Chuongl PAI SO VECTO & PHUONG PHAP TQA PQ

§1. VECTO - CONG VECTO -NHAN VECTO VOI MOT SO

1.Poan thing dinh huéng

Mot doan théng goi la dinh hudéng néu trong hai diém mut cua né ta chon mot
diém lam diém gdc, con diém kia lam diém ngon.

Vi dy: Poan thang AB, néu ta chon A 13 diém gbc, B 1a diém ngon thi ta c6 mot
doan thang dinh huéng AB. Ky hiéu: (A, B).

Néu hai diém A,B tring nhau khi d6 ta c6 doan thang dinh hudng (A,A).

Hai doan thing dinh huéng (A,B) va (C,D) goi 1a bang nhau néu trung diém cta
AD va BC tring nhau. Khi d6 ta viét (A,B) = (C,D).

Dé dang thdy rang quan hé bang nhau giita cac doan thang dinh huéng 1a mot
quan hé tuong duong.
2.Vecto

Vecto 12 mot doan thang dinh hudng trong khong gian bang mot doan thang dinh
huéng (A,B) cho trude. Ky hiéu: AB .

Puong thang AB duoc goi 1a gia cia vecto AB .

Modul ctia vecto AB 13 do dai doan thang AB. Ky hiéu: |E |.
Nhu vy néu (A,B) = (C,D) thi AB =CD.

Mot vecto ciing ¢ thé ky hiéu mot cach don gian1a &, b, X,... C4c vecto d6 goi
la vecto tu do.

Tap hop tat ca cac vecto trong khong gian duoc goi 1a khdng gian cac vecto tu
doVs.

Vecto khong 1a vecto c6 diém gdc va diém ngon triing nhau va ky hiéu: 0.

Hién nhién |AB| = [BA| ,[AA] =0

Vecto c6 modul bang 1 dugc goi 1a vecto don vi, thuong ky hiéu: € .

Hai vecto AB va CD khac vecto khong goi 1a cling phuong (cong tuyén) néu
hai duong thang AB va CD song song hodc tring nhau.

Hai vecto AB va CD khac vecto khong goi 1a cing hudng khi ta tinh tién gbc
tring nhau thi ta c6 diém ngon nam vé cling mét phia.

Nhu vay hai vecto bang nhau néu ching cing hudéng va c6 modul bang nhau.
3.Phép cong cac vecto
3.1.Pinh nghia

Cho hai vecto a va b tuy y. Ta xac dinh mot vecto, ky hiéu 1a @ + b, va goi 1a
téng ciia hai vecto 4 va b xac dinh nhu sau: 1y mot diém A tly y xac dinh vecto

_—

AB =4, BC =b,khido AC=4d + b.



R0 rang dinh nghia trén khdng phu thudc vao viéc chon vi trf diém A.
3.2.Tinh chat
1°. Vé6i ba didm A,B,C bat ky ta ludn c6: AB + BC = BC.
Vé&imoivecto d , b, ¢ taludn co:

2°. +b=>b+a.

5°. Véi moi vecto & talubn co X saocho: a + X = 0 . Vecto X duogc goi la
vecto doi ctia & va ky hiéu: -4 .
4.Phép trir hai vecto
4.1.Dinh nghia

Hiéu cta hai vecto @ va b duoc dinh nghia 13 tong cua vecto d véi vecto —b ,
vakyp hiéulaa-b. Nhuvay: & -b = & +(-b).
4.2.Tinh chat

V6i ba diém A,B,C batky ta luén c: AB = CB — CA.

Péchvecto 4 - b tacod thé xay dung nhu sau: ldy mot diém A tuy y xac
dinh vecto AB =&, AC = b khido CB=a - b.
5.Phép nhan vecto véi mét so thue
5.1.Pinh nghia

Cho vecto b va sb thue A . Tich cia sé thuc A va vecto b 1a mot vecto a. Ky
hiéu: @ =Lb dugc x4c dinh:

1°.[a] =|2b| = |2/ ]p|
20, & va b clng hudng khi A > 0; & va b nguoc hudng khi A < 0.

5.2.Tinh chat

Véimoi vecto d , b, €; v6i moi sb thue A, p ta ludn co:

1°. 0.b = 0.

2°. 1.b = b va (-1).b =-b.

3. A (ub) = (.p)b.

49 A (a+b) =ra+Arb.

5. (\+pu)b = Ab + pb.

6°. Diéu kién dé hai vecto & va b cung phuong khi va chi khi ton tai mot s6 thuc

Lsaocho: @ = Ab.



§2. SUPOQC LAP TUYEN TiNH - PHU THUQC TUYEN TiNH
CO SO- SO CHIEU
1.Pinh nghia
Hé vecto {4,},, duoc goi 12 h¢ vecto doc 1ap tuyén tinh néu c6 ding thuc:

k —
dAd =0 (*)tasuyra L =0voimoi i = 1.k
i=1

Hé vecto khdng doc 1ap tuyén tinh goi 13 hé vecto phu thudc tuyén tinh. Nghia la
tur biéu thirc (*) ta suy ra ton tai Ai # 0.
2.Tinh chat
1°.Moi hé c6 chtra vecto khéng 0 déu 12 hé phu thudc tuyén tinh .
2°. H¢ vecto {&},, la phu thudc tuyén tinh < néu ton tai mot vecto trong hé
duoc biéu thi qua cic vecto con lai.
3°.Hé vecto con ctia hé vecto doc 1ap tuyén tinh 1a hé vecto doc 1ap tuyén tinh.
4° Hg vecto chira hé vecto phy thude tuyén tinh 12 hé vecto phu thudc tuyén tinh.
5°.Cho h¢ vecto {&;},, 1a hé vecto doc lap tuyén tinh, néu hé vecto {a,, 5}1,k la hé
vecto phu thudc tuyén tinh thi vecto b dwoc biéu thi qua h¢ vecto {a},, .
Chua vy:
+Hé {4, b} phu thudc tuyén tinh khi gia ctia ching song song hoic triing nhau.
+Hé {a, b, ¢ } phu thudc tuyén tinh (hay goi 12 d6ng phang) néu gia ciia ching
cling song song hodc clng nam trong mot mit phang nao do.
3.Pinh nghia
1°.Cho mét vecto @ khac vecto khong. Tap hop tit ca cac vecto b sao cho hé
vecto {d,b} phu thudc tuyén tinh goi 1a khdng gian vecto mét chiéu sinh boi vecto a.
Ky hiéu:Vi=L<{ d}> tac Vi={b|b = xa}. Khido
{d} la mot co so cua khéng gian vecto Vi
(x) 12 toa d6 cua vecto b ddi voi co so {a} va ky hiéu: b =(x)
20.Cho hé vecto {d, b} doc 1ap tuyén tinh. Tap hop tat ca c4c vecto ¢ sao cho
hé vecto {4, b , c}phu thudc tuyén tinh dugce goi 1a khdng gian vecto hai chiéu sinh béi
hai vecto d va b.
Ky hiéu : Vo= L<{d, b}> thc Vo={c: ¢ = xa + yb}. Khido
{a, b} l1aco so cua khong gian V2
(X, y) la toa do ctia vecto ¢ ddi voi co so {a,b} vaky hiéula € =(x,y).
3%, Cho {&, b, €} doc lap tuyén tinh khéng gian cac vecto ty do Vs duogc sinh
raboihé {&, b, ¢} latap hop cac vecto d saocho d = xa + yb + z&.

Ky hiéu: Va= L<{a,b,c}>,tacVa={d|d = xd + yb + z&}. Khido



{3, b, c} lamot cosd cla Vs

(x,y,2) latoa do ciia vecto d d6i véi co s {a,b, S}va ky hiéu d =(X.y,z)

§3. TiICH VO HUONG VA UNG DUNG

1.Tich vb hwéng
1.1.Pinh nghia

Tich vd huéng cua 2 vecto a,bla mot sé thuc. Ky hidu: a.b va
a.b =|al.|b|cos(@,b)
1.2.Mt so tinh chat cia tich vo huéng

Véimoi vecto @ , b, €; véi LeR ta ludn co:

1°.a. b

20, (a+ +
. Ma.b)=(nd). b =a.(Ab)
4. 3.3 =|

5.3.b =0 < (4b) = % trcd L b
2. Chiéu vecto 1én mét truc
2.1.Pinh nghia

Cho vecto AB va mét truc u. Goi Az, By 13 hinh chiéu cia A, B 18n truc u, khi d6
AB, dugc goi 1a chiéu cua vecto AB Ién truc u . B

Ky hiéu: ch, AB

Vv

2.2. Tinh chét
1°. ch, AB = | AB | cosf , v&i 0 13 goc tao boi truc u va vecto AB .

2°. Néu hai tryc u va v ciing huéng th ch,a=ch,a
3% Néu a=b th ch,a=ch,b
40, Vi moi & voi moi s6 thue A: ch,1d=Ach,a

5°. V&imoi a,b : ch,(a+b)=ch,a+chb.

6°. Véimoi d,b: @b =|d|ch,b= |b]|ch; &.



3. Hinh chiéu ciia vecto 1&n truc
3.1.Pinh nghia

Hinh chiéu ciia vecto AB Ién truc ula vecto AB, va duoc goila vecto chiéu

clia Vecto AB trén truc u. Ky hiéu: proj, AB, proj, AB hay Vch, AB.
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3.2.CUNg thie

projuA_é = AlBll = [ﬂ]ﬁ

3.3.Tinh chét
1°. Néu hai truc u va v ciing huéng th proj,a = proj,a
20, Néu a=b th proja=proj b
3%, Véimoi @ véi moi s6 thuc A : proj, Ad = A proj d

4. V&imoi a,b : proj,(@+b)= proj,d+ proj,b.
§4. HE TOA PQ DESCARTES VUONG GOC

1.Truc toa do
1.1.Pinh nghia
Truc toa do 12 mot truc ma trén d6 c6 mot diém gde O, va vecto chi hudng don
vi €. Ta thuong dung la truc Ox o)

Y

o

Ky hiéu : (Ox, €).
1.2.Toa d ciia mdt diém trén truc toa d
Néu c6 diém M trén hé truc toa 6 (OX, &) va OM = x& th x dugc goi la toa do
ctia diém M trén truc Ox. Ky hiéu: M(X).
0]

Trén truc Ox diém Mi(x1) va Ma(x2) thi MM, = (X2 - X1)

2. Hé toa @9 Descartes (Decac) vudng goc trong miit phing

2.1.Pinh nghia Y
Hé toa do Descartes vudng goc trong mit phang 1a mot hé
gdm hai truc (Ox, ¢, ) va (Oy, ¢,) vudng goc, trong do6 &, ,&, 1a hai 1e,
vecto don vi chi hudng twong tng cta hai truc Ox, Oy. Of g X

Ky hiéu: Oxy



Va ta ciing goi hé {0, & ,€,} 1a hé toa 46 Descartes vudng goc trong mit phang. Trong
d6 O 1a mot diém thudc mit phang va &, ,&, la hai vecto don vi vudng goc véi nhau .
D@ dang thy rang tap hop tit ca céc vecto trong mit phang Oxy 1a khéng gian
vecto sinh boi hai vec to €, , €, ; tirc 1a nhan hé vecto{ €, , &, }lam mot co so.
2.2.Toa @) ciia mot diém
Trong mit phiang Oxy cho diém M, néu OM = XE, + Y€, Y
th ta goi b s6 (x,y) 1a toa do ciia diém M. Ky hiéu M (X,y). g,
Ta c6 thé x4c dinh toa do cua diém M

: o Mz |..___. |
trong mat phang Oxy bang cach truc quan nhu sau: i :
) Ao | __ ' !
Ta ké qua M hai duong thang tuong Ging f ' i :
cuing phuong véi hai truc Ox, Oy ching lan luot ol | :
c . . . ol == M A1 B:
cat hai truc nay tai M1, M. €

Khid6:0M, = x ; OM, = vy.

Trong hé Oxy gia st A(x1, Y1) va B(Xz, y2)

thi AB = (X2-X1, Y2 -y1).

2.3.Goc dinh hwéng giira hai vecto
Trong mit phang Oxy cho hai vec to: i = (a1, az) , V= (b1,b2) .

Néu dinh thre Zl ZZ > 0 thi ciip vecto {i , v} goi 1 ¢6 hudng duong.
1 2
Néu dinh thre Zl 22 < 0thi ciip vecto {U , ¥} goi 12 ¢6 hudng am.
1 2
Ta biét rang goc ¢ goc giira hai vecto 0 va Vv dugc tinh boi biéu thirc:
cosp = ah + &b 0< ¢ < 7.

J@? + a,’)b + b?)
Ta dinh nghia goc dinh hudng gitra hai vecto G va v, ky hiéu <(U , V) nhu sau:
+Néu G va v khong cing phuong thi
<(i,V) = @ +2km néu,V lacip vecto c6 hudng duong.
<(i,V) =-¢ +2knm néui,V lacap vecto cO huéng am.
+Néu G va vV cing phuong thi
<(i,V) = 0 +2kx néul,V cingchiéu.
<(i,V) = m +2kn néui,V nguoc chiéu.
R0 rang theo dinh nghia <(u , V) =-<(V,0).
Dé dang ching minh duoc:
a,.b, + a,b,

):J(af + 3,70 + b))

cos<(u,v



a,.b,— a,b
Ja +a)w + b))
2.4.Cong thirc ddi toa do

sin<(d,v) =

b

Trong mit phiang cho hai hé toa d6 Oxy va O’x’y’ vdi &, ,&, 1a hai vecto don vi
tuong Gtng cua hai truc Ox, Oy va €', ,&', 1a hai vecto don vi twong ing cua hai truc
O’x’, 0’y’.

Gia st M, &', ,8',, O’ ¢0 toa do lan lugt dbi v6i hé toa do Oxy 1A (x,y); (a,a’);
(b,b"); (c,c’) va M ¢6 toa d6 dbi voi hé O’x’y’ 1a (x°,y).

Khi dé taco: OM = 00" + O'M
= X€ + Y€ = C€ +CE + X€, +VYE,
== X& + yE = c& +cC8& + x(af + a'&,) +y(bg +b'E)

X =ax" + by +c¢
= y=ax+by +c

a b
Xetmatrain A = { }
a' b
Trdéidukién: ] =16 =1 ; €6 = 0, tasuyra

a® +a? =1 ()
b> + b? =1 (2
ab + a'b'=0 (3)
Tir (1) va (2) ta suy ra ton tai cAc goc o, 0 sao cho: a=sing, a’ = cos,
b =sind ,b’> = cosO .
Thay cac giéa tri nay vao (3) ta dugc:
(3) & cose .sind + sinp.cos6 = 0« Sin(p +6) = 0
< Hodac ¢ + 06 = 2kn hoico + 06 = nm + 2Kkn.
Truonghopl:9 + 6 = 2kn< 06 = -0 + 2kn

Khidob = sin® =-sing,b’ = cosb

COS® Nén ma tran A c0 dang

A = {C(_)S‘” _S'nq ,ch y riing khi d6 detA = 1.
sinp cosg
Truonghop2:9 + 6 = n© + 2km & 0 = -0 + 7 + 2Kkn
Khidob = sin@ =sing,b” = cos® = -cose nén ma tran A c0 dang :
A = {Cf’sg” e } ,ch ¥ ring khi d6 detA = -1.
sinp —cosg

T6m lai dinh thirc ciia matran phép bién ddi toa do Descartes vudng goc ludn ludn c6 gia
tri bﬁng 1 hodc -1. Ma tran A ciing dugc goi 1a ma tran truc giao cép 2.



2.5.Mot s6 phép bién doi thuong ding trong mit phing

1°.Phép tinh tién (CONg thirc ddi truc)

Trong mat phang toa do OXy cho diém O’(xo, Yo) /OXy va O’XY 14 hé toa do
Descartes c6 cung vecto don vi véi Oxy, khi d6 cung thire toa do tir Oxy sang O’XY la:

X =X—-X X=X +X
{ 0 hay{ o
Y:y_yo y:Y+yo

Trong mit phing toa do Oxy khi quay truc Ox quanh O gdc o (o 1a g6c dinh
huéng) ta dugc hé truc toa do Descartes méi 14 Ox’y” khi d6 ta ¢6 phuong doi truc qua
phep quay la:

2°.Phép quay

X = X cosa — y'sina
y = X sina. + y'cosa

, , . X = s
3%.Phép co c6 phuong trinh: {Y Ky’ k>0, tic la co duong cong trong mat

phiang Oxy vé truc Ox theo mot ty sb k.
3.H¢ toa do Descartes vudng goc trong khdng gian
3.1.Pinh nghia

Hé toa do Descartes vudng goc trong khdng gian 12 mot hé gdm ba truc (Ox, €, )
; (Oy, €,); (Oz, &,) vudng gbc va4i nhau tirg déi mét, trong d6 €, ,€,,€, la ba vecto
don vi chi hudng tuong Gng cua ba truc Ox, Oy, Oz sao cho theo thir ty d6 ba vecto
€, ,6,,8, lap thanh mot tam dién thuan. Ky hiéu: Oxyz.

baoi khi ta cling goi hé {0, €, ,€,,6,} la hé¢ toa do Descartes vuéng goc trong
khong gian, trong d6 O 1a mot diém thudc khdng gian va €, ,&,,&, la ba vecto don vi
vudng goc véi nhau va lap thanh mot tam dién thuén.

