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Chuong 1

CHUOI FOURIER VA PHEP BIEN
DOI LAPLACE

1.1. Chuéi Fourier

1.1.1 Dinh nghia

Dinh nghia 1.1. Chudi ham c6 dang

IA

oC
Z a,cosnc + bpsinne) (-7 <ur 1)

lui.ﬂ

trong d6 ag. np by n=1.2,... la cic hiing s6. duge goi la chude luong quac.

Cac ham s6 sin n.e. cos na ciing vii s0 lh;n-r tong quat u,(x) = an cosna +
il

b, sinnx la cic ham tudn hoan véi chu ki —.n = 1.2...., lién tuc va kha v
n

moi cip. Néu chudi (1.1) hoi tu thi lon;., cuia 1o la hium tuin hoan vai chu ki
91 VAn dé dat ra la ta co thé khai trién hiun sé f(x) tudn hoan vdi chu ki 27
thanh chudi ltong giac (1.1) hay khong? Va gia sit ham 6 f(z), tudn hoan
vai chu kv 27. khai tridn duoc thanh chudi lugng gide (1.1)

x

fl_r] = —}' Z (apcosnr + b" sin HI} (—TI' S T '_‘-E 11') (12)

thi cic hé 56 ag, an, ba.n = 1,2,... duge xdc dinh nhu thé nao? Cac hé sb nay
co tinh duac theo f(x) hav khong?




Truge hét, bang cdch tinh tryc tiép, ching ta thiy rang

L3 T
f sinnzdr = / cosnrdr = 0,
s o

N
/ sin mz cosnzdz = 0,

m

e _ 0 néum #n,
sinmz sin nzdr =

£
T T néum=n.

3 0 néum #n,
cos mz cos nrdr = z
- . m neu m = n.

Tit d6, néu chudi lugng giac (1.1) hoi tu déu dén ham'sé f(r) trén doan |-, ]
thi cac hé s6 duge tinh bdi cong thic sau

ap = lf f(z)dz,

TJSon
= %/ f(x) cosnzdz, (1.3)
by = lf f(z)sinnzdz, n=12,...

mJon

That vay, tiu (1.2), ta tich phan 2 vé ting so hang tuy —m — 7 thi

/ﬂf(x)d:r=%0--2w = ag=%/_ f(x)dz.

Dé tinh an.n = 1,2,..., ta nhan cosnz vao 2 vé cua (1.2) rdi lay tich phéan
timg sé hang tir —m — . Khi do,

L] 1 m
/ f(z)cosnzdz = an -7 = Gn= j:r_f(z)cosnrdm

Tuong tu, nhan vao 2 vé cia (1.2) véi sinnz rdi lay tich phan ting s6 hang
ty =7 — m, ta dugc

buzl/ f(z)sinnzdz,n =1,2,...
mJ-x

khai trién duyc thanh chudi Fourier va

Trén ddy. ta da gia su ham f(x) : '
titng s6 hang. Tuy vay, ching

ludn Iy tich phan duoc chudi d vé phai theo

0




oy - 0 thé
ta cung nhan thiy rang chi can f(z) kha tich !‘rén dualln LR lh.l t:)vﬁa :Imh
duge cac hé s6 & (1.3). Vi viy, ta cing c¢6 chudi Fourier tuong ung am

f(x).

Dinh nghia 1.2. Cho f(z) Ia ham sé tudn hoan véi chu k}".!rr. C huﬂrl Iu‘urlxg
gide (L1) vi cée he s ag.an,by,n = 1.2, duge tinh bdi cong thic (1 3)
dude goi 1a chudi Fourier tuong ing cia ham [(x) trén doan |-m. 7|, Céc he
80 4. an.b,,n = 1.2, .. dugce goi 1a hé s6 Fourier cia ham f(r).

Nhu vay, moi ham f(x) kha tich trén doan (-, 7] déu c6 chudi Fourier
tuong ung cia né va ta ki higu

b o]
f(z) ~ % + Z(ancusm: +bpsinnr) (—-r < < ).

n=1

1.1.2  Diéu kién d dé chudi Fourier cia ham sé f(r) hoi tu
Nhu da biét, moi ham f(x) kha tich trén doan [
tuong ing. Tuy nhién, chudi Fourier thy duyc
khong héi tu va néu chudi héi tu thi chua ch
két qua co ban sau day (khéng ching minh)

—m. 7] déu ¢d chudi Fourier
trong truong hop nay cé thd
dc tong cua chudi la f(z). Ta c6
Dinh Ii 1.1. (Tiéu chudn Dirichlet) Néy fr)
ki 2w, don diéu ting khic va bi chin trén doan [
né hor tu titng diém trén doan nay va téng c1

: )+ fle
lién tuc tar r € {-—-ﬂ'_r;): bing f( ) - ( )

re(-n.n)va bdr:g j'(-:r"‘];— J{=”)

la ham tudn hoan vdr chay
—m. 7| tht chudi Fourier cua
1a chude bang f(r) néu f()

neu f(x) guin doan (loai 1) tai

lar r = =n.

