;
. x
l i = =~ [ zsinnzdz
""-"/f(t)mnnzdz ,/
4 ;
1
-~ khi nlé
‘n% khi n chan.



2
6{9(3}41. Do 46
Ih
ﬂo=~fzd:=2:’
x
0
12’ 2
ﬁn=—]znnn.zdz-'---—
w mn
Vi véy ’
f(z)=f—2(ﬂ£+£g+”_+£—ﬂf*,,,),
1 2 n

Tai .= 2kn, k € Z, ting cia chudi Fourier S(z) =*-

hémtuﬁnhohnchuk'lkhﬁZF
kzz:(taéxJ,adndiéutﬁnskhﬂcvﬁbi
chénuénf—:.a.xaphépaa’smaz=1;z.maaf(z)=f(£t)=sm.
v&gﬂhAmtushmmﬁzw,adnm@t&nskhﬁcvébichéntrénE—r,r;'
néngkbaitriifndtkjcthﬂnhchné'iFouriﬁ:Dodd £ . %
i A

f(z) =f(£t) = %‘1 +i(a,.msn£+b,.sinn.t]

n=1

7.4 Khai trién Fourier
Gid sil f(z) tuin hoan vdi chu

o
ffﬂ=%+£(aumm—rz +b..sinf?-‘-),

chduﬂmuﬁtM - )
A . chuoi F - .
wm‘f{r)"{'&"&l*—l.ll. ourier ham f(z) tuan hoan chu ki 2,

= et




&_‘p

Do thi chia ham cho bdi hinh qyg; day

(W N1 SRS .93 ‘
l 1

0

Vay

4 (cosara: cos 2z N cos3nz - .), vz € R.

1
f@=3-2"7 =2 3

7.5 Khai trién Fourier hdm xic dinh trén mét doan [a, b)

Gid st f(z) 13 ham x4c dinh v ddn diéu ting khic trén [a, b). DE khai
trién f(z) thanh chudi Fourier ta xay dung mdt ham tuan hoan g(z) cé chu
ki 2l > b — a sao cho

f(z) = g(z), Vz€[a,b].

Néu g(z) c6 thé khai trién thanh chudi Fourier thi tong S(x) cla chudi
d6 bang f(z) tai moi z € [a, b], tri tai nhing diém gién doan cha ham f(x).
Nhu vdy, ta khai trién dudc ham f(z) thanh chudi Fourier trén [a, b].

Trudng hdp déc biét, khi him f(z) x4c dinh va ddn digu ting khic trén
[0,1] thi ta x4c dinh thém ham d6 trén [-1,0] vdi yéu cdu ddm bdo tinh ddn
diéu tung khiic. Khi d6 ta duge ham md réng g(z) cha f(z) trén (-1, 1).

* Néu dit f(z) = f(—=) vdi moi € [~1,0] thi ham mS rong g(z) 1
ham chin. Ta néi g(z) 1a kéo dai chan cha f(z). Khi d6 khai trién Fourier
clia g(z) c6 dang

a0  — nrT
= co8 ——.
v ) B e B

n=1

S(z) =



L
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E‘-‘_-_—.MQ
¥ & i |
g(x) l:leku ﬁﬂ-t :f(x) = _f(_'-r) 'o"éi moi T € [_.L 0] th y(I} 1A ham 1d. Ta noi
o dai 16 clla f(z). Khai trién Fourier cii® g(x) c6 dené
oo
o 2
S(x) = 0] +§b,.siu £=
| ¢hinh chudi

® Vi dy 30 Khai trién ham f(z) = @ xi¢ dinh trén [0

Fourier theo cosin.
1h haum chiin g(z) =

Giai
D& 06 chudi Fourier theo cosin, ta md rong f(z) th?lc'
¢ duong gap kbuc

|z| trén [~ x]. DO thi clia g(z) 1a md

..........
-----

---------------

.....