D@ dang thay rang tap hop tat ca cic vecto trong khong gian Oxyz (tirc 1a V3 ) 1a
khong gian vecto sinh boi hai vec to €, ,€,,&,; tic 1a nhan }Té vecto{ €, ,€,,€, Ham mot

Co 0. Ms
Z |
i
i
1
N +
&l | M
- (T ! y
€ 6 y /,"O / M2




3.2.Toa d§ ciia mot diém M

Trong khdng gian Oxyz cho diém M, néu OM = X, + Y&, + 28, thi ta goi bo sb
(x,y,z) 1a toa do cua diém M. Ky hidu: M (X,y,2).

Ta c6 thé xac dinh toa d6 cua diém M trong khong gian Oxyz bang cach truc
quan nhu sau: Ta ké qua M ba mat phang tuong tmg clng phuong v6i cc mat phang
Oxy, Oyz, Ozx va cit cac truc toa do Ox tai M1, Oy tai Mz, Oz tai Ms. Khi d6
OM, =x; OM, =y; OM, = z.

Néu A(x1, Y1, 21) Va B(Xz, Y2, z2) thi AB = (X2- X1, Y2- Y1, Z2- Z1).
3.3.Cong thirc doi toa dd

Trong khéng gian cho hai hé toa d¢ Oxyz va O’x’y’z’ véi €, ,€,,8, la ba vecto
don vi tuong Umg cua ba truc Ox, Oy,Oz va €', ,€',,8', 1a ba vecto don vi twong tng
cua ba truc O’x’, O’y’, O’z’.

Gia sa M, &, ,6,,8,, O’ c6 toa do lan lugt d6i v4i hé toa do Oxyz 1a (x,y,2);
(a,a’,2”); (b,b’,b”); (c.c’,c”); (d,d’,d”) va M ¢ toa do ddi vdi hé O’x’y’z’ 1a (x°.y",2)).
Khi d6 ta co: OM = 00 + O'M

< X& + Y€ + 28 = dg +dE, +d'g + XE€, + Y€, + 7§
< X6 + Y&, + 26 = dg +d'E +d'g + x(ag + aE, +a'g) +y(
be + b'&, + b"g) +z’(c€ + c'& + C"E;)
x =ax + by +c7 +d
& y=dx' +by +cz7+d

z=a"x"+ by +c'z7 + d"

a b c
Xétmatrin A = a b c Ta cling chiing minh duogc dinh thirc cua A
all bll Cll

cling bang 1 hodc -1, ttrc 12 A 12 ma tran truc giao cép 3.

§5 TICH VECTO -TiCH HON TAP - TICH KEP

1.Tich c6 hwéng (tich vecto ) ctia hai vecto
1.1.Pinh nghia

Tich c6 hudng cta hai vecto & ,b 1a mot vecto ¢ duoc Ky hiéu: € = @ b hoic
¢ = [4, b]vavecto ¢ x4c dinh nhu sau:

+¢la,cLlb

+ Bavecto 4, b ,¢ sép xép theo tht ty do6 tao thanh mot tam dién thudn

+|¢|=1a||b]|sin(a,b). i

Néu hai vecto & ,b cling phuong thi

9




tich co hudng cia ching duoc dinh nghia la vecto khéng.

1.2.Y nghia hinh hoc

Modul ctia vecto tich c6 huéng ctia hai vecto & va b khéng cling phuong bang
dién tich hinh binh hanh dung trén 2 vecto do.
1.3.Mot s6 tinh chat

1°. aAb =0 < avab cung phuong

That viy, néu a va b clng phuong thi theo dinh nghia @ Ab = 0.

Nguoc lai,néu d Ab = 0,tagiast 4 va b khong clng phuong thi hai vecto a
, b déu khéc vecto khdng va goc giira ching (a,b ) khdc 0 va r, bdi vay: | aAb |=]ad
||b|sin(a,b) #0.Dod6: aAb = 0 (méauthuin). Vay hai vecto & ,b ctng phuong.

2°. aAb = —(b A d).Hién nhién.
P.AEAb)=(hEa)Ab (*)va MEaAb)=dARD) (*).
Ta chimg minh (*) :

Néu A = 0 hodc hai vecto & ,b cling phuong thi ca hai vé ciia (*) déu bang 0,
do do (*) dung.

Tagiast A = 0vahaivecto d ,b khong cung phuong.
Taco: |A(anb)|=|r]||d|.|b|sin(a,b).
Néur >0thi|(La)Ab)|=|r d||b]|sin(a,b)=xAla ||b]|sin(a,b)=|A(aAb)]|.
Néu L <O0thi|(Aa@)AB)|=|r & |[b]|sin(x-(a,b))=[r||a||b]|sin(a,b)=
|A(aAb)].
Nhu vay hai vecto hai vé ctia (*) ¢6 modun bang nhau.
Chung cting phwong vi cling vudng goc véi hai vecto a va b . Néu A > 0 thi chiing déu
cing huéng v6i @ Ab, néu A > 0 thi chiing déu nguoc huéng véi d A b nén ching
cling cung hudng.

Tém lai ddng thire (*) duoc chimg minh.
Viéc chimg minh tinh chat(**) dé dang ching minh dwa vao tinh chét (*) va 2°,

4. (a+b)Ac =(AAC )+ (b AC) (**¥)

CAn(@+b)=(C Ad)+(C Ab ) (***¥)

Ta chiing minh tinh chat (***) .

Néu c6 mot trong ba vecto &, b ,¢ 1a vecto khong thi hién nhién (***) dung .

|01

Gia st ba vecto &, b ,¢ déu khéc vecto khong, va goi €, = —, tic €, la vecto

(e}

don vi cung hudng véi vecto C.

Trude hét ta chimg minhrang: (4 +b ) A €, =(d A€, )+ (b AC, ).

10



Thay vy, tir mot diém O ta dit cac vecto : OA=4d, OC = C,- Goi P lamat phing
di qua O va vudng géc véi OC , va OA' 13 hinh chiéu cua OA 1én mit phing P. Ta quay
vecto OA' quanh O mdt goc %theo chiéu kim d6ng hd néu nhin tir diém C, ta dugc vecto
OA" .
Ta ¢ \07--\ - \a\’-\ - \owcos(g — (a,c,))=la ||, | sin(a,c, ).
Ngoai ra, OA' va @ A G, cing hudng. Vay OA" = d A G,
Tt diém A dung vecto AB = b, khidé: OB = & + b . Ta ciing goi o8’ |4 hinh chiéu

cua OB trén mat phiang P va OB" 1a két qua cua viéc quay OB qua phép quay & trén.

Khi do tacé: OB" = (& + b)AG, ,nhungvi A'B' |2 hinh chiéu cia AB  trén mit
phéng P va A"B" | 4nh cﬁaAA'—B' qua phép quay trén nén A"B" = b A G,
Ch /. Cr i
b A
A B
B’
Tac6: OB" = OA" + A'B"nén:
(a+b)ac = (anc )+(bac, )
Vig, = % nen(a+bhb) /\% = (é/\%)+(6/\%)hay

(A+b)Aac =(anc)+(bac) .
Viy dang thie (***) dugc chimg minh .
Ding thirc (****) hién nhién suy ra ngay tir dang thic (**%)
1.4.Biéu thirc toa df cua tich c6 hwéng hai vecto

Gia st trong hé truc toa dd Oxyz cho a= (a1, a2, as) , b = (b1, bz, ba)
Taco:
anb= ( J :

2.Tich hén tap ciia ba vecto
Cho ba vecto @, b, ¢ néu lay tich vecto & A b rdi nhan vo hudng vai ¢ ta dugc

a a
b, b,

a; &
by by

& a
b, b,

2.1. Pinh nghia

Ab).€ sb nady dugc goi 1a tich hdn tap (hdn hop) cta ba vecto @, b, €. Ky hidu:(
,C).

56
a,
11



Nhu vay: (&,b,¢)=(aAb)c=[d,b].c
2.2.Y nghia hinh hoc
T mot diém O bt ky ta dung cac vecto OA = d,0B = b, OC =¢

Goi OE la vecto don vi vubng goc vai OA Vva OB, sao cho hé ba vecto OA,OB,OE
tao thanh mot tam dién thuan. Khi d6 vecto @ A b clng huéng véi vecto OE va co
modul bing dién tich ctia hinh binh hanh dyng trén OA va OB,
Nhu vay : d A b=S.0E
Ta dung hinh hop c6 dinh O va ba canh 1a OA, OB, OC. Ta c6 thé tich V ctia hinh hop
laV = S.h, trong d6 h 14 chidu cao, tirc 12 bang do dai hinh chiéu cta vecto OC lén
duong thang OE .
Suyra T=(aAb). ¢ =S. OE.OC =S.projoeOC = +Sh = +V.
Hay T=V néu ba vecto d, b, € tao thanh mot tam dién thuan, T=-V néu ba vecto 3,
b, € tao thanh mot tam dién nghich.
TOm lgi: Gid tri tuyét dbi tich hdn hop cuia 3 vecto bang thé tich hinh hop dung trén ba
vectodotecla:  V ; =|(d, b, ¢)l.
2.3.Mot s tinh chat

1°. Piéu kién can va du dé tich hon tap ba vecto a, b, ¢ bang khong 12 ba vecto

d, b, ¢ dong phang .

That vy, néu ba vecto &, b, ¢ dong phing thi d& dang thiy rang:( &, b, ¢)=0

Nguoc lai, gia sit (a, b, €) =0 mabavecto d, b, ¢ khdng dong phang thi

theo trén|(d, b, €)| =V ;. #0 (VB ly).

2°. Tich hon tap d6i dau néu ta hodn vi hai trong ba vecto ciia n6, nghia Ia:

(da,b,c)=-(b,a,c)=-(d,¢c,b )= -(¢,b,a).

That vy, néu ba vecto a, b, ¢ dong phang 12 hién nhién.

Trong trudng hop ba vecto &, b, ¢ khong dong phing, gia sir ba vecto d, b, ¢
tao thanh mdt tam dién thuan thi khi hodn vi hai trong ba vecto do6 ta dugc mot tam dién
nghich va bdi vay tich hon tap s& d6i dau.

3°. Néu nh&n mdt trong cic vecto cua tich hdn tap vai mot so k thi tich hdn tap

s& duogc nhan voi sb do .
12



That vay: (k.a, b, ¢) =((k.d) Ab). ¢ =k(a Ab). ¢ =k(.4, b, ¢).

4° Tinh phéi dbi voi phép cong, nghia la:

(& +& ) ,b,¢) = (&,b,¢) +(&,b,¢)

(a,(b, +b, ), €) = (d,b,,¢) + (d,b,,C)

(a,b,(c +C,)) =(a,b,c) + (d,b,5).
Tinh chat ndy dé dang chimg minh dua vao tinh chét cua tich vecto va tich vo hudng ciia hai
Vecto .
2.4. Biéu thitc toa dd ciia tich hdn tap ciia ba vecto

Gia st trong hé truc toa d6 Oxyz cho ba vecto a, b, ¢ ¢ toa do 1a:

a=(ay, a2, a3) b = (bs, b2, b3), € =(cy, C2, C3).

a'l a2 a‘3
Taco (aAb).c = b, b, b,
Cl CZ Cl
a1 a2 a3
Nén diéu kién can vadudé a, b, ¢ dongphangla:jb, b, b,/ =0
Cl C2 Cl

3.Tich vecto kép
3.1.Pinh nghia
Cho ba vecto d, b, ¢ thi tich vecto kép cua ba vecto a, b, ¢ lamot vecto
dugc dinh nghia la (A Ab)A €.
3.2.Tinh chat
Tich vecto kép ciia ba vecto d, b, €
,b va (aAb)ac=(a.c)b -(b.c)a .

4.Mét s6 ing dung hinh hoc

la mot vecto ddng phang voi hai vecto d

1°. Cho 2 vecto a= (a1, a2, a3) , b = (b1, bz, b3) ta dé thidy mit phang nhan 2
vecto d6 1am vecto chi phuong s& ¢ phap vecto Ai=aab
Ax+B,y+C;z+D, =0

2°. Néu cho duong thing (A):
Ax+B,y+C,z+D, =0

thi vecto chi phuong cua (A) 1a @ = A, A, voi [, = (Ag, B1,C1), 1, = (A2, B2,C))
3°. Tinh khoang céch tir mot diém dén mot dudng thang:
Trong khong gian Oxyz cho diém M( X1, Y1, z1) va dudng thang:

(A)Z X=X — Y—Yo :Z_Zo
& , 8,

Sa,MOM laAM M |

EY EY

Ta co diém Mo(Xo, Yo,20) € (A).Khi do: d(M, A) =

13



Mo

2 2
Yi—Yo 4%,

a, a;

2
+21_Zo Xy = Xo

as &

\/alz +a, +a,

n X=X Y1 Yo
a, a,

Ttc d(M, A) = \/

4°, Néu cho 3 vecto a= (a1, az, as) b = (b1, b2, b3), ¢ =(cy, C2, C3)

al a2 a3
thi thé tich hinh hop dung trén ba vecto d6 1a V abec = [[b, b, b,
Cl C2 Cl
. l a'l a'2 a‘3
Va thé tich hinh chop dyng trén ba vecto d6 1a V ¢h(a5¢) = s b, b, b,
Cl C2 Cl

59, Khoang cach giita hai dudng thang chéo nhau:
Trong khong gian Oxyz cho hai duong thang chéo nhau:
A1 X=X Y=YV, -1,

X—X - -1
= = ; AZ 2 = y y2 = 2
a'l a‘Z aS

Tacd Mau(Xy, y1,21) € A1 va Mao(X2, ¥2,22) € A2
\

. ab,MM, ‘(5,6,M1M2)
Khi d6 d(A1, A2) = S— = ——
ib ‘aAb‘
1 a2 a3
b, b, b,
X, =X, Y,—-Y, Z,-1
Ha.yd(A]_, AZ) — 2 2 1 2 12 2 1 2
a, a, a, a, . a, a
b, b, b, b, b, b

14



§6 HE TOA PO APHIN

1.H¢ toa d aphin trong mit phing
1.1.Pinh nghia

Trong mit phing cho mot diém O va hai vecto doc 1ap tuyén tinh T va j . Khi
d6 tap hop gom diém O va hai vecto i, j duoc goi 1a mot hé toa d6 aphin (muc tiéu
aphin). Piém O goi 1a gdc toa d9, ciing hai vecto T, j dugc goi 1a vecto co s6 thir nhat,
thtr hai.
Ta thuong ky hiéu:{O, T, ] }.

1.2.Toa d aphin
Trong mit phang cho hé toa d6 aphin {O, i, j} va mot diém M. Néu OM =
(x,y) ddi voi coso {i, ]} thicap sb (x, y) duoc goi 12 toa d6 aphin cua diém M ddi
v4i hé toa @6 aphin {O, i, j }.
Néu A(x1,y1) va B(X2,y2) thi AB = (X2-X1, y2-y1).
1.3.Ddi toa d aphin
Trong mat phang cho hai hé toa d6 aphin {O, i, j}va {O°,7’, ]’} vamot
diém M bat ky trong mat phéng. Giasat M, i, j, O’ c6 toa do 1an lugt ddi v4i hé toa
46 {0, 7, ]} laxy);(aa);(b,b); (c,c’) vd M co toa do ddi voi hé toa d6 {0, i, ]
T laE,Y).

Khi do6 ta co: OM = 00" + O'M
N xi +vy] =ci+cj + xi"+yJ
SN xi +vyJ =ci+cj + x(ai +a.) +y.(bi+Db.]

{x:a.x' + by +c
SN
y=ax +Dby +c
Cong thirc ndy duoc goi 1a cong thirc ddi toa do tir hé toa do aphin {O, 7, j } sang hé
toa do aphin {O’,7i°, j’}.
a

Goi matran A 2{ .

. b'] thi ma tran A dugc goi 1a ma tran cua phep bien doi toa

d6. Do hé vecto {i ’, j’} 12 hé doc lap tuyén tinh nén detA = 0.

15



2.H¢ toa d¢ aphin trong khdng gian
2.1.Pinh nghia

Trong khéng gian cho mot diém O va ba vecto doc 1ap tuyén tinh 7, j va k.
Khi @6 tap hop gdm diém O va bavecto i, j, k duoc goi 1a mot hé toa do aphin (muc
tiéu aphin). Piém O goi 1 gbc toa do, cling ba vecto 1, j, k duogc goi 1a vecto co s
thtt nhat, th hai, tht ba.
Ta thuong ky hiéu: {O, T, j, k }.

2.2.Toa d¢ aphin

Trong khong gian cho hé toa do aphin {O, i, j, k } v mot diém M. NéuOM
=(x,y,z) 46i voicoso { 1, j, kJ}thibo sd (x,y,z) duoc goi 12 toa dd aphin cua diém
M dbi v6i hé toa do aphin {O, T, j, k }.

Néu A(x1,Y1,21) Va B(X2,Y2,22) thi AB = (X2-X1, Y2-Y1,22- Z1).
2.3.Cong thire ddi toa do aphin

Trong khéng gian cho hai hé toa d6 aphin {O, 7', j,k}va{0’, i’ j’, k’}va
mot diém M bat ky trong khdng gian .