1.1.3 Mot sé vi du
Viduy 1.1. Cho f(r) la ham tuan hoan véi chu ki 27 xac dinh bLai

[()=r (-m<r<nm)

thi chudi Fourier tuong \ng cua f(r) la

Z{—[]"”%sﬁn nt (-7 <z<n).

a=] -




That vay, theo (1.3), cdc hé sb cla chudi la

- m

1 [* " .
by = ;,.'f rsinnzdr = Ef rsinnzdz ( vi zsinnz la ham sb chdn)
- T Jo

m

2 X T 1 "
=—( — =cosnz|y + = cosnmdr)
™) n ¥ is 0
2 2 - 2 . 2
... > & N (B n= _1 ﬂ‘l‘l_.
~cosnm + —— sinnz|, n( 1)* = (-1) -

Bdi vi ham s6 f(z) = x lién tuc trén doan [—, 7| nén chudi Fourier cua né
sé hoi tu vé z tai moi diém, tic la ching ta c6

T = Z(—l}““%sinn:ﬁ (-r<z<m).
n=1
Vi du 1.2. Cho ham tudn hoan véi chu ky 27 la
fz)=2* (-m<z<m)

ta c¢6 chudi Fourier tuong ung cta f(x) la

2

" {=1)*
2
¥ 3+¢ItE 3—cosnz (—-m <z < T

n=|

Trudc hét, ching ta thdy ring ham sé f(z) = z? lién tuc tai moi diém

thuge doan (-, ] nén chudi Fourier cia f(z) hoi tu vé& chinh né. Ap dung
céc cong thic tinh hé s6 d (1.3), ta duge

) I o iz
% R,/_..I ’r[u:r:r 3l 3°

‘1 L] L]
.‘u:—'/ .r’cosnrd:r=-2-f z? cos nzdz,
NJe ™ Jo

] 211.'2

21 2r I x
=-[-—-smnz+--._,—msnr——3-smnz]
xin n n 0



T N e, U T - i

T ’ 4 o L RN
=E[2—Ic05ﬂ.r] = [‘I}I_E'HP ket
mln? 0 " b 18)
by = l/wﬂ-‘?sinn.rdr =0( vi 2’sinnz la AT 8
TJox

s £ ic dinh bdi
Vi du 1.3. Cho ham tudn hoan vdi chu ki 2 xdc din

m néu —r<z<0
f{I):{x néuﬂ'il"‘:”‘

g pan inh tai = *m
Dé y riing, ham s6 cho trong trudng hop nay ]:}10138 xac d;:]hséacﬁﬂ haoltt

va n6 khong lién tuc tai r = 0. Ching ta sé di xdc dinh céc hé

Fourier tuong ing ciia f(z). .

™ 0 L] 1 0 I
ﬂﬂ=%-['f(~f}d1=;1([r?rd;r+/u ;f:d,r) =;(’TI|-:+?
0

an =;r1-_[:f(x)cosnrd.r=$(f

-

)-¥

m
?rcosn:cd.rJrf ICOSﬂId-'-f")
- 0
l/n . 0 T . 1 %
=—(- sinnz|__ + {— sinnz + — cosnx
T\n e T n 0

1 1
=7 ((cosnm - 1) = —[(-1)" - |in=1.2...

] X g .
= -—/ f(:)sinnzd:::l(/ Wsinm:d,r-!-/ :t:sinm-.da:)
mJSx T -7 0
1 T 0 T ML x
-;(- ;CQS“IL, - [ = ~cosnz + ﬁsmnrh)
1 | |
—;( -] +cns(—mr}) - r—lcosnw = —;.n b e A
Vay, chudi Fourier tuong ung cia ham f(z) da cho I3
3r o1
[~ T =3 [ (1- -1

1.
L — 2 —
2 3 )msr.c-l- smn,c]( T <T).

Chudi Fourier thu dugc héi ty vé T V0 T € (-7,0) va hoi

| ‘ € tu vé z véi
¥ € (0.7). Tai z = 0 thi chudi hi tu v gia tri 3




Cha y 1.1. (i) Néu f(z) 1a ham sé 1é trén doan [=m. 7] thi chudi Fourer

t‘;"ng Uung la chudi sin vi ta ludn c6 cic hé sb ag = a, = 0.n = 1,2,... Ddng
thai,

N .
bn=—f f(z)sinnzdz,n=1,2,...
T Jo

(i) Néu f(x) 14 ham s6 chin trén doan [=m, ) thi ta ludn c6 cac hé sb
bn =0,n = 1,2,... Do d6, chudi Fourier tuong ng la chudi cosin. Ngoai ra,

2 m
an = ;[ f(x)cosnrde,n=0.1,2,...
0

) L]
"1.1.4 Khai trién Fourier trén doan [0, 7]

Dé tim khai trién Fourier ciia ham sé f(z) trén doan [0,7], ta c6 thé théc
trién f(x) thanh ham F(z) trén doan [—m, 7] sao cho trén doan [0, 7] thi
F(z) = f(z). Sau dé, tim khai trién Fourier cia ham sé F(z) trén [—m, 7).
Khi d6, khai trién Fourier clia ham s6 f(r) trén doan [0, 7] chinh la khai trién

Fourier cia ham