4n x

—ix -,;x =25 -x |
Ham g(z) thod man che didu kién t_:ﬁa. dinh 1i 20 nén khai trién dude
thanh chuéi Fourier. Vi g(z) 1 ham chan nén by = 0 va €6
m
2
= - dz="7;
ap ﬂ,/ﬂ:
0
m
"E £GOEﬂId$=--—2—(1—cosn1r),
O x 7n?
0
4 4
ﬁdu¢al=_;1ﬂ2=01as=‘ﬁ:al:{}}-1.
Do dé
r 4 1 1
9(3)=§"';(COB$+3—3'0083$+5§'CDG527+...)_
Viy trén [0, 7] ta c6
r 4 1 1
f{:)=5—; COSI+3_.2C0533+35|:,035$+.“ ;
B Bai tap

1. Tim s0 hang tong quét cla céc chudi $6 sau;

h -



2. Dung ﬂmh n i
ghia chiing minh o, chudi s3 sau hoi ty va tinh tong ciia

g
- &2

£
+
[ =
+
=
-+

)
o
o
o
-q,'l

=~

cn!""

+

Z

Bl —/— wiw =

+
&l en

+
=

-
| =
i

ol

(2]
e
B
+
CO| b=
SN
+
."——-\
N =
+

2n+1
n?(n +1)2 *

L
+

oo

©) D (VRFZ-2vnF T+ vm);

n=]

Ep(-8)

n=2

3
tat

g) '2_53 o
o =1
3. Cho biét Zn—2=-ﬁ- Tinh 2(2“_1)2

=1

BO |

4. Xét xem céc chudi sau hdi tu hay phan ki:

2 3 4 =
)—-+ + =4+ —+. b) Zn.arctan-l-.

5 8 11

A
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5. Di o ; o g
ung dau higu so sdnh, xét sy héi tu cla cac chudi so sau:

n+1 oo 1 .
_}E nt2) DY mF e
c) Ztana—?; . d) isin—;; ;

e}z (Vatl-vn-1); f)}: +2ﬂ
g)ﬂ;ln(l+;); h)i;(ﬂzl) ;

=1

o0 2 oo - 1
. n+1 e .
l)g(ﬂz-l‘l) 3 Z(en__'_l}?
o0
n+ f Inn
k)22n3-1 ”Z:nus'
n=1 n=
6. Ding tiéu chuan D’Alembert hoc Cauchy, xét su hdi tu chia céc chudi
56 sau:

135...(2n—1)

2) Z % : b) Z 3n.n!
=1

0 S VE- ¥B(VE- 1. (V= VD)3

n=1

2.3
°) (2n)! '’

n=1
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g

“‘,—-ﬁ--_.________‘_"—--_.._____

7. Dlng tiéy

a)
:{:2”- nn bz

bone nlnnin(lnn) ln (Inn) ’
I Y e

n=]

ChU.ﬁ:n £ oA ’
teh phin Cauchy, xét sy hi ty clia cdc chudi 80 o

Ua chudi qan déu
>
a) ) (-1ym-1__ ] 2
n=1 In(n +7) ¢ b) (-1l ;
- p ne=1 n+ 1
c)y )
,;1 n—lnn’

9. s Ty
Xét sy .hc_n b tuyét doi va ban hoi tu cla che chudi 58 sau;

—1)" 1 : - wig. R
2 EaaRi
2 z+n '’ ¢ E(ql)n G—::—:_i)n ;
= sin(n!) T
E)§7ﬁ. f);( 1}“ (0<m<§).

10. Chung minh ring chudi ham Z

L 3:4 hm tu déu trén R,

11. Tim mién hi tu, hoi tu tuyét d6i cla che chudi ham saus

o0

a) Z;(ﬂm)": b) if’“;
n= n=1
o0 n T n
Z; e d]£n+1(2m+1) "
e) Z;(-l)““n—!—,i f) Zlcfn:x

12. Tim mién héi tu ctia cdc chudi luy thua sau:

A
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“)i(l.;,l)"im“; b}Z(n)a-

n=| n
n=1
oo
" In-lrl )
C — e ;
DI 03 o
& n=2 ;
'z —
°°(—1)ﬂnn o n_)" o
Z (_) " DATE
n=1 n=1
ad o0 __1)n
l)ﬂ . _E_—-—'—-_-
Z;Mlz,,(a:—m EESD Vv S
n=

a CAC uhl.lOl Juy thia :

o0 1 1—Z .
- b) 2 1 (1 o

a) 2 ﬂ(z + 2)"- ' n=0 2n + \

—T

c)z d)i(1+%) e

=1
n-l n

13. Tim mién hoi ty ct

—nNET

“51#

14. Tinh tong cla céc chuéi ham sau:
2n—1

3 z5 T .
T &
a) $'+'—'-4P-Er +-f..tk E;;:ji'4'--

d) 190z + 2322 +3.42° + ...+

e):::—4z:2+9:r3—16z4+,...