GiasaM, i, ], k’, O cOtoaddlan luot d6i véihé toadd {O, i , j, k}1a
(X, Y, 2); (a,a’,a”); (b, b’, b”): (c, ¢’, ¢”); (d, d’, d”) vd M ¢ toa d6 dbi v6i hé toa do {
0%, ],k ax,y,2).

Khi d6 ta co: OM =00 + O'M
o xi+Vyj+ zk =di+d.] +d”k+ xi'+y.j+z.k’
o xi+yj+tzk = di+d. j+d>k+x(@ai+a’.j +a”.k) +
+ yOb.iH. J+b”. k) +2(c.i +¢’.j+c” k)
Xx=ax" + by + cz' +d
= y=ax +by +cz+ d
z =a"'x + b".y' +c"z' + d"
Cong thirc nay duogc goi 1a cong thirc doi toa do tir hé toa d6 aphin {O, T, ], k } sang
hé toa do aphin {O”, 7 >, ], k ’}.
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a c

b
Goimatrdn A = |a b c'|,thi matran A dyoc goi 12 ma trin ctia phép bién
all b Cll

d6i toa do, va detA = 0.
§7 CAC LOAI HE TQOA PQ KHAC

1.Hé toa dj cwc trong mit phing
1.1.Pinh nghia

Hé toa do cuc trong mit phang gdm mot tia Ox xuét phét tir diém O va c6 vecto chi
huéng don vi &. Piém O goi 1a gbc cuc, Ox goi 14 truc cuc va hé toa do cuc trong mit
phang ky hi¢u (O, €).
1.2.Toa @9 cuc ciia mot diém

Trong mit phang cho hé toa do cuc (O, &) va mot diém M bat ky. Ta dit =OM

va 0 la g6c dinh hudng gitra cap vecto € va OM . Khi d6 cip sb (r,0) duoc goi 1a toa dd

cia diém M dbi vé6i hé toa do (O, € ). M
Ky hiéu M(r,0) r So
r duoc goi 14 ban Kinh cuc cua diém M, O S
é

0 duoc goi 1a goc cuc cua diém M.
Chuy:

Doi véi mdi diém M khéc véi diém O toa d6 (r,0) khdng duy nhét. Néu (r,0) la
toa do cua diém M thi (1,0 + 2kn) ciing 12 toa d6 ctia diém M. Nguoc lai cho mot cip sb
(r,0) trong do r >0 ta c6 mot diém M duy nhat ma mot trong cac toa do ciia diém M 1a
(r,0).

Trong trudng hop M tring gbc cuc O thi O ¢6 toa d6 14 (0,0) véi 0 bat ky .
1.3.H¢ toa d¢ cwc mé rong

H¢ toa do cuc trong d6 r = OM va 6 la géc dinh hudng gitra cap vecto € va oM
duoc goi la hé toa do cuc md rong.

Néu (r,0) 12 toa d6 cta diém M thi ta ciing c6 M(r,0) = M(r,0 + 2kn) = M(-r, 0+7)
nén toa do ctia mot diém M khong duy nhat. Nguoc lai cho mot cip s6 (r,0) ta cd mot
diém M duy nhit ma mot trong céc toa do cia diém M 1a (r,0).

Trong truong hop M triing gdc cuc O thi O ¢6 toa do 1a (0,0) vai 6 bat ky .

Vi du: M(2,%)EM(-2,§U¢)

M(Z,%) = M(2,%+k2n) = M(-Z,%iﬁ)

M’ (-2, 5y =M(-2, Z+k2m) =M(2, Z + 7)
3 3 3 . T T
M -2,5y=M@2, F + 1)
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2. M6i quan hé toa dd cuc va toa @9 Descartes vudng goc
Gia str cho hé truc toa do Descartes vudng géc Oxy va chon hé toa do cuc (O, &)
sao cho tia Ox tring truc hoanh va vecto don vi chi huéng & =& . Khi d6 néu cho mot
diém M (x,y) trong hé truc toa d6 OXy va cling diém M nay trong hé truc toa do cuc (O,
€) cb toa dd M(r, 0).

Khi do OM = (x,y), &1=(1,0) va 0 la géc dinh huéng gitta &1 va OM

A X < y
Nén cosf = ——— vasing = ———
/XZ + y2 /XZ + y2
Var =,x*+ y*.
y y
Ta suy ra: M(X,y)
X=rcos¢ ,. [T ' M(r, 0)
{ “rest :
y=rsind :
Do la cong thic lién hé gitra toa do cuc va N : X
toa do Descartes vudng goc. O

3.Toa d§ tru trong khong gian
3.1.Pinh nghia

Trong khong gian Oxyz cho mét diém M. Goi M 1a hinh chiéu vuéng géc caa diém
M [én mit phang Oxy. Ta dit r= OM; va 0 la géc dinh huéng gitta cap vecto &1 va
OT\/I1 va MM, =z. Khi do cap s6 (1,0,z) duoc goi 1a toa d6 tru ctia diém M.
Ky hiéu: M(r,0,2).
3.2.Sw lién hé giira toa d§ Descartes vudng goc va toa do tru ZT M,

Gia st diém M ¢ toa do Descartes 1a (x,y,z)

va 0 toa do tru 1a (r,0,2). i

X = rcosé / M
L C s , O | ] DA
D¢ dang thay rang: {y =rsinf , 0<0<2rn A K, My
7=z S0 .
Do 1a cling thire lién hé gifta toa do Descartes x /. Mx M

vudng goc va toa do tru .
4.Toa d6 ciu
4.1.Pinh nghia

Trong khong gian Oxyz cho mot diém M. Ta dit r = OM, goi M I hinh chiéu
vubng goc cua diém M 1én mit phing Ox, 0 1a goc dinh hudng giira cip vecto &1 va
O—l\/l1 va ¢ la goc tao boi hai vecto € 3 va OM . Khi d6 cip s6 (r,0,¢) duoc goi 12 toa do
cau cta diem M. Ky hiéu: M(r,0,0)
4.2.Sv lién hé giira toa dd Descartes vudng goc va tea dé cau
Gia st diém M c6 toa do Descartes 1a (x,y,z) va co toa do cau 1a (r,0,¢).
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D@ dang thay rang:

z
X = r.sing.cosf T M,
y =r.sing.sinéd i
7 = r.cosQ
0<0<2r, 0<op<m E m M
0 LT y
LR EEEE EEEEEE ErerEE—
,// 6
Mx Ml

D6 1a cong thuc lién hé giita toa do Descartes vudng goc va toa do cau .

BAI TAP CHUONG I

1.Trong khong gian cho hinh lap phuong ABCDA’B’C’D’.

a.Chung minh rang ba vécto AC, AB', AD' 1am co s& cua khong gian.

—_—

b.Hay tim toa do cua cac vécto AB, AD, AC/, AA.
2.Cho tam giac ABC va ba trung tuyén AD, BE, CF. Hiy tinh: T=
BC.AD +CABE + ABCF .
3.Chimg minh rang néu A, B, C, D la bon diém bat ky trong khong gian thi:
AB.DC + BC.DA+CADB =0

Tu do6 suy ra:

a.Ba dudng cao trong tam giac dong qui.

b.Néu mét tir dién c6 hai cip canh d6i vudng goc thi cip thir ba cling vudng goc.
4. Cho A(1,1,1) va B(4,5,-3). Tim chiéu cua vécto AB 1én truc u, biét ring truc u tao
V61 cac truc toa do Ox, Oy, Oz cac gbc bang nhau.
5. Hai vécto d, b tao thanh goc ¢ = 60°, |a| =4, ‘5‘ =7, truc u cung hudng véi a, truc
v nguoc huéng voi b . Tinh chya, chyb .

6. Cho 2 tryc u,v vudng goc. Biét rang &, u, v ddng phang,

a=5, chya = 3
Tinh chiéu chya néu a hop véi truc v:
a. Goc a < 90°
b.Géc 90°< o < 180°
7. Cho 2 vécto d = (4,-2,-3), b = (0, 1, 3). Tim X biét rang
X Ld; X Lb;[X]|=26 dongthdi X tao véi truc Oy mot goc ti.
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8.Cho a=(8,4,1), b =(2,-2,1). Hay tim ¢ sao cho dong thoi thoa mén: 3 vécto &, b, €

dong phang, &.Lc, [d| =|c| va goc giita b va ¢ 1a géc nhon.

9. Goi 0, B, v 1a cac gdc tao boi vécto a véi cac vécto don vi €, €,,€, ctia hé truc toa d

Derscartes vuong goc Oxyz. Chirng minh: cos?a + c0s?p + cos?y = 1

Khi d6 (cosa, cosp, c0Sy) con goi la cosin chi phuong cua vécto a.

10. Chimg minhring:néu @ A b +b A € +¢ A a=0thi &, b, ¢ 12 ddng phang.
Kiém tra diéu nguoc lai c6 dung khong.

11. Cho ba vécto d,b ,E,biétréng ia=b Ac,b=
vécto do va goc gilta ching.

Ad, c=aAb.Timmodul cua cac

(!

12. Tam gidc ABC dung trén vécto AB =m+ 2, AC =2/ —3ii. Biét|m|=5,|f| =3 va

gbc gifta m va i la 60°. Hay tinh tinh dién tich tam gidc ABC va duong cao BH.

13. Tinh gia tri K=(a A b )+ (d.b)?

14. Tim X, biétrang: X .a =k, X Ab = ¢ trong d6 &, b, € cho trudc va a khdng

vudng goc vai b , ke R.

15. Gia sir ton tai vécto X thoa méan dong thoi &, A X =b, va &, A X =b,
Hay ching minh: & b, +4,b, =0

16.Ching minh rang;

adlbvaalcthiaan(bac)=0

b.V&i bat ky ba vécto d, b, ¢ ta déu co:
(AAb)AE+(bAac)rda+(Eand)ab =0
c.Gia sir ba vécto a, b, ¢ khong dong phang. Hay xét tinh ddng phang cta cic
vécto: A A b, 5/\, NER
17. Hay tinh thé tich hinh hop dung trén cac vécto sau:
a. a=(1-3,1); b =(1,1-3); € =(2 2, 1).
b.a=p-3G+F, b=p+G—3F, C=2p+2G+T
V61 cac truong hop:
+ P, q, F la cac vécto don vi vudng gbéc voi nhau ting d61 mot.
+ P, q, r lacac vécto bat ky.
18. Cho cac vécto OA=a (TB -b, oC=¢ ,(Y): d. BiétréngbéndiémA, B, C, D cung
nam trén mot mat phang. Chirng minh rang:
(a,b,c)=(a,b,d)+(b,c,d)+(c,a,d)
19. Cho tir dién OABC, goi H 14 hinh chiéu ciia A 1én mit phang OBC.
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20. Tinh khoang cach tur:
a. Piém M(-1, 1, 2) dén mit phang di qua ba diém A(1,-1, 1), B(-2, 1, 3)
C(4,-4,-2).
> . , X+2y+z =1
b.. biém B(1, 2, 3) dén duong tha d2):
iém B( ) dén duong thang (d2) {3x—y+4z:0

21. Tinh khoang cach giita hai duong thang:

_ — X+2y -z =0
a. (4u): x-1_y+l_z-3 va  (4): Ty
1 2 3 2X-y+3z-5 =0
0 x=1 - 3t
X + y = R
b. (41): va (42): qy= t
(A1) {x—y+z+4 =0 (42) . ‘

22.Trong khong gian cho hinh chop ABCD, goi G 1a trong tam cta hinh chop.

a.Ching ming rang: {A, AB, AC, AD } va {B, BC,BD,BG } 1a hai muc ti€u aphin cta
khong gian.

—_— s —

b.Tim cong thuc déi tir muc tiéu {A, AB, AC, AD } sang muc tiéu {B, BC, BD, BG }.
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Chwong I PUONG CONG PHANG
§1. PHUONG TRINH CUA PUONG TRONG MAT PHANG
1.Phwong trinh ciia dwong cong phing
Gia sir trong mit phang Oxy cho mot duong cong I' ndo d6. Phuong trinh F(x,y)

=0 (1) goi 1 phuong trinh tdng quat cia dudng cong I' néu mot diém M thudc dudng
cong I" khi va chi khi toa do (x,y) ctia né thga phuong trinh (1).
y

[N~

2.Phwong trinh tham s6 ciia duwong

Trong mat phang v&i hé toa dd Oxy cho mot dudng cong I' nao d6. Hé phuong
trinh: {X i \(’;8 (2) goi 1a phuong trinh tham s6 ctia dudng cong I' néu moi diém M
thudc dudng cong I' khi va chi khi tim dugc mot gia tri t sao cho toa do (x,y) cua diém
M thoa man phuong trinh (2).

Phuong trinh (2) duoc goi 1a phuong trinh tham s cua duong, dai luong t goi 1a
tham s0.
3.Mt s6 vi du

Vi du 1: Viét phuong trinh dudng cong v, v6i v 1a tip hop tat ca cac diém trong
mat phang sao cho tich cac khoang cach tir diém d6 dén hai diém P, Q cho trudc luén
bang mot hang sb a2

Chon h¢ truc toa do Oxy sao cho truc Ox cung phuong tir P dén Q, géc toa do O
1a trung diém cua PQ, khi d6 truc Oy vudng gbc PQ.

Gia st M(x,y) la diém tuy ¥ thudc v , ta co:

IMPI = Jx=b)+y" IMOT = J(x+b)+y"
MP.MQ =a°
& [x=h?)+y? [[(x+0)? + y*]=a*
< (X +y?+b%)—4x*h* =a’
& (X2 +y?)-2b* (x*-y*)=a*-b*
Vi dy 2: Hiy viét phuong trinh tham sb ctia dudng tron c6 tdm I, ban kinh R.
Chon hé toa d9 Derscartes vudng goc Oxy sao cho I(a,b).
Gia st M(x,y) thudc duong tron, goi t 1a géc dinh hudng cua vecto don vi €1 cia
truc Ox va vecto IM .
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Khido tacod: IM = (x-a,y-b)vaei=(0,1) vdIM = R nén:

X—a X —a
cost = =
J (x=a)? + (y—b)? R x=a + Rcost
b b < ly—b + Rsint O
sint = y- _ Y- y=0b + Rsin
J(x=2)? +(y-b)’ R

Do d6 (*) 1a phwong trinh tham s6 ctia duong tron tim I(a,b) , ban kinh R .
Vi dy 3: Viét phuong trinh tham sé cua elip.

2 2
Gia str cho elip ¢6 phuong trinh chinh tac la: X—2 + y—2 =1 (a>bh).

a~ b
Ta hdy dung hai dudng tron dong tam O, c6 ban kinh a,b .Gia sir mot tia nao d6 xuat
phat tir O tao véi Ox mot géc ¢ va cat duodng tron nho tai P, duong tron 16n tai Q . Goi
M la giao diém cia dudng thang qua P song song véi Ox v&i duong thang qua Q song
song v&i Oy. Ta s& chirng minh M nam trén elip di cho.
That vy, goi P1va Q1 13 hinh chiéu ctia P,Q
Q/

M

lén Ox va goi (x,y) 1a toa d6 cua diém M.
Khi do ta co: -a K

y

b

O
X = 0Q1=00Q.cos¢ = a.cose Py a X
y =QiM =P:P = OPsing =bsing -

2 2

Avr A" y  _
Vay nén: ?er—z =

1 tic 1a diém M thudc elip.

X = a.CoS @

) 1a phuong trinh tham s6 cua elip , 0< @< 2.
y =b.sing

Vay hé {

4.Puwong dai sb

Biéu thic c6 dang : F(x,y) = Ax“y" + Axey: + ... + Axey"
Trong 6 A i khéac 0, ki, li 1a nhitng s6 nguyén khong 4m duoc goi 13 biéu thic dai s6
ddi voi cac bién x, y, voii=1,...,s.

S6 16n nhat trong cac sd ki + Ii duoc goi 1a bac cua biéu thire dai sé F(x,y). Néu
sO 16m nhat d6 1a n thi ta néi rang F(x,y) 1a biéu thirc dai s6 bac n.

Puong cong I’ dugc goi 1a dudng dai sb bac n néu nhu phuong trinh tong quat
ctia dudng cong I' ¢6 dang: F(x,y) = 0, trong d6 F(x,y) 12 biéu thirc dai sé béc n.

§2. PHUONG TRINH PUONG CONG TRONG HE TQA CUC

1.Phwong trinh duwdng cong
Ciing nhu ddi véi hé toa dd Derscartes vudng goc, mot dudng cong vy cling cé
phuong trinh ddi véi hé toa do cuc. Néu di chon hé toa do cuc (O, &) thi phuong trinh:
F(r,0 ) = 0 s& goi 12 phuong trinh ctia dudng cong y néu diém M thudc duong cong y khi
va chi khi toa d6 cuc ctia diém M 1a (r, 0 ) théa mén phuong trinh F(r, 6 ) = 0.
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2.Tinh d6i xirng ciia dd thi dwong cong

Dua vao mdi lién hé gitra hé toa do Descartes trong mat phéing va hé toa do cuc
ta kiém tra tinh d6i xtmg qua cac truc Ox, Oy, géc toadd O cﬁagc‘%\thi v c6 phuong trinh
F(r,0)=0.

Gia sit M(r,0) € vy, néu: Ms(r, 7-0) /I\/I(r,e)

+ M1 hodc M1’ thuge v thi =M’3(-r,-0) -9 '
d6 thi y d6i xtmg qua truc Ox. XG X

+ M3 hoac Mz’ thudc vy thi N §
d6 thi y d6i xtrng qua truc Oy. Ma(r, 7+0) +0 My -0)

+ M2 hodc M2’ thugc vy thi =M’,(-1,0) SM’4(-1,7-0)

d6 thi y d6i xtmg qua gdc toa do O.

Chuy:

+ Néu d6 thi co hai tinh d6i xtmg thi s& c6 tinh d6i xtmg tht ba.

+ Do M(r,0) = M(r,  + k27) nén toa do ciia mot diém s& c6 chu ky 2nt dbi voi
v6i hé truc.

Vi dy: Xét tinh dbi xtmg ctia do thi dudng cong y: r =sin 20

Gia st diém M(r,0) € y: r =sin20

Tach sin2(-0)=-sin20=-r

Suy ra M’(-1,-0) € y nén d6 thi y d6i xtmg qua truc Oy

Va sin2(z + 0) =sin(20 + 2x) =sin20 =r

Suy ra M’’(r, n+0) € y nén db thiy ddi xang qua gbc toa do O

Vay dd thi dudng cong déi xrng qua cac truc toa do va géc toa do.
3.Mt s6 vi du

Vi du 1: Phuong trinh dudng tron tim O, ban kinh R hién nhién c6 phuong trinh
la: r = R.

Vi du 2: Phuong trinh duong thang di qua O c6 phuong trinh 13 : 6 = a, véi o la
mot sO ¢ dinh.

Vi du3: Pudng xodn ¢ hypebolic dugc dinh nghia 1a tap hop tat ca cac diém M
ma toa do cuc (r, 0) cua n6 thod phuong trinh :r = %, trong d6 a 1a mot hang s6 duong,
6 > 0.

Ta chu ¥ rang néu cho 0 14y cac gia tri 1an luot cang ngay cang 16n thi gia trj r
tuong ng ngay cang bé. Khi 0 tién ra vo cung thi r tién t6i 0. Khi d6 cac vi tri twong
ung cua M s€ chay vong quanh diém O va cang ngay cang sat téi O nhung khong bao
gi0 trung véi diém O.

Néu cho 0 tién t6i 0, thi ban kinh cuc r ciia M sé tang 1én vo cung.

Tuy nhién néu iy hé toa do Descartes vudng goc O, &, , &, va goi (x,y) 1a toa do
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cua diem M di v6i hé toa do nay N

thi nhuta da biét: y= rsind =2 sinf .
o

Khi 6 — 0 thi rd rang
Savi M ki 60 63 ”
o AN

Nhu vay duong xoén d¢ Hypebolic

nhan duong thang y = a lam dudng tiém can.
Vi du 4: Pudng xoin gdc logarit dugc dinh nghia 13 tap hop tit ca nhitng diém
M ma toa dd cuc (r, 0) cuia n6 théa min phuong trinh:r =a®, véia > 1 .
Ta co:
Khi 6 =0 ta c6 diém M(1,0).
Khi 0 tang 1én +oo thi r cling

tang Ién vo cung kha nhanh. Khi d6
diém M sé& chay quanh diém O va
cang ngay cang xa diém O.
Khi 0 giam vé -oo thi r cang ngay cang tién toi 0. Cac diém M tuong Gng sé& chay
quanh diém O va cang ngay cang gan téi diém O.
Vi dy 5: V& so luge do thi duong cong (y): r = 2c0s0
Ta nhan thay duong cong trén co céac tinh chét sau
+Chu ky duong cong T=2n
+Tinh dbi ximg
Gia st M(1,0)e(y), ta cling c6 M1(r,-0) (y) vi 2cos(-6) = 2cosO =r
Nén y d6i ximg qua truc Ox.

+Ta chi can khao sat dudng cong trong khoang [0,7]

T Vs Vs Vs 27 3 5z
0 0 = il z x A

6 4 3 2 3 4 6
cosO 1 ﬁ ﬁ 1 0 1 Q ﬁ -1

2 2 2 2 2 2
r =2coso 2 1,7 14 1 0 -1 14 -1,7 -2

y
+D0 thi 1a hinh A y r=tgo
r=2c0s0 r=1
o m "
AR
Hinh A Hinh B
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4.Giao diém ciia hai dwong cong trong toa d§ cuc

Do toa do ctia mdt diém trén cuc ung voi nhiéu cap toa do khac nhau, nén cap
toa do nay c6 thé thda man phuong trinh dudng cong nhung cip toa do khac thi khong
thoa. Vi vy viéc tim giao diém cta hai dudng cong r = f(0) va r = g(0) trong mit phing
r=1f(9)

13 hoan toan khong day du.
r=g(0)

cuc chi bang giai hé phuong tinh {

Vi dy 1: Tim giao diém ctia duong tron r=1 va dudng cong r =tg0

r:
Tu hé : {

r:t96?:>tg¢9=1:>(9=7%+k7r

Suy ra hai duong cong chi giao nhau tai hai diém M, (1, %), M, (1, 5%) , trong khi theo
Hinh B thi hai duong cong cit nhau tai bon diém.

Pé tim day di cdc giao diém ciia hai dwong cong trong hé toa do cuec, ta phdi xét
cdc buoc sau.

+X4c dinh xem gdc O ¢6 phai 14 giao diém khong, bang cach thé toa do O truc
tiép vao tirng phuong trinh.

+Tim céc giao diém con lai bang cach giai hét tuyén hé phuong trinh:

{f (@+2n7x)=g(0+2mr)

mnk,leZ.
f(@+2kr)=—-g(@+2rx)

Néu cac ham f, g cho dudi dang biéu thirc co ban sin®, coso, tgo, cotgo thi ta chi can

f(0)=9(9)

giai hé gdm hai phuong trinh: { £(0)=—g(0+7)

Tré lai vi du I ta d3 tim chua du giao diém vi ta chua xét phwong trinh
r=l=—tg(@+r)=—tgf <tgf=-1 = 0:—% +kz
Suy ra c6 hai giao diémnitala M 3 (1,—%), M, 3%) . Hién nhién O khéng 13 giao diém

cua hai duong cong.

Vay duong tron r=1 giao véi duong cong r =tg0 lai bon diém: M, (1, %), M, 5%) :

Mo (@=773) M. (137/3).
Cha y: Phuong trinh duong tron trong hé toa d6 cuc (a>0) thuong gap

y y
r=2asin(f
O
X
. 9 X
r==2acosf, | r=2acosb, r=-2asir| 6
X
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§ 3. PHUONG TRINH TAI PINH VA PHUONG TRINH
TRONG HE TQA PQ CUC CUA EIP, HYPEBOL, PARABOL

1.Dinh nghia chung cua Elip, Hypebol, Parabol
Ta c6 thé dinh nghia elip, hypebol, parabol méot cach thong nhat:
Trong mit phing cho mot diém F va mot dudng thang A khéng di qua F va mot s6
duong e.
Khi d6 tap hop tit ca nhitng diém M sao cho ty s6 khoang cach tir d6 dén diém
F va t6i A bang e: v A
1a mot elip néu e < 1,
1a mot hypebol néu e > 1, I<—Nr
va 1a mot pa rabol néu e = 1. : -

A 0 F AR “x

Néu e =1 thi d6 1a dinh nghia ciia parabol.
O day ta chi xét truong hop e #1.That vay,
goi P 12 chan dudng vudng goc ha tir F xudng A,

va A, A’ 1 hai diém chia doan FP theo ty s6 e va -e nghia 13

FA FA
— =€ , —_— = —€
AP A'P

Chon h¢ toa d0 Descartes vudng goc Oxy sao cho Oy 1a trung truc
ctia doan thang AA”, truc Ox tring v6i duong thang AA’ (theo chiéu tir
A’ dén A).

Gia st F(c,0),A(a,0),P(p,0), di nhién A’(-a,0). Vi A va A’ chia doan FP
theo ty sb e va -e nén:
C + ep

a = ———— A _ :C—ep
Suyra: S* _ _C-ep
l1+e 1-¢e
2
Sau khi rat gon stadugc: ¢ = e%p vadodo:a=""® _EPT
1+e 1+e

=ep.

Gia sir M(x,y) 1a mot diém cia tap hop dang xét tirc 14 —:%ll —e

, trong d6 MN 1a khoang cich tir M t6i A.

Tacc'):lm|=\/(x—c)2 +y? = \/x2+c2—2xc+ y?
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IMN| = | p—-x]|

Vay: | x> +c¢? —2xc + y? =e|p-x|

Binh phuong hai vé cta phuong trinh ndy , voi chu ¥ rang ¢ = e?p ta di dén
phuong trinh twong duong :
(1-e*)x* + y2 = e’p(l-e?)
& (1-e2)x2 + y2 = a1 -¢€?)
Vi e #1 nén chia hai vé cho a®(1 - e?) ta duoc:
X2 2
St =1
a a‘(l—-e”?)
Néue<1thia?(1l - e2)>0néntadata’(1l - e?) =b?thi ta duoc phuong trinh cua
elip co tam sai e.
Néue>1thia?(1 - €2)<Onéntadita’(1l - e?) =-b?thita dugc phuong trinh cia
hypebol c6 tdm sai la e.
2.Phuong trinh tai dinh cua Elip, Hypebol, Parabol:

Theo trén ta da cé: Elip, hypebol va parabol 1 quy tich nhimng diém ma ty sé khoang
cach tir d6 dén tidu diém va téi duong chuan bang e khong ddi. Tuy nhién phuong trinh
chinh tic cta ching khong thé hién sy thong nhéat d6. Sau ddy chung ta s& chon hé toa
d6 mot cach thich hop dé phuong trinh ciia chung s& c6 dang giéng nhau.

Gia st elip c6 phuong trinh chinh tac 13 :

2 )

:—z + g—z = 1 (1) Y Y
Ta hay tinh tién hé toa do sao cho géc toa M
d6 O trang v&i A’(-a, 0) nghia 1a dung / 7“ X’
phép bién doi toa do : AN E, O Fi /A X
Xx=x —a KJ
{ y =y
Trong h¢ toa do modi phuong trinh (1) tré thanh:

12 Yy y/

1 2
-ay vy oy %
a b?
/
Sau khi rtt gon ta duoc : . \ X
y 0 F1
b? b?
y? = 2—x - —x7? \

a a
2 2 2 .2
Taditp = %,q = -z_Z:C aza = e? - 1,taduoc:
y? = 2px’ + qx’? (2)

Phuong trinh ( 2 ) goi 1a phuong trinh tai dinh cua elip.
Déi vé6i hypebol c6 phuong trinh chinh tic la:
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X2 y2 a
Lol = 1(3)

Ta hdy tinh tién gdc toa d6 O vé diém Az(a, 0)

o]

Ttc 1a dung phép bién dbi toa do:

{ X=X+ a
y=yY
Tinh toan giéng nhu trén ta dugc phuong trinh:
b? b?
22 - 2—X’ 4 —X’Z
Y a a’
2 2 2 .2
Tadatp = b—,q = b—2=¥ = e? - 1,taduoc:
a a a
y? = 2px’ + qx’? (2)

Nhu vy, phuong trinh (2) ciling la phuong trinh tai dinh ctia hypebol.
Tém lgi: Phuong trinh : y’? = 2px’ + gx’2 (2) xac dinh:

+ Mot elip néu q<2o0

+ Mot hypebol néu q >0

+ Mot parabol néu q = 0.

Chu y:Y nghia cua tham sd p trong phuong trinh (2 )

Néu ta v& qua tiéu diém F nao d6 ctia duong duoc biéu dién bai phuwong trinh (2)
mot duong thang song song voi truc tung va cat duong do tai hai diém Pva P’, thi ta s€
ching minh rang FP = FP’ = p. Nhu vay p bang khoang céach tu tiéu diém t6i duong cod
phuong trinh (2) theo phuong truc tung , dodé p dugc goi la tham so tiéu .

D6i véi parabol y’2 = 2px’ diéu d6 1a hién nhién, vi tiéu diém F c6 toa do (g ,0)

néncho x = g,ta dugcy’®> = p?> nény = £p.

Xét elip cho boi phuong trinh: y’2 = 2px’ + qx’? (2) véiq < 0. Khi d6 tiéu
diém F1 c6 toa do 1a (a-c,0). Do d6 thay x = a-c vao phuong trinh (2) thi tung d6 ctia Pva
P’ sé la:

2
y’?2 = 2p(a-c) + g(a-c)*, nhungq = -2—2 = -z— nén
a-c
y? = 2p(a-c) - 2 (a-c) =pla-c)(2 - T )
a+c a’ -c’ b®
= p(a-c¢)( ) = p. =p.— =p-
a a a
Vay:y = 2p.

Déi véi hypebol ta chirng minh hoan toan twong tu.
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3. Phwong trinh cia elip, hypebol va parabol trong hé toa do cuc

Chon h¢ toa do cuc sao cho cue la tiéu diém F (déi voi elip ta chon tiéu diém
bén trai, di voi hypebol ta chon tiéu diém bén phai, d6i voi elip ta chon tiéu diém bén
trai, dbi v6i parabol ta chon tiéu diém) va truc cuc vudng goc voi dudng chuin twong
mg va hudng vé phia khong c6 dudng chudn do.

A y

X 0 D/
™~

-
7

Goi D 1a giao diém cua truc cuc Fx va duong chuan A., P 1a diém nam trén dudng
cong ma hinh chiéu cia n6 trén Fx 1a F. Khi d6 PF = p. Vi ty s6 khoang cach tir P dén

F va t6i bang e nén i e nénDF = 2.
DF e

Goi M(r,0 ) 1a mot diém nim trén dudng cong ( néu 1a dudng hypebol thi ta 13y
diém M nam nhanh bén phai ). Ta hiy tinh khoang cach tir M dén A..

R& rang la:

d = DF + MF.cos0 = P +r.cos0 .
e

Nhung theo dinh nghia cua elip, hypebol va parabol: ;— = ehayr = de, thc la:

r=p+recos® hay r(l-ecos6) = p.
Do d6 ta c6 phuong trinh:

_ p
r= ———mM— 3
1 - e.cosd@ ( )

b6 chinh 1a phuong trinh cua elip, parabol va mot nhanh hypebol trong hé toa do cuc
ma ta da chon.

§ 4. PUA PHUONG TRINH TONG QUAT CUA
PUONG BAC HAI VE DANG CHINH TAC

1.Dinh nghia

Trong mit phang Oxy tap hop tat cd cac diém M ma toa do (x,y) ctia n6 thoa
man phuong trinh: a11x? + 2a12Xy + azy? + 2a13X + 2ay + azz =0 @
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trong d6 cac hé sd a11, a1z, a2 khong dong thoi bang 0 duoc goi 1a mot dudng bac hai.
Phuong trinh (1) duoc goi 14 phwong trinh tong quat ctia dudng bac hai.

Ta nhan thay rang: Elip, Hypebol, Parabol déu la nhitng dudng bac hai. Trong muc nay
ta s& tim tt ca dudng bac hai c6 phuong trinh téng quat (1).

2.Pwa phuong trinh tdng quat ciia dwdng bic hai vé dang phwong trinh khéong
6 so0 hang chir nhat xy

2.1.Dung phép quay, quay hé truc toa do vuong goc Oxy mot goc o ta nhan
dugc mot hé truc toa do mai1 Ox’y’; cong thiuc doi toa do cod dang:
X = X cosa — y'sina
{ y = X sino. + y'cosa @)
Khi thay gia tri ctua x,y tur (2) vao phuong trinh (1) ta duogc:
Aux?+ 22’ 12Xy’ + a2y 2 + 2a’13x’ + 2a’23y’ +a’33 =0 (3)
O day:a’11 = a1100S%aL + 2a128iN0L COSaL + az28inaL
a’22 = ansin?o - 2a128inoL COSaL + a22C08%a
a’12 = - a11€0S0iSiNaL + 120820 - a12 SinaL + azcosa sina  (4)
a’13 = a13coso + azssina
a’23 = - a13 SinaL + a23Cc0saL
a’33 = as3
Tacha y dén hé sb a’12> trong phuong trinh (3), tirc 13 quan tim dén biéu thuc (4).