15. Khai trién Taylor ham f(z) = ~ 3 lan can diém z = 1.

16. Khai trié‘:'n céc ham sau thanh chué'i Mac Laurin:
1
a) f(z) = E(ﬂz +e7%); b) f(z) = sin? z ;

9 fe)=ch(i+ar); DIE=T€

17

Khm tria B
rién cge ham sau thanh chudi Fourier:

ARG *‘Q‘M%b R



UL Wa\”ﬂ% !\W
Al tap

1 néy O<zc<q.

b) f(z) = T trén, (0,27

¢) f(z) =5 _ T

(@) =¢ tren 0,2}, #(z) tusin hoan vdi chuld 2 ;
18. 1 trid

Khai trign ham f( ) =g thinh chuéi Fourier
&) theo céc ham Sﬁ' Cosin *

b) theo céc ham 5 sin ;
¢) trong khodng (0,2m).

Su dung csc khai trién trén, tinh tﬁ:ng cée chudi s§

1)n+1 L 1
5. PEr=, £

— 1\2°
n—l n=1 2n 1)

» Hudng dén va dap sd bai tap chudng 4

2n -1 1 n
1- p—d i [ | — |
a) Un 21’1 L b) u'ﬂ ﬂ.(ﬂ+ 1) ) C) u'n 2“___1 1
2n n+1 -
d = —
Jn=gagg O (411—1)

ds=1; e)s=1-2;
n+2
f) sn=—1n2+ln——1—»s—-—1n2
=
3. T

-3
g)s-§

4. a)Phankiv]un—a—n—-_—_——*O b) Phin i viu, — 1. .

5. a)Phinki; b)Hoity; c)Phanki; d)Hsitu; B)Hfﬁ'tii'




?Lff__f_f’ffbhsm cm_;_a's I

f) Phan ki; g) Phanki; h)Hoitu; i) Héi tu j) Hoi tu ; \

k) Héi tu; 1) Hai tu.

6. a)Hoity; b)Hoitu; c)Hoity; d)Phank; e) Hoi tu ;

f)Hoity; g Phanki; h)Phanlki; i) Phankis j) Hoi tu ;
k) Phan ki; 1) Hoi tu.
7. a)Héity; b)Phénki; c) Hoitu
8. a) Hoi tu (nhing khong hoi tu tuyét asi) ;
b) Héi tu (nhing khong hoi tu tuyét dsi); © Hol tl.l" it
5 ;

di m
9. a)Banhditu; D) b)Phénki; ©) Bén hoi tu v

&t doi ;
d) Hoi tu tuyét doi; e) Hoi tu tuye ’m T oopl 1_;_ va ban hdi

f)Hottutuyetdo1vc310<z:<:~ phanle 4
t kh':'r:—E
ukhiz= 7.

' ~ +y buydt 401 ;
11.  a) {0} hoi tu tuyét doi; b) (0, -I-oo)’hgx tu tuyé ,

¢) (—o0,~1)U (L, +00) hi tu tuyét asi ;
d) (—o0,~1)U (—% +00) hi tu tuyét doi ;

: > 0.
¢) = > e hoi tu tuyét asi, 1<z <ebén poi ty; ) 2

12, 9) (—-‘-,1); b (oo boe); (-3 DB

e e
e) (_111) } f} (’_41 4) ) E} (1!5] ) h) [0’2) !
1 1
18, a) (~00,~3)U(=1,+0); b) (0,+00); ©) ('m'_E)U(E'er)

d) (—l,+oo}
1+:c

14. a)S(z)=

b) S(z )=arctan::(—1<::c<1),

c) S(.t)=1+1;ln(1—n:) (-1<z<1);
2z
d)S(I)=zl_—_)-§(—1<$<l);

e) S(z J—z(1 )3( ~1<z <)

R B ‘-'-'*..-': L

Lk i - i a
Vel a k3w e Y ; o