Néu a2 khac 0 thi ta s& tim goc o thich hop dé a’12 = 0, diéu d6 twong duong
diéu kién

- a11€0sasina + a12c0s%a. - a1z Sina. + az2cosa sina. = 0 (5)
a,—a

Hay cotg2a = L2 (6)
2a,,

Tu (6) taco cotg2a xac dinh v&1 moi gia tri aig, ai2, a22 nghia 1a luén ton tai gbc
o déa’1p=0.Voéigoc a viratim dugc ta tim cac hé sd a%.
Tt (5) theo c6 thé viét:
- (a11€c0saL + a12 sina) sina. +( a12cosa. + az2 sina) cosa = 0
a,,0080.+a,,8iN0.  a,,c0Sa+a,,Sina
cosol - sina -

S (7)

Tu (7) suy ra (8)

(a,;,-S)cosa+a,,sina=0
a,,c0s0. + (a,, -S)sina =0

Dé ton tai goc o thi hé phuong trinh (8) theo 4n cosa, Sino ¢6 nghia tirc

a;; — S a, =0
ay, Ay — S
< S% -(an+ax)S+amar-a%2=0 )
A= (a1 +axn)?-4(a1ax - a%12) = (aw - ax)® +4a%2>0
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Vian#0nén A > 0, do d6 phuong trinh (9) luén c6 hai nghiém phan biét Sy
va Sy.
Theo hé phuong trinh (8) ta co:

tg o = Sy —ay _ ap
app S; —ay

tg o2 = S, —ay _ a, (]_0)
CP Sz —ay,

Tt cong thirc (8) va cong thuc (9) theo Viet ta co6:

{Sl +S,=a,+a,, (11)
SlsZ =a;8,, — a’ 12

Tu (11) ta thiy ngay tg ou tg o2 = (S, —a,,)S, —ay) _ 1
a'12a12

Viy hai huéng chinh vudng goc v6i nhau diéu nay phi hop véi viée nghién ctru phuong
trinh bac 2, va huéng chinh ctia n6 1a cac truc toa do.

2.2 Nhu vay néu chon tgau 1am truc Ox thi phuong cia truc Oy 1a tgoe, ta ¢6 thé
chon nguoc lai. Van dé dit ra 13 huéng cta cac truc nhu di biét khi quay truc Ox, Oy vé
cling mot phia quanh gbc O mot goc o thi twong wng véi cac vécto chi huéng don vi
€,,€, cua truc Ox, Oy ta s€ nhan dugc €',,€', twvong ung vdi truc Ox’, Oy’ va do dai
|é1|:|§2 |:|é'1|:|é'2| =1.

2.3.Khong mat tinh tong quat ta chon tgou twong tng véi mot nghiém S1 nao d6
la phuong cua truc Ox’ va chi huéng don vi €';, ta suy ra

1 . g,
COS Ol =—————— ,SiNO = ——— (12)
V1+19°, J1+19°a,
Hodc: cos a1 = ,Sino = “9a (13)

-1

V1+t9°a, J1+19°,
Thay (12) vao (4) ta nhan dugc a’13, a’23 hay (13) vao (4) ta nhan dugc a’13, a’23 thi
ching chi trai dau nhau nhung phuong trinh chinh tac khong c6 gi thay doi.

2.4. Ta ching minh

*S1=a’11: That vay:

(3) = a’11 = (awcosa + a2 sina) cosor +( a12C0So + aze sina) Sina.

(7)) = a’11 =S1cos?a + S; sina =S
*Sr=2a» (B) = a’'i1 +ta’» =au tax

(10) > a’11 +a’» =ann +an=S1+$S

Ma Si= a’11 nénSx= a’»
Dé tim a’13 va a’23 ta thay (12) vao (4) tic :

a’13 = a13coso + axsina

a’23 = - a13 Sina. + a23c0sa

2.5. Phuong trinh cia S trong hé truc tpa do Ox’y’
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Six?2+Syy?+2a’13x + 2a’23y + ass =0 (14)
3. Puwa phwong trinh béc hai vé dang chinh tic:
Tir phuong trinh (1) cho qua phép bién ddi 13 phép quay ta dua vé dang phuong
trinh (14) trong hé toa dd Ox’y.” Xét cac truong hop sau:
3.1.S5:1#0, S2#0

Tu (14) co:
2 2
a' iz, 3 a’ a’ a’
S (X* +2-BX 4 ) ——— +S,(y? +2- By +—2) -2 +ak=0 (15)
S, sz’ s, ? s, s; " S,
a' 2 a' 2 7. alf3 a'§3
= Sl[x'+sll3J +SZ[X'+S?J ray, =0 véia's=ass - s, S, (16)
X = x'+% , :
Y=yl S
S

Ta tinh tién hé truc ox’y’ vé O’XY ta nhan dugc phuong trinh cé dang:

2 2
A S| (17)
—d3; —ag
Sl SZ
X 2 2
Trong truong hop a’s3= 0 thi phuong trinh c6 dang T tT" 0 (18)
S, S

3.2. Bé nhan dang phuong trinh (17), (18) ta can xét dau S1, S, a’s3
1°. Trwong hop 1 : Néu S1.S2 = aniay - a%2 >0

2 2
£ Véi a'sa= 0 thi (17) ¢6 dang: z—zﬂg—z =1 (elip)
2 2
Hay: );—2+E—2 =1 (elip d0)
X% y? 2
+ Vo1 a’33=0 thi (17) co6 dang: —2+b—2 =0 (elip dieém)
a
2°. Trwomg hop 2 :Néu S1.S; = aniay - a%12 < 0
X2 y?
+Voi a’zz3# 0 thi(17) cé dang: Py =+1 (hyperbol)
a
X2 y? ; .
+ V61 a’s3= 0 thi(17) cé dang: PYY =0 ( hai duong thang cat

nhau)
3°. Truwong hop 3 :Néu S1.S2 = anay - a%2 =0
*S1=0va a’13# 0 thi(14) c6 dang: Soy’? + 2a’13x + 2a’23y” + asz = 0(19)
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al 12 a33 2
Sz[y'2+ 2-By'+ —fj +2a’3 | X'+ ——=
SZ 2 2a 13
auZ
Ay3 _87223
, X = X' 2 )
Néu: X+ 2a',, voi O _
Y=y+-2
SZ
Y? = 2pX

Khi dé tur (20) va (21) suy ra:

=0 (20)
%,
a —
33 S22 ' a'23
- 21)
28’ S
p=-22 (22

Vay trong hé toa 6 méi O’ XY phuong trinh (1) ¢6 dang Y2 = 2PX (parabol)

*S1=0va a’13= 0 tu (19)taco:

Soy’? +2a’23y’ +a =0

2
23 —

. | X =
Sau khi dung phép tinh tién ~ tathuduge: SoY2+ asz- -2
Y =y+a, S,
alZ
A33 — 3723
Hay Y2+2a’3=0 voi a3 = s 2 (23)
2
e Néu a’*’33 > 0 theo (23) ta c6 la cip dudng thang o song song:
Y=+i,a,"
e Néu a’”’33 < 0 theo (23) ta c6 1a cdp dudng thang song song:
Y=+ fa,"
e Néu a’*’33 = 0 theo (23) ta c6 la cdp dudng thang tring nhau Y2=0
4. Tir cac két qua trén ta c6 bang sau
STT Tén duong Xet Dang phuong trinh Do thi
$1.57= a11a22 - chinh tac
@12
1 Elip X? Y2
P
2 Elip 40 X? Y2
St = -1
S1.52 >0 a b
3 Diém thuc X2 y?
FEA
4 Hyperbol
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2 2
et >
5 | Haiduong thing | s1.52 <O X2 Y? 1
cat nhau a? b? - %%}

6 Parabol Y2 =2pX %
7 Hai duong thang Y2-a2=0

song song $1.52=0 ‘
8 Hai duong thang Y2+a2=0

a0 song song

9 Hai duong thang Y2 =0

trung nhau

5.Vi du
Hay dua dudng bac hai cho boi phuong trinh sau vé dang chinh tic
42 -4xy + y?-2x -14y +7 =0
Giai
Taco: an=4,a2=1,a2=2,a13=-1,a3=-7, a3 =7
+ Lap phuong trinh dic trung: S? - (a1 + az) S+annax-a%12=0

S. =0
< S§2-55 =0 @{l
S, =5

+ Xac dinh goc quay o

S, —q 1 1 . . 2
tgoo = LT _2 — oS = ————=-"_ Vi sina. =tgo.cosaL = ——
g V5 J J5

& J1+19°a,
Nén: a’11=S1=0
a’22=S2=25,
a’13 = a13coso + assino = -3+/5
a’23 = - a13 SinaL + 23€0saL = -+/5
a’s3=az =7
Phuong trinh duong bac hai trong hé toa do Ox’y’ 1a:
5y2-645x> -26y +7=0

1 1

& 5y - —=)?=65(x - =
(y \/g) ( \/g)
X'=X +%
Thuc hién phép tinh tién: 15
yI:Y +E

Khi d6 phuong trinh duong bac hai trong h¢ toa do0 O’XY la:
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5Y2 = 6./5 X Hay: Y2 = %x

Viy ddy 1a phuong trinh chinh tic ctia parabol.
6. Vé db thi duwong bic hai cho dang tong quat :
a11x? + 2a12Xy + azzy? + 2a13X + 2axy + azs = 0 (1)
Phwong phap:
-Dua phirong trinh dd cho vé dang chinh tdc.
+ Dung phép quay véi goc a thich hop dé khir hang tir chéo. Viét phuong trinh
moi khong ¢6 hang tir chéo trong hé truc Ox’y’.
+ D& xuét nhi thirc binh phuong dung phép tinh tién dé dwa phuong trinh bac
hai v€ dang chinh tac trong hé truc O’XY.
- Vé d6 thi dwong bdc hai (1)
+ V¢ hé truc Oxy.
+ Thuce hién phép quay, quay hé truc Oxy mdt goc o theo chiéu duong ta duoc
hé truc Ox’y’.

+ Thyc hién phép tinh tién gbc O vé gbc O’ [— %,—Ej ta co hé truc O’XY.

1 2

+ V& db thi dang chinh tac thu duoc trén hé truc O°XY.

Vi du: Hiy v& duong biéu dién dudng bac hai cho boi phuong trinh sau:
AX? - 4xy + y?-2x - 14y +7 =0
Giai
Dua vao vi du 5 ta v& do thi
Buoc 1: VE hé truc toa do Oxy
Buoc 2: Thyc hién phép quay vdi goc quay a véi tga =2 ta dugce hé truc Ox’y’.
, A o N P 1 1
Buoc 3: Thyce hién phép tinh tién goc O vé goc O (Eﬁj X

Bude 4: VE dd thi Parabol Y2 = % X Y

trén hé truc O’XY '

/e~

36



§5. PUONG KiNH CUA PUONG BAC HAI

1.Trong hé toa dd Descartes vuong goc Oxy cho dudng bac hai (C) khac rong cé phuong
trinh:

a1 X2 + 281Xy + axy? + 2a13X + 2823y + azs =0 (1)
Xét vecto i = (o, B) sao cho L< ii> khong phai la phuong tiém can va A 1a duong
thang thay doi c6 phuong 1a L<ii> , tirc 1a c6 vecto chi phuong 14 i . Khi d6 ching ta
da biét rang hodac A khong cat (C) hodc A cat (C) tai hai diém (phan biét hodc trung
nhau). Néu A cat (C) tai hai diém M va N thi doan MN duoc goi la day cung cua (C) co
phuong la L<z> . Ta hdy tim quy tich cac trung diém I cua day cung MN.
X=X, +ot
Y=Y, +Bt
Giao diém M, N ctia A va (C) ing v6i hai nghiém ctia phuong trinh bac hai:
Pt? + Qt+ R =0 (2), trong d6 P =ai1a? + 2a12 a p +az p2 # 0vi L <i>khong phai
12 phuong tiém can. Phuong trinh d6 ¢ hai nghiém trai dau vi I 1a trung diém ctia MN.
Nhu vay Q = 0, hay:

(a11 o +a12 B)xo + (a2 +ax B)yo+aiz a +axs p =0. (2)

Goi toa do I(xo, Yo) thi phuong trinh cua A 1a: {

N6i cach khac toa do diém I thoa man phuong trinh:

ain o +ape B)X+ (o +ax p)y+ta a t+asp =0. (3)

Ta cht y rang hai hé s6 a11 o + a2 p Vaaza + az B cta phuong trinh d6 khong dong
thoi bang khong. Nhu vay phuong trinh (2) 1a phuong trinh cia mét duong thang.

Tom lai quy tich trung diém cia cac ddy cung MN ¢6 phuong L <@ > nam trén
duong thang (3). Puong thang nay dugc goi 1a duong kinh cua (C) lién hgp vdi phuong
L<u>.

2. Néu duong cong béc hai (C) c¢6 tAm (mot hay nhiéu tdm) thi ta biét ring toa do tim
aX+a,y+a;,=0

phai théa man hé phuong trinh:
a,X+a,y+a,, =0

Néu ta nhan phuong trinh thir nhat v6i o va phuong trinh thir hai véi B rdi cong lai thi
ta duoc phuong trinh (3). Diéu d6 chimg to rang tim ciia dudng bac hai nam trén moi
duong kinh cua duong bac hai do.

3. Chiing ta hiy chu y dén vecto chi phuong i’ ciia dudng kinh (3). Néu goi

/:_a a
(a/, ') 1a toa do cua ﬁ’thi:{a (@y,0+2,,/5)

B =aja+a,p
Nhan cé hai vé ctia phuong trinh thir nhat cho -/ phuong trinh thir hai cho o/ rdi cong
lai ta duoc: anoa o’ +ap(ap’+ a’p)+axpp’=0 (4)

Néu hai vecto i'=(a’, B) va i=(o,B) co toa d6 thoa man diéu kién (4) thi hai

phuong L <ii >va L <’ > dugc goi la lién hgp nhau.
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Nhu vay néu duong kinh lién hop v6i mot phuong L <ii > (khong phai 1a phuong
tiém can ) thi phuong cta duong kinh d6 lién hi€p véi L <u>.

Chu ¥ rang néu L <ii (o, B )> 1a phuwong tiém can thi

anoa?+2an af +ax p?=0 hayaio o +ap (ap+ap)+axpp=0.
Diéu d6 c6 nghia la phuong tiém cin ciia (C) lién hiép v6i chinh né va nguoc lai phuong
lién hop vai chinh n6 1a phuong tiém can.
a,a+a,pf=0
a,a+a,p=0
Khi d6 dang thtic (4) xay ra khi moi phuong ii = (o/,p’). Béi vay phuong

()

Xét vecto ii = (o,p) thoa diéu kién : {

L<ii(a,B)> sé lién hop v&i moi phuong bat ki. Phuong nhu vay duoc goi 1a phuong
dac bi¢t

Hién nhién phuong dic biét 1a phuong tiém can (diéu nguoc lai 1 khong ding
nhu s€ thay & sau)

Néu dudng bac hai c¢6 tim duy nhét thi aniaz - ai2? # 0 thi hé phuong trinh (5)
doi véi a, B chiconghiém a = B =0. Vay doi véi dudong bac hai ¢ tdim duy nhat, moi
phuong déu khong phai 1a phuong dic biét.

Déi v6i dudng bac hai khong tim hay vo s6 tAm aiiaz - a2 = 0 thi hé phuong
trinh (5) c¢6 nghiém (A a, A B) khac nhau mét thira sé nhan A trong d6 (a,p) = (0,0).
Viy d6i v6i dudong bac hai ndy, ludn luén c6 mot dudng dic biét duy nhat.

4 Nguoc lai néu dudng bac hai (C) c6 tAm duy nhat thi moi duong thang di qua tim va
c6 phuong khong ti€ém can déu la duong kinh.

That vay gia st d 1a duong thang di qua tdm co vecto chi phuong 1a

i'= (a’,p’) ma L <ii’> khong phai la tiém can . Ta goi L <ii (o, )> 1a phuong tiém
can cua L <i’> phuong L <ii (a,p)> duoc xac dinh bai diéu kién (4):
{alla +a,f=-,
a,a+a,,pf=a

Ta cha y rang vi (C) c¢6 tim duy nhat nén aniaz - a? # 0. Vay phuong trinh trén
d6i v6i o, p co nghiém duy nhét. Vi L <ii’> khong phai 1a phuong tiém cén nén L <i
> cling khong phai 1a phuong tiém can. Khi d6 duong kinh lién hop véi phuong L <i >
phai c6 phuong L <ii’> va di qua tdm cua (C). Vay dudng kinh d6 chinh 1a d.

Tir két qua do ta suy ra:

Moi duong thing di qua tAm cua elip déu 1a dudng kinh.

Moi duong thing di qua tim cta hyperbol va khac v6i dudng tiém can déu 1a
duong kinh.

Néu duong bac hai 13 cip hai duong thing cit nhau thi moi duong thing di qua
giao di€ém cua hai duong thang d6 nhung khong trung véi chiing déu 1a duong kinh.

Xét truong hop duong bac hai khong c¢6 tam dé chinh 1a dudong parabol ma ta xét
n6 trong trudng hop chinh tic y2 = 2px.
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Néu ta ldy vecto i (a,B) Vi B #0 thi phuong L <ii> khong phai 1a phuong
tiém can. Khi d6 duong kinh lién hgp véi phuong L <i> s& c6 phuong trinh: ppy - pa
=0hayy= a/B

Nhu vay moi duong kinh déu c6 phuong dic biét, hay noi cach khac moi dudng
kinh cua parabol déu song song voi truc ctiia parabol d6. Nguoc lai moi duong thang
song song truc parabol déu la duong kinh.

That vay néu duong thang c6 phuong trinh y = d thi ta chon phwong L<ii > vdi
u =(d,1) thi rd rang duong kinh lién hgp v61 L <> chinh 1a duong thang y = d.

Déi v6i truong hop dudng cong bac hai cd vo sb tam tire 13 truong hop cua cip
duong thang song song hodc trung nhau ta dé dang thay rang:

- Puong kinh cua cap duong thang song song la duong song song cach déu cia
cap duong thang do.

- Pudng kinh cta cip duong thang tring nhau 1a chinh duong thang tring nhau.

5. Pi v6i duong bac hai (C) , phwong L <ii> duoc goi 1a phwong chinh néu phuong
vudng goc véi no la phuong lién hop.

Hién nhién theo dinh nghia d6 thi phuwong vudng goc voi phuong chinh ciing 1a
phuong chinh. Ngoai ra phuong dac biét 1a phuong chinh (vi phuong dac biét lién hi¢p
v61 moi phuong do do nd lién hop véi phuong vudng goc voi chinh no).

Gia sir dudong bac hai dugc cho boi phuong trinh tong quét (1) va G(a B). Ta
tim diéu kién cta o, p dé phuwong L <ii> 1a phuong chinh. Phuong vudng goc cua L <
ii> 1a phuong L <ii’> trtong d6 i’ = (-B, ). Phuong L <ii> 1a phuong chinh néu n6
lién hop voi L <ii’>. Tir diéu kién (4) ta suy ra :

-an o +a(a’-p3)+ax ap =0, hay
a2 o?+ (az-a) ap -az p2=0 (6)

Tom lai phuong L <ii (o, B )> 1 phuong chinh néu a, B thoa diéu kién (6).

Néu a12 = 0 va az2 = arathi moi cip s6 (o, B ) déu thoa (6) nén moi phuong cia nd
déu 1a phuong chinh. Nhung khi d6 (C) 1a duong tron , viy ddi véi dudng tron moi
phuong cta n6 déu la phuong chinh.

Néu a1 = 0 VA a2 # austhi phuong trinh (6) tré nén (a2 - a11) a.p = 0 va ta co
hai phwong chinh 1a L <(0,)> va L <(a,0)>hai phuong nay déu vuéng goc nhau.

Néu a2 # 0 thi phuong trinh (6) 12 phuong trinh bac hai d6i véiti sé a : p (chd
yrang B #0 vinéu B =0 thi tir (6) suy ra a = 0) . Biét thirc cta (6) 1a
A = (a2 - a11)? - a2 2> 0 nén phuong trinh (6) c6 hai nghiém phan biét. Do d6, néu
duong bic hai khong 14 dudng tron thi d6i véi né ¢ hai phuong chinh (hai phuong nay
lién hgp voi nhau va vuong goc voi nhau).

Dbi voi duong bac hai khong 6 tam hodc vo sé tim thi phuong dic biét (dong
thoi 1a phuong tiém cén duy nhat) la phuong chinh. Phuong chinh thir hai cua la phuong
vudng goc voi phuong dac biét.
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6. Mot duong kinh ctia dudng bac hai (C) dugc goi 1a dudng kinh chinh néu né lién hop
v6i phuong chinh.

R rang 1a theo dinh nghia d6 thi mdi dudng kinh chinh cua dudng bac hai 1a truc
d6i xtg véi (C). That vay, néu d 1 duong kinh chinh cua (C) lién hop véi phuong L <
ii>. Khi d6 L <ii> khong phai 1a phuong tiém can va mdi day cung c6 phuong L <ii>
déu bi d chia déi. Nhung cac day do6 lai vudng goc véi d nén hai ddu mat cua hai day
cung phai d6i xtmg v6i nhau qua d.

Néu (C) 1a duong tron thi vi moi phuong déu la phuwong chinh (va khong 1a
phuong tiém cin) va moi duong kinh déu di qua tim dudng tron nén ta suy ra: Moi
duong thang di qua tdm cua duong tron déu 1a dudng kinh chinh.

Néu (C) 1a duong bac hai c6 tim duy nhat thi hién nhién phuong chinh khong
phai la phuong tiém cén cho nén ta suy ra ching c6 hai duong kinh chinh ( vudng goc
v6i nhau) , tirc 1a cac duong bac hai c¢6 tAm duy nhat néu khong phai 1a duong tron thi
ludn ludn c6 hai (va chi co hai) truc ddi ximg

Néu (C) 1a dudng bac hai khong c6 tim hodc c6 vo s6 tam thi phuong chinh 1a
phuong dac bi¢t. Vi phuong nay 1a phuong tiém cén nén khong c6 duong kinh nao lién
hié€p v61 nd. Phuong chinh thtr hai 1a phuong vuéng géc vé1 phuong dac bigt. Khi do
duong kinh lién hiép véi phuong nay chinh 1a truc d6i xtng ctiia dudng bac hai noi trén.
Vay néu duong bac hai khong c6 tim hodc vo sd tam thi chi c6 mot truc dbi xung duy
nhat ma phuong cta n6 1a phuong tiém can.

BAI TAP CHUONG II

1. Trong mdi trudng hop sau ddy, hiy xac dinh dudng cong cho béi phuong trinh
a (+y -4 -1)=0

b. x3+ x*-2x =0

. X =a cost
' y =asint
x=5t%-1
d.
y=10t* +4

2.Hai thanh kim loai tuong tng chuyén dong quay xung quanh hai diém c6 dinh A, B
v6i AB = 2a. Trong khi quay hai thanh ludn cit va vudng goc véi nhau. Hiy tim quy
tich giao diém M ciia hai thanh kim loai.

3.Cho A(a,0), B(-a,0) va hai duong thang di, d2 lan luot di qua A va B cit truc Oy tai
hai diém c6 toa do twong Gng 1a bi, b2 sao cho bi.b; = a2 . Tim phuong trinh quy dao
chuyén dong ctia diém M 14 giao ctia ds, d2 khi chiing quay xung quanh A va B.
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4.Cho duong tron dudng kinh OA = 2a. Qua A vé tiép tuyén AT, qua O v& diy cung bat
ky cat dudng tron tai B va cat tiép tuyén AT tai C. Trén tia OB lay diém M sao cho doan
OM = BC. Khi quay OB xung quanh O, diém M vach nén dudng cong goi 1a duong Cycloit.
Hay viét phuong trinh ctia duong Cycloit va vé so luge do thi cia né.
5.Doan thing AB = 2a chuyén dong sao cho cac diém A va B ludn chay trén hai dudng
thang ¢ dinh vudng goc véi nhau tai O, goi M 1a chiéu cta O trén AB. Viét phuong
trinh quy tich cia M.
6.Mot doan théng AB = a ,truot trén hai truc toa do Ox, Oy qua A va B v¢€ hai duong
thang AC va BC tuong tmg song song véi hai truc Ox, Oy va cit nhau tai C, tir C ha
duong vudng goc xuéng AB tai M. Viét phuong trinh quy tich diém M.
7.Pudng tron ban kinh r = a chuyén dong lan déu khong truot trén dudng thang ¢ dinh.
Tim quy dao chuyén dong cta diém M nam trén dudng tron do.

2
8.Trong hé truc toa 46 Oxy cho mot tia Ox’ cat dudng tron x2 + (y — %)2 = a? tai D, va
cit duong thang y = a tai E. Qua D va E v& hai duong thang twong tng song song Ox
va Oy ching cit nhau tai M. Viét phuong trinh chuyén dong ctia M khi tia Ox’ quay quanh
goc O.

9.V& so luge d6 thi cua phuong trinh cuc sau:
a.r=sin36 b.r = cos% C.r=c0s20 d.r=1+ 2cos6 c.r =tgo

10.Tim giao diém ctia hai dudng cong sau:
a. r’=4cos@ va r=1-cosé b.r=sin20 var=-2co0s0
11. Pua cac dudng bac hai cho dang tong quat sau vé dang chinh tic va vé& db thi.
1. 7x2-8xy +y?—16x -2y -51=0
2. 5x?—6Xxy + 5y? —16x —16y —16 =0
3. 5x%+ 8xy + 5y?-18x -18y =0
4, X2+6xy+y’+6x+2y—-1=0
5. 9X?—6Xxy+Yy>—4x+8y-9=0
6. 4x%—4xy+y?+4x—-2y—-3=0
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Chuong III MAT BAC HAI TRONG KHONG GIAN

§1. PHUONG TRINH CUA MAT

1.Dinh nghia

Trong khong gian Oxyz cho mdt mét S, phuong trinh: F(x,y,z) =0 (1) duoc goi
1a phuong trinh ciia mat S néu diém M thudc S khi va chi khi toa do (x,y,z) clia né thoa
phuong trinh d6 . Ta noi rang mit S dugc xac dinh boi phwong trinh F(x,y,z) = 0.

Nhu vay mudn thiét 1ap phuong trinh ctia mot mit ta phai chuyén tir dinh nghia
hinh hoc ctia n6 sang nhiing biéu thirc lién quan dén toa d6 cua mot diém bat ky thudc mat.

2.Phwong trinh tham s

x = ¢(u,v)
Trong khong gian Oxyz cho mdt mat S, mot h¢ phuong trinh ¢ y= w(u,v)
z = z(u,v)

(2) dugc goi 1 phuong trinh ciia mat S néu diém M thudc S khi va chi khi ton tai hai
gia tri u, v sao cho tga d0 cua diém M dugc cho bdi biéu thure (2). Phuong trinh (2) dugc
goi1 la phuong trinh tham s6 cua mat S.
3.Vidu
Mit cau S tam I(a, b,c) ban kinh R c6 phuong trinh téng quat 1a:
(x - ay) + (y -b)+(z-cy =R (3
Ta s& ching minh phuong trinh tham sé cta mat cau la:
X = a + R.cos¢.sin@
y=b + R.sing.sind 4
Z =cC + R.cosd
That vay: Gia st M(X,y,z) c6 toa do thoa man hé phuong trinh (4). Khi d6 :
(x-a)? +(y - b)? +(z-c)?=R%0s%p.sin*0 + R2sin%p.sin’0 + R2.c0s?0 = RZ2.sin?0Q
+ R2.0520 = R2nén diém M thudc mit cau S.
Nguoc lai, gia st M(X,y,z) thudc méat ciu S ttcla:
(x - a) + (y - b+ (z-¢cy

x —a) —bY z -cY
w0 R )
R R R
Ta c6 thé chon mot goc 6 sao cho :
Z —C x —a) —pY
= cos® va ( j + (y—j =sin%0 .
R R R
Nhu vay : z = ¢ + R.cosO 4)
x —a) —pY
v (_j+(y.j:1. (5)
Rsin@ Rsing

Ttr (5) ta lai suy ra co thé tim dugc goc ¢ sao cho:

R (3)

I
=
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X —a _ y —b

= COS ; — = Sing .
Rsing v Rsiné@ 4
X = a + R.cos¢.sin@
Vay: < y=b + Rsing.sing (4) 1a phuong trinh tham s ctia mit cdu S .

Z =C + R.cos@

4.Mit dai s6
Mot mit S duge goi 1a mit dai s6 néu phuong trinh ciia S ¢6 dang :
F(x,y,2) = Axfytz™ + Axfeyz™ + . + Axy"z™ trong d6 Ai khac 0, ki
, Ii ,mi 1a nhirng sé nguyén khong am.
S6 16n nhét trong cac s6ki + li + mi duoc goi la bac ctia mat daisd S. Néu sb
16m nhat d6 1a n thi ta néi rang mat S 1a méat so6 bacn .
5.Phwong trinh cua duwdong trong khong gian
5.1.Dinh nghia
Gia str trong h¢ toa d¢ Oxyz cho hai mat S1 va Sz ¢6 phuong trinh 1a: F1(X,y,z)=0
va F2(x,y,z) = 0. Khi d6 giao tuyén ciia S1 va S, 1a mot dudng cong (y) ma toa do cta
di€ém nam trén dudng cong phai thoa man dong thoi hai phuong trinh trén. Nhu vay hé
F.(x,y,z) =0

F,(xy.2) = 0 la phuong trinh cta duong cong (y).

phuong trinh :{

N6i chung mdi dudng trong khong gian déu xac dinh bai mot hé hai phuong trinh
, moi phuong trinh biéu thi cho mot mt .
5.2.Vi du

Ta hay xét duong y dugc cho bdi hé phuong trinh:

x> +y* +2°” -R* =0
X+2=0

Phuong trinh dau biéu thi cho ta mat cau tdm O, ban kinh R; con phuong trinh sau mot
mat phéng di qua O. Nhu vady y 1a mot duong tron tdim O, ban kinh R va nam trong mat
phéng x +z =0.

Hay rut z tir phuong trinh thir hai va thay vao phuong trinh thir nhét ta di dén mot
hé phuong trinh twrong duong :

2x> + y* —R* =0
X+2=0
Phuong trinh dau ctia hé méi vi khong chira z nén biéu thi cho ta mot mit tru tron xo0ay
ma duong chuan ctia né nam trong mat phéng Oxy va c6 phuong trinh
2x2 + y> - R2 = 0.
Nhu vay dudng tron » c6 thé xem 1a giao ctia mat tru d6 voi mat phang
X +z = 0.

Chu ¥ rang phuong trinh : 2x2 + y? - R? = 0 trong mit phing Oxy 1a mot

elip, n6 chinh 1a hinh chiéu vuong goc cua duong tron y trén mat phrflng Oxy.
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6.Mat tru
6.1.Dinh nghia

Trong hé toa dd Oxyz cho dudng cong (y): {Fl(x’ y:2) =0 va vecto

F,(x,y,z)=0

a=(a,a,,a,). Khi d6 tap hop tat ca cic duong thang (A) di qua diém M thudc (y) 6
phuong ¢ dinh 14 vecto & 1ap thanh mat goi 1a mat try.

Trong d6: (y) goi 1a duong chuén, (A) goi 1a duong sinh cua mit tru.
6.2.Phuwong trinh

F (x , ,20) = 0

Gia stt M(x0,Yo,Yo) € (y) khi do ta co: { 1 (X1 Yo1720) 1)
Fz(xmyo’Zo) =0

Va phuong trinh duong sinh (A) : X=X _ Y=Y _27% )

a, a, a,
Tur (1) va (2) suy ra phuong trinh ctia mat tru (S) c6 dang: F(x,y,z) =0
Trwong hop dac biét
Trong h¢ toa do Oxyz x¢ét mat S cho bdi phuong trinh F(x,y) = 0. Chu ¥ rang vé
trai cia phuong trinh ving mat

ansoz.

Néu 1ay diém Mo(Xo,Yo) thudc mit S tirc la:

p—————

F (XoYo) = O thi duong thang d di qua Mova

song song Oz phai nam hoan toan trén mit S. d y
That vay, mot diém M bat ky cta d co toa do
(Xo0,Y0,2) va bdi vay nd théa man phuong trinh F(x,y)=0..

Néu trong mit phang Oxy lay dudng » ¢
phuong trinh F(x,y) = 0 thi mit S xem nhu dugc tao thanh boi nhitng dudng thang d
song song vo1 Oz va di qua mot diém cua y . Mdt S nhu trén dugc goi la mat try, duong
 goi 1a goi 1a duong chuan ctia mat try, con cac duong thiang d ndm trén S duogc goi 1a
dudng sinh ciia mat try.

Tuong tu nhu vdy cac phuong trinh F(x,z) = 0 hoic F(y,z) = 0 biéu thi nhiing mat
tru ¢6 duong sinh lan lugt song song vdi Oy va Ox.

7.Mit nén
7.1.Dinh nghia
. . . F(xy2)=0 . ., .
Trong hé toa dd Oxyz cho dudong cong (y): va diém S(a,b,c). Khi
F,(x,y,z)=0

d6 tap hop tit ca cac duong thang (A) di qua diém S va mot diém M thudc (y) lap thanh
mat goi la mat non.
Trong d6: (y) goi 1a duong chuan.
(A) goi la duong sinh, S 1a dinh mat non. S
7.2.Phwong trinh
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Tuong tu phuong trinh mat tru
8.Mit tron xoay
8.1.Dinh nghia

Trong mit phing o cho mot dudng () va mot duong thang d. Khi quay mit phang

a quanh d trong khong gian thi duong (» ) vach nén mot mat goi la mat trgn xoay.
AN

Trong do: d dugc goi 1a truc ciia mat tron xoay,

duong cong () dugc goi la duong sinh cua mat tron xoay

Tt dinh nghia, ta nhan théy néu cit mat tron
xoay bang mot mit phiang vudng goc truc quay -
thi thiét dién 1a duong tron ma tdm ctia né nam
trén truc cua mat tron xoay do.
8.2.Phuwong trinh ctia mat tron xoay

Chon hé toa d§ Descartes vuéng goc Oxyz
sao cho Oz tring véi dudng thang d, con mit phang

Oxz tring v6i mat phang o.

Gia st trong méat phéng o, d6i véi hé toa do
Oxz duong cong () c6 phuong trinh F(x,z)=0 .

Ta s€ chiing minh phuong trinh cia mét tron

xoay S dd chola :F(+4 x> + y*,2) = 0.

That vy, lay mot diém M(x,y,z) thudc mat tron xoay S, va xét mat phang B di
qua M va vudng goc véi d. Khi ¢6 mit phang B cat mit tron xoay S theo mot dudong
tron, duong tron nay cit duong y tai Mo .Gia su ddi v6i hé toa 30 Oxz ctia mat phéng

o, Mo co toa dd (Xo,20). Hién nhién lazo =z va x,° = | x® + y?
(bang ban kinh cta duong tron). Vi M, thudée y nén F(+. x> + y?,2z) = 0.

8.3.Vidu
Cho hé toa d6 Descartes vuong gocOxyz. Xét duong tron C trong mit phang
Oxz c¢6 phuong trinh : (x - a)®> + z2 - R? = 0. z

(Puong tron C co6 tam (a, 0) va c6 ban kinh R).
Khi cho duong tron C quay xung quanh

truc Oz ta c6 mot mét tron xoay, goi la

mat xuyén.
Déi véi hé to 46 Oxyz phuong trinh Ry

cud mat xuyen la:

(£ x* +y> -a)) + 22 - R2 = 0.

Néu a = 0 thi phuong trinh trén trd thanh:
x> + y2 + 722 - R? = Ova
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ta dwgc mat cAu tim 0(0,0,0) c6 ban kinh R. Vay mat cAu 12 mat tron xoay sinh bo1 mot
duong tron khi quay quanh duong kinh cua no.

§2. MAT TRON XOAY BAC HAI

1.Dinh nghia
Mait tron xoay bac hai la mat tron xoay nhan dugc do quay duong bac hai quanh
truc do1 xtg cua no.
2.Elipxoit tron xoay
2.1.Dinh nghia
Mit tron xoay sinh boi mot duong elip khi quay xung quanh mét truc ddi xing
cud no s€ goi la madt elipxoit tron xoay.
2.2.Phwong trinh
Gia sir trong hé toa d6 Descartes vudng goc Oxyz, cho dudng elip nim trong mit
phang Oxz va c6 phuong trinh:

X

22
— 4 —

2

a2 1 @)
Néu cho elip d6 quay xung quanh

truc Oz thi nhu da n6i1 & muc trude ta cod

phuong trinh cua elip xoit tron xoay la:
(£ X* +y?)* 722
az + C—2 =1

hay +— =1 (2)

D6 1a phuong trinh chinh tac ctia mat elipxoit tron xoay.
Ciing nhu moi mit tron xoay khac néu ta cit elip xoit tron xoay béi mot mit
phang song song v6i mit phang Oxy thi giao tuyén (néu c6) s& 1a mot duong tron. Néu

mat phang d6 c¢6 phuong trinh z = h thi duong tron giao tuyén s& co phuong trinh:
z=nh
2 2 2
X
(AN
a a c

Hién nhién muon c6 giao tuyén can co6 dicu kién Ih| < ¢

Néu cat cat elip xoit tron xoay boi mot mit phang song song véi mit phang Oxz

c6 phuong trinh y = h thi giao tuyén ( néu ¢ ) s& c6 phuong trinh:
y=~nh
x? z° h?
PR
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Néu |[h| < athi phuong trinh trén xac dinh cho ta mot dudng elip ndm trong
mat phangy = h.

Tuong tu néu Ih| < athi giao tuyén cua elipxoit va mit phing x = h ciing 1a
mot duong elip ndm trong mat phang x = h.
3.Mit non tron xoay
3.1.Pinh nghia

Cho mét duong thing a cit
duong thang A tai O va khong vudng
gbc vo1 A.. Mat tron xoay sinh boi
dudng thang a khi quay xung quanh
duong thang A s& goi 12 mat non tron
X0ay.
3.2.Phuong trinh

Chon hé toa do Descartes vudng goc Oxyz sao cho

duong thang a nam trong mat phang Oxz va ¢ phuong trinh :
cX = azhay cx - az = 0.

Khi quay a xung quanh truc Oz ta dugc mdt nén tron xoay c6 phuong trinh:

+4 x> +y*.c - az
hay: +/ x> +y*c = az

1
o

hay: c?x? +c¥y? -a%z2 = 0
2 2 2
XX -0 (3
a’? a’? c

4.Hypeboloit mét ting tron xoay
4.1.Pinh nghia
Mat tron xoay sinh bdi mot

duong hyprbol khi quay xung quanh

mét truc ddi xtrng cua n6 va khong
cat n6 s& goi 1a mat hyprboloit mot
tang tron xoay.
4.2. Phuwong trinh
Gia str trong hé toa do Descartes vudng goc Oxyz, cho dudng hypebol nim trong
mat phang Oxz va c6 phuong trinh :
2 2
oL =L @)

o))

Néu quay hypebol d6 xung quanh truc Oz, thi twong ty nhu trén, ta c6 phuong
trinh cua mat hypebol loit mot ting tron xoay |4 :
X2 2 7 2
Yy _ -1 (5)

a? a? c
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Ta dé y dén hai duong tiém cén z = %X, z = - g x cud hypebol (4) . Khi quay

xung quanh truc Oz hai duong tiém can nay va sinh ra cung mot mat non tron xoay co
phuong trinh:
2 2 2
o ©

Mit nén (6) duge goi 1a ndn tiém can ciia hypeboloit mot ting tron xoay.

Hién nhién cat hypeboloit mot ting tron xoay (5) bang mot mit phang song song
vo1 mat phang Oxy ta dugc mot duong tron.
5.Hypeboloit hai ting tron xoay
5.1Pinh nghia

Mt tron xoay sinh bdi mot duong hyprbol khi quay xung quanh mét truc ddi
xung cud nd va cat né s€ goi la mat hyprboloit hai tang tron xoay.
5.2.Phwong trinh

Gia st trong h¢ toa do Descartes
vuong goc Oxyz, cho duong hypebol
nam trong mit phang Oxz va c6
phuong trinh :

2
-5 =L (7)

a c
Néu quay hypebol d6 xung

quanh truc Oz, thi tuong tu nhu trén,ta c6

phuong trinh cua mat hypeboloit hai tang tron xoay la:
X2 y2 ZZ
7 et (8)

o]

Ta dé y dén hai duong ti€m can:
c c . e n
Z = —XZ = -—xcudhypebol (7). Khi quay xung quanh truc Oz hai duong ti¢m
a a
can nay va sinh ra cing mot mat non tron xoay c6 phuong trinh:
X2 y2 ZZ
—+=-—=0 6
a®> a* c? (©)
Mit non (6) duge goi 14 ndn tiém can ciia hypeboloit hai tang tron xoay (8).
Hién nhién cit hypeboloit hai tang tron xoay (8) bang mot mit phing song song véi mat
phang Oxy ta dugc mot dudng tron.
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6.Paraboloit tron xoay
6.1.Dinh nghia

Mait tron xoay sinh bdi mot
duong parabol khi quay xung
quanh truc ddi xtmg cua né s& goi
la mat paraboloit tron xoay.
6.2.Phwong trinh

Gia sir trong hé toa d6 Descartes vuéng goc Oxyz, cho duong parabol nim trong

mit phang Oxz va c6 phuong trinh :

x> = 2pz;  (p>0)  (9)

Néu quay parabol d6 xung quanh truc Oz, thi twong tu nhu trén, ta c6 phuong
trinh cua mat paraboloit tron xoay 1a :

X2 y2
x> + y?> = 2pz hay ~—+2Z =2z (10)
p p

§3. MAT BAC HAI

1. Dinh nghia phép co
Trong khong gian Oxyz cho diém M(Xo,Yo,Zo), ta xac dinh diém M'(x,y,z) sao cho :

X = X,
y = k-yo (1)
z =1,

trong d6 k 12 mot s6 duong cb dinh. Khi d6 phép twong tng bién diém M thanh diém
M’ dugc goi 1a phép co vé méat phang Oxz theo h¢ so k.
Sau day ching ta ding phép co dé bién mat bac hai tron xoay thanh mit béc hai.
2.Mat elipxoit
Trong khong gian Oxyz cho mat

elipxoit tron xoay c6 phuong trinh:

Gia st diém M(Xo,Yo,Z0) thudc mit

elipxoit tron xoay nén
Xo Yo %0 _4 2)

ta xac dinh diém M'(x,y,z) qua phép co vé mit phing Oxz hé sb k.
Thay (1) vao (2), ta dugc:
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bat ka =b, thi nhu vay cac diém M’ s& thudc mat :
2 2 2
;—2 + ;—2 + i—z =1 (3)
Mat c6 phuong trinh (3) goi 1a mat elipxoit. Phuong trinh (3) goi 1a phuong trinh chinh
tac cua elipxoit.

Mit elipxoit (2) c6 ba truc dbi xtng 13 ba truc toa do, ba mit phang dbi xing 1a
ba mat phang toa do, va c6 tam doi xing la goc toa do.

Hién nhién néu hai trong ba s6 a, b, ¢ bang nhau thi (3) x4c dinh mét elipxoit tron
xoay. Néu a =b = c thi (3) x4c dinh cho ta mot mat cau.

Dé dang thdy rang néu ta cat mat (3) boi mot mit phang song song v4i mot mat
phang toa d nao do thi giao tuyén néu co6 1a mat elip.

Mot cach tong quat néu ta cit mit (3) boi mot mit phing thi giao tuyén néu c6 1a
mot duong elip. That vay, vi mat elipxoit 1a mat dai s6 bac hai nén khi cat bdi mot mat
phang ta dugc mot duong dai s6 bac hai.Vi mat elipxoit gidi ndi nén duong bac hai do
gi61 ndi vay no 1a duong elip.

3.Mat non elip

Trong khong gian Oxyz cho mat

nén tron xoay c6 phuong trinh:
cx? +c%y? -a%z? = 0

Gia st diém M(xXo,Yo,Z0) thudc mat

non tron xoay nén
% +cy% -a%2% = 0 (4)

ta xac dinh diém M'(x,y,z) qua phép co vé
mat phang Oxz hé sb k.
Thay (1) vao (4), ta dugc:

2
y
c2x? +c? (Ej -a%z22 = 0

bit ka = b, thi nhu vay céc diém M’ s& thudc mit:
2 2 2
e S
Mat c6 phuong trinh (5) goi 1a mat nén elip. Phuong trinh (5) goi 1a phuong trinh chinh
tac cua mat non elip.
Khi cat mat non (5) boi mot mit phang song song véi Oxy, tirc mat z =h ta duoc
giao tuyén la mgt duong elip:

z=nh
x> y* h? (6)
2 b

Boi vdy, mit non elip c6 thé xem nhu 13 mot mit nén dinh O va duong chuén 1 dudng
elip (6) v6i h 12 mot sé ¢b dinh.
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4.Mit hypeboloit mdt ting

Trong khong gian Oxyz cho mit hypeboloit mét ting tron xoay c6
phuong trinh:
2 2 2
a a c

Gia str diém M(xo,Yo,Z0) thudc mit
hypeboloit mét ting tron xoay nén
2 2
X y z
ta x4c dinh diém M'(x,y,z) qua phép co vé mit phang Oxz hé sb k.
Thay (1) vao (7), ta dugc:

XZ y2 ZZ

a’ kial o
batka = b, thi nhu vay cac diém M’ s& thudc mat:

X 2 y 2 7 2

P ®)
Mit c6 phuong trinh (8) goi 1a mit hypeboloit mot ting. Phwong trinh (8) goi 13 phuong
trinh chinh tic cua mat hypeboloit mét ting.

2 2

2
D61 vo1 mat (8) nhan mat non elip: — + g—z — — = 0 lam n6n ti¢m can.
a c

Mot mat phang di qua Oz cit mit (8) theo mot dudng hypebolva cit nén tiém can
theo hai duong thang 14 hai duong tiém can cua hypebol do.
Néu ta cit mit (8) boi mot mit phang z = h thi ta duoc mot elip:

z=n~h
X2 y? h? )
PO
Néuh = 0 thi phuong trinh (9) xac dinh cho ta mot elip nam trong mit phang Oxy :
2 2
;—2 + g—z = 1 va elip nay duoc goi 1a elip hong cua hypeboloit mét tang.
Néu ta cit mit (8) boi mot mat phang y = h thi ta dugcegiao tuyén:
y =nh
x2  z? h? (10)
7 -2 =1-7
a c b

Néuh # +bthi phuong trinh (10) x4c dinh cho ta mgt hypebol, c6 hai duong tiém can

. c C
la; z = =x,z = -=Xx.
a a

Néuh = +b thi phwong trinh (10) x4c dinh cho ta cip dudng thing ma chiéu 1én mit
phang Oxy 1a hai dudng tiém cén trén.

Hoan toan tuong tu néu ta xét giao tuyén cua mat (8) boi mat phang x = h.
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5.Mit hybeboloit hai ting
Trong khéng gian Oxyz cho
mit hypeboloit hai tang tron xoay
c6 phuong trinh:
X2 y2 ZZ
? + ? - = -1

o

Gia str diém M(Xo,Yo,Z0) thudc mit

hypeboloit hai tdng tron xoay nén
% Yo % _ 4 (11)

ta x4c dinh diém M'(x,y,z) qua phép co vé

mat phang Oxz hé s k.
Thay (1) vao (11), ta dugc:

X2 yZ 22

_J’_ —_ —
a? k*a*? c¢?

bat ka = b, thi nhu vay cac diém M’ s& thudc mat:
2 2 2
Ly
a>  b* c?
Mit ¢6 phuong trinh (12) goi 13 mat hypeboloit hai tang. Phuong trinh (12) goi 1a
phuong trinh chinh tic cia mat hypeboloit hai tang.

2
X y
— +

-1 (12)

2 ZZ
b? ¢

Mot mit phing di qua Oz cat mit (12) theo mot duong hypebolva cit non tiém
can theo hai dudng thang 13 hai duong tiém cén cua hypebol do.

D61 vé1 mat (12) nhdn mat noén elip : = 0 lam noén ti€m can.

Néu ta cit mat (12) bdi mot mit phang z =h (néu |h| > c) thi ta duge mét elip:

z=nh
X2 y? h? (13)
a_2 + b_2 = -1+ C—2

Néu ta cit mit (8) boi mot mit phang y=h hoic x = h
thi d& thiy ring giao tuyén 1a nhimg hypebol.
6.Mat paraboloit eliptic
Trong khong gian Oxyz cho
mat paraboloit tron xoay c6 phuong
trinh:

2 2
L 2 (14)

p p
Dung phép co vé mit phang Oxz véi

hé sdk (k>0)vadatq = kp, mit (14) tro thainh mit c6 phwong trinh:
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2 2
X oY -2 (15)
p g

Mat c6 phuong trinh (15) goi la mat paraboloit eliptic. Phuong trinh (15) goi la
phuong trinh chinh tic cua mit paraboloit eliptic.
Néu ta cit mit (15) boi mot mit phang z=h (néu h > 0) thi ta dugc giao tuyén:
z=n~h
y? x4c dinh mot elip nam trén mit phing z = h va ¢ hai

2
XX 2 on
P q

ban truc la \/2ph va /2gh.

Néu cit mit (15) boi mot mit phang x = h thi ta dugc giao tuyén:
X = h
V2 = 207 — a4 xéac dinh mot parabol nam trén mit phang x = h.
p
Tuong tu nhu vay, néu ta cat mat (15) boi mit phang y = h thi giao tuyén ciing
la duong parabol.
Chu y: Ta c6 thé xay dung mit paraboloit eliptic mot cach khac:
Ta xét mat paraboloit eliptic ¢6 phuong trinh (15) . Giao cua nd va mit phang
Oxz la parabol X2 = 2pz nam trong mit phang d6. Goi parabol d6 1a P. Giao ctia mat
(15) va mat phang x = h, theo trén la parabol c6 phuong trinh:
X = h
V2 = 202 9 goi la parabol Pn ( n6 phu thudc vao gia tri h ). Cac parabol Ph co
cac tinh chét sau:
a.Cac dinh cua parabol Pn déu nam trén parabol P va cac truc cua parabol Pn déu
song song voi Oz.
b.Céc parabol Pr déu 12 anh cua parabol y2 = 2qz, x = 0 qua mot phép tinh tién.
Do d6 mit paraboloit eliptic c6 thé xem nhu mdt mit sinh ra khi cho parabol y?
= 2qz,x = 0 chuyén dong tinh tién sao cho dinh cua nd luén ludn nim trén parabol x?
=2pz,y = 0.
7.Mat paraboloit hypebolic
Trong khong gian Oxyz cho
mat c6 phuong trinh:

2 2
X Y = 27.(16)
P g

voip>0,q>0.

goi la mét paraboloit hypebolic hodc

la mat yén ngua.
Mit (16) nhan cac mit phang
Oxz, Oyz 1a cac mit phang d6i xtng va truc Oz lam truc ddi ximg.
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Néu ta cit mit (16) béi mot mit phang z = h thi ta dugc giao tuyén c6 phuong
trinh:

p q
Néuh = 0 thi giao tuyén 13 cip dudng thing nim trong mit phiang Oxy.
Néu h > 0 thi giao tuyén 1a mot duong hypebol c6 truc thuc song song v6i Oz.
Néu h < 0 thi giao tuyén 1a mot duong hypebol c6 truc thuc song song véi Oy.
Hinh chiéu tt c4 nhitng hypebol d6 trén mit phang Oxy 1a nhitng hypebol c6 hai dudng
tiém can chung, d6 1a giao tuyén cua (16) va Oxy.
Néu cat miat (16) boi mit phang x = h thi giao tuyén c6 phuong trinh:
X = h
y? =-20z + 92
p
D6 1a mot parabol nam trong mat phang x = h va quay bé 16m xubng dudi, véi nhiing
gia tri h khac nhau, cac parabol do chi khac nhau mot phép tinh tién.
Tuong tu nhu vay, néu cat mit (16) boi1 mat phéng y = h thi giao tuyén cling la
parabol nhung quay bé 10m lén trén.
Chu y: Tuong tu nhu paraboloit eliptic, ta ciing dua ra cach xay dung mit paraboloit
hypebolic:

X = h
Néu ta ky hiéu V= 2q7 + qpe la parabol Pnthi chiing déu 1a anh cué parabol Po:
x =0 A T - A ~ 2o , ,
{ ) 2 qua mdgt phép tinh tién. Hon nira dinh cua céc parabol
y° =-20z
d6 luon ludén nam trén P:
y =0
x> = 2pz

Nhu vy, mit paraboloit hypebolic cé thé xem 1a mot mit sinh ra boi parabol Po khi nd

chuyén dong tinh tién sao cho dinh cta nd luén luén nam trén parabol P.

8.Mait tru elip z
Trong khong gian Oxyz cho mat c6 phuong trinh:

XZ 2
?+g—2 =1 (17)

duoc goi 1a mat tru elip.

Puong chuan cua no6 1a mot duong

elip ndm trong mit phing Oxy: .

2 2 ! /’/I—O_“ y
X_2+E)/_2:]_;z:0’ con y/—>
a
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duodng sinh song song véi Oz.
Mit tru elip (17) c6 cac truc ddi xtng sau day:

a.Truc Oz. Va tryc Oz dugc goi la tryc cua mat try.

b.Moi dudng thing cit Oz va song song voi Ox hoic Oy.
Mit tru elip (17) ¢6 cac mit dbi ximg sau day:

a.Mat Oxz.

b.Mit Oyz.

¢.Moi mat phing vudng goc véi Oz.

Mit tru elip (17) c¢6 vo sb tim d6i xtmg, d6 1a cac diém nam trén truc Oz.

Néu trong mit tru elip (17) ma a = b thi ta ¢6 mit try tron xoay.

Cit mat tru(17) bang mot mat phang o song song voi truc Oz. Va goi A 12 giao
tuyén cua mit phang a va mit phang Oxythi rd rang 1a:

- Mit phang o khong cat mat tru elip (17) néu duong thang A khong cat duong
chuan cud no.

- Mit phang o cat mit try elip (17) theo mot duong sinh d néu duong thiang A
tiép xtc véi duong chuan. Lac nay mit phang o goi 1a miat phang tiép xuc vdi mit tru
doc theo duong sinh do.

- Mit phang a cat mit tru elip (17) theo hai duong sinh song song d va d” néu
duong thang A cit dudng chuan tai hai diém.

Néu cit mat tru(17) bang mot mit phang khong song song véi truc Oz thi giao
tuyén la mgt duong bac hai gidi ndi, tire 1a mdt elip nao do.

9.Mait tru parabol
Trong khong gian Oxyz cho mét c6 phuong trinh: (\

y> = 2px  (18)

vo1 p > 0 dugce goi 1a mat tru parabol. Ya
9 /
Puong chuan cua no6 1la mét duong S
T T~

parabol nam trong mit phang Oxy: -

y? = 2px; z = 0.

Hién nhién 13 toan b mit nay
nam vé mot phia cua mit phang Oyz.

Mit tru (18) nhan cic duong thang song song voi Ox va cat Oz 1am truc dbi xtng,
nh@n mat phang Oxz va cac mat phang vudng géc véi Oz 1am mat phang doi xung.

Néu cat mat try (18) boi mot mat phang song song véi Oz thi dé dang thay rang
giao tuyén hodc 1a rong, hodc la mdt duong sinh, hodc 1a cdp duong thang song song
hodc 1a mdt cdp duong sinh trung nhau.

Néu cit mit tru (18) bdi mot mit phang khong song song v6i Oz thi dé dang thiy
rang giao tuyén la mot duong bac hai khong gidi néi va c6 mdt nhanh. Di€u dé chung
to giao tuyeén 1a mdt parabol.
10.Mat tru hypebol
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Trong khong gian Oxyz cho mat c6 phuong trinh:

2 2
% - Z_Z =1 (19) duogc goi la mat tru hypebol.
Puong chuan cua n6 1a mot dudng hypebol nam trong mat phiang Oxy:
2 2
X—Z—Z—zzl;zzo,cbn z
a

duong sinh song song voi Oz.
Mait tru nay nhén cac truc Oz

va cac duong thang cat Oz va song

song véi Ox hodc Oy lam truc dbi

xtng, nhan cac diém thudc Oz lam

T

Néu cit mit tru (19) bo1 mot mat phéng song song véi Oz

tam doi xung.

Truc Oz goi 1a truc cua mat try hypebol do.

thi dé dang thiy rang giao tuyén: hodt 13 réng, hodc 13 mot dudng sinh, hoic 1a theo hai
duong sinh, hodc 1a mot cap duong sinh trung nhau.

Néu cit mat try (19) boi mot mit phang khong song song voi Oz thi dé dang thay
rang giao tuyén la mét duong bac hai khong gidi ndi va cd hai nhanh . Diéu dé ching
to giao tuyen 1a mdt hypebol.
11.Cip mit phing

Trong khong gian Oxyz cho maét c6 phuong trinh:

(Ax + By + C)(A’x + By + C) = 0 (20) z

Phuong trinh (20) xéc c?mh cho \\ :l
Ta mdt mét try ma duong chuan ctia // .
N6 1a cip duong thang : i
Ax + By + C = 0Ova .- |

Y ‘ X il O\\\ y

A’x + B’y + C’) = 0nam trong ] P i
mit phang Oxy. /

Nhu vay phuong trinh (20) biéu
thi mot cip mat phang song song véi
Oz va chira hai duong thang no6i trén. Cip mit phang do co thé cit nhau, hoic song song,
hoac trung nhau.
Tom lai:
Ta c6 cac loai mit bac hai v6i phwong trinh chinh tic sau

2

x>y z° o
1. v + of + C—2:1 Mait elipxoit.
2 2 2
2. ;—2 + Z— - (23—2:1 Mait hyperboloit mdt tang.
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10.
11.
12.

13.

14.
15.
16.
17.

1.Chung ta da thy rang mit try bac hai c6 thé xem nhu sinh boi mot duong thang chuyén
dong song song véi chinh né va tya trén mot duong bac hai. Tat ca cac duong thang do

b2 c?

2 Z2
b—2+c—2:—1
2 2
b_2+c_2:O
y2 ZZ
b e 0
2
Y=
q

2
Y=
q

y2

b_2 :1

y2

b_2 :1

y2

pr T
y2

b—z :O
y2

b—z :O
2px

a’ =

az =

Mit hyperboloit hai tang.

Mait elipxoit do.

Mat noén do.

Mait non elip.

Mat parabolloit eliptic

Mat parabolloit heyperbolic (mat yén ngua)
Mt tru elip.

Mt tru heyperbol.

Mait tru elip 4o.

Ciap mit phang 4o cat nhau.

Ciap mit phang cit nhau.

Mait tru parabol.
Ciap mat phang song song.
Cip mit phang 4o song song.

Cip mit phang trang nhau.

§4 PUONG SINH THANG CUA MAT BAC HAI

goi la duong sinh théng cua mat tru bac hai.

Mit nén béc hai cling c6 nhitng duong sinh thang, nhimg dudng nay ludn di qua

dinh cua mat non.

Mit elip xoit khong c6 dudng sinh thing, vi nd gii ndi nén khong thé chira mot

duong thang nao.
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2 2
Cac mat parabolloit eliptic XY =2 (1) va mat hyperboloit hai tang
p q

2 2 2

That vay, mat phéng z = hhodc khong cit, hodc cit hai mat trén theo mot duong
elip. Suy ra c4 hai mit d6 khong thé chira nhitng duong thing song song véi mit phang
Oxy. Xét mot dudong thang d khong song song véi Oxy, khi dé néu diém Mo(Xo,Yo,Zo)
nam trén d thi x, c6 thé 13y gia tri thuc tuy y. Boi vy duong thang d khong thé nim trén
mit (1) hodc (2). Vay hai mit d6 ciing khong chira nhitng dudng thang khong song song
v6i mat phang Oxy.

=-1 (2) cling khong chira dudng sinh nao ca.

2. Puong sinh thing cua mit hypeboloit mét ting
2.1.Phwong trinh
Gia st cho mat hyperboloit mot tang c6 phuong trinh chinh tic Ia:
X2 y2 7 2
e et O
Lay mot diém Mo(Xo,Yo,Zo) thudc mit (3), tirc 12 :

X_<)2+VL_ZL=1 (4)

Goi d 1a duong thang qua Mo va c6 phuong trinh tham s la:

X=X, +d
y=Y, + A (5)
Z=12,+ 71

Ta can xac dinh véc to chi phuong V = («, 3,7) cua d sao cho dudng thiang d6

hoan toan nam trén mat (3). Mudn vay véi moi t ta phai co:

O + ) | o + M _ (2 + A

a’ b c?
Tu do6 suy ra:
2 2 2
“ LB
a b C (6)
Xo& n YoB Ly -0
a’ b? c’

Ttr phuong trinh dau cua (6) suy ra y khac 0( vi néu khoéngthia = B = v = 0), vy co
thé choy = c¢. Khi d6 (6) tr¢ thanh:

2 2
0‘_2 " '3_2 =1
&b (7)
Xoa yoﬁ _ ZO
— + > -
a b c

RUt B/b tir phuwong trinh thir hai cua (7) roi thay vao phuong trinh tht nhat, sau
khi rat gon ta dugc:
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2 2 2
Yo (22 X Yo & Zy Yo

+ 2L )(E2)F =200 (%) 4 0 20—
b? )(a) ac (a) o

2
X0
a‘2

D6 12 mot phwong trinh bac hai ddi véi 2 Giai phuong trinh nay ta dugc:
a

%20 Yo XoZo _ Yo
@ _ _ac b a _ ac b
2 2! - 2 2
a X . Yo a X . Yo
2 2 2 2
a b b
Vay ta c6 hai nghiém:
¥oZo . Yo X0Zo _ Yo
ac b ac b
0[1=a 2 2 1 ﬁl_b 2 2!7/1:C(8)
XO yO XO 0
2 + 2 2 + 2
a b a b
X020 _ Yo XoZo , Yo
ac b ac b
o, = ad—F 5, B,=b———-, y,=¢C 9)
XO yO XO 0
a’ b2 a’ b?

Tom lai ta dd ching minh duoc qua mdi diém Mo cua miat hypeboloit mot ting
ludn c6 hai duong sinh thang cua no.

Ta chu ¥ ring ¢ khac 0 nin cic duong sinh thing noi trén déu cit mit phang Oxy,
tuc 1a cat elip hong cud mathypeboloit mét tang(3). Bdi vay di€ém Mo trén d co thé lay
la giap diém d vdi elip hong do, tirc 1a di€ém Mo(Xo,Yo,20) thoda man diéu kién:

2 2
);Lz + i;% =120 = 0
Khi dé céac cong thirc (8) va (9) trd thanh:

a.
L= B= 2 = (®)
g = -2 g P (9
2 = - b 2= Vo =
Qua Mo(Xo,Y0,0) c6 hai dudng sinh thang c6 phuong trinh:
x:x0+%t x=x0—%t
b b
V= ve- DE (10 va {y=y el (1)
a a
z = ct z = ct

Nhu vay bat cir dudng sinh ndo cua mit hypeboloit mot tang (3) déu c6 phuong trinh
thudc mot trong hai dang trén.
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Tom lai ta da chiing minh dugc:
Qua mdi diém cua mit hypeboloit mot tang (3) c6 duy nhit mot duong sinh
thang thudc ho (10) va mot duong sinh thang thude ho (11).
Mit hypeboloit mot tang c6 thé tao nén boi mot dudng thang khi cho né thay
ddi chiém tat ca cac vi tri cua duong sinh th'fmg thudc mot trong hai ho néi trén.
2.2.Tinh chat
Lay hai duong sinh thing thudc hai ho khac nhau.
DPuong thing di thudc ho thtr nhét di qua diém Mi(X1,y1,0) ¢6 phuong trinh:

x:xl+%t

b
3 bx,
y=1" a
z = ct

Puong thang dz thudc ho thir di qua diém Ma(X2,y2,0)
c6 phuong trinh:

a
‘= x, - oy
b
bx
y=y2+—2t
a
Z = ct

D@ dang thiy rang di va dz cing nam trong mot mit phiang. That vay, ta co:

X — %, y1gy2 0 b
ay, X _ 2 AT A N —
— -—— C| = Cl—(X1° - X +— - =
y - [0 - x2) + (y2* - y2)]
_&,  bx
b a

2 2

X 2 X 2
:-abc[(a—12+3t%) - (a_22+3t’%2) = -abc[1 - 1] = O.

Nhu vay di va dz s& cit nhau hodc song song. Chiing chi song song khi hai véc
to chi phuong 13 cong tuyén, tirc 14 :
LW, X

b ) " % hay y1 = -y2, X1 = -Xz. Diéu nay c6 nghii 1a

M; va M dbi ximg qua O (tdm cua elip hong).

Néu xét hai duong sinh thang phan biét thudc cuing mot ho thi bang cach tinh
dinh thirc nhu trén, ta c6 chung chéo nhau.

3.Duong sinh thing cua mit paraboloit hypebolit
3.1.Phuwong trinh

Gia sir cho mit paraboloit hyperboloit c6 phwong trinh chinh tic la:
60



X2 y2
— - =-=2z,v6ip>0,q9 >0 (12
P q

2 2
Gia str diém Mo(XoYo,Z0) thude mit (12), tirc 14 ; % _ % — 27
p
X=X, +at

Goi d 1a dudng thang qua Mo va c6 phuong trinh thamsé 1a: { y = y, + A&

Ta can xac dinh véc to chi phuong V = (a, 5,7) cua d sao cho dudng thang d 1a
dudng sinh thang cua mit (12) tirc 1 d hoan toan ndm trén mit (12). Mudn vay véi moi
t ta phai co:

(X + )’ (v, + A)°

= 2(20 + 7t)
P q
Tu doé suy ra:
« By
p q
Xoa _ yOIB _ 7/ — O
P q

Ta dé dang di dén nghiém sau day:

051=.\/6, ﬂl:\/a’ 71:X_(;)_y_\/%
Xo Yo
0{2=.\/_, ,52=—\/a, 72:ﬁ+ﬁ

Nhu vay qua Mo(Xo,Yo,Z0) thudc paraboloit hypebolic (12) ¢6 hai duong sinh thang:

x:x0+\/6t x:xo+\/6t

Yy = ¥, + Aqt 13)va |y =y, - Jqt (14)
XO yO XO yO
z =z, — - - Z =1 =t =h
+(ﬁ Ja) +(ﬁ+ﬁ>

Ho duong sinh thang (13) duoc goi 1a ho dudng sinh thang tht nhat, con ho dudng sinh
thang (14) duoc goi 1 ho dudng sinh thang thir hai cua paraboloit hypebolic (12).
3.2.Tinh chét

Dé dang ching minh duoc hai dudng sinh thang cua paraboloit hypebolic (12)
thudc hai ho khac nhau ludn ludn cit nhau, con chung thudc cung mdt ho thi chéo nhau.

BAI TAP CHUONG III

1. Lap phuong trinh mit tru c6 duong chuén:
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2 2 2 _
{(x 1)°+(y+3)" +(z-2)" =25 va ¢6 dudng sinh :

X +y 4+ 2 =0
a. Song song voi truc Ox.
b. Song song voi dudng thing
X =
{ y ¢ day h = const
z=nh

c.buong sinh vudng gbéc voi mat phang chira duong chuan

2. Lap phuong trinh mit try ngoai tiép mat cau x? + y? + z2 = 1 va c6 duong sinh tao
v6i ba truc toa do ba goc béng nhau.
3. Lap phuong trinh mat nén tai gbe toa do O (0, 0, 0 ) va dudng chuan la:
x?+y? +(z-5)% =
z=4
4. Tim quy tich cac dudng thang bién thién, ludn di qua diém M( 3, 0, 5) va tao véi
mit phang Oxy mot goc 45°.
5. Lap phuong trinh chinh tic cta Elipxoit
a. Cit boi cac mat phing toa do Oxz, Oyz ta dugc:

2 2 2 2

X z y z

A Ty =1
Ei: < 25 16 Exxd 9 16

y=0 x=0

x> +y?+2z°=9

b. Elipxoit di qua M(3,1,1) chta {
Z =X

6. Lap phuong trinh chinh tic ciia Hyperboloit mot tang biét né chira cac giao tuyén sau:

2 2 2 2
- T, y L7

a. Hi: 10 4 Ei: <7 4
y:o X:O

x_ y_ 2 _
b. Di qua M(-43.2) vachtaEx { 25 9 "4
x=0

7.Lap phuong trinh chinh tic caa Hyperboloit hai t?mg biét n6 chtra cac giao tuyén sau:

a He 12 1570 H,:
x=0
vz LA
b. Hi: < 25 4 48 12
x=0 =10
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8. Lap phuong trinh chinh tic cua Paraboloit Eliptic biét chtra giao tuyén

2 2
) X_+y_:1
(E): 336 28
z=-2

9. Lap phuong trinh chinh tic ctia Paraboloit Hyperboloic biét no chta giao tuyén:

2
{x =402 4 di qua M(-24/3.4/5.1).
X=Y
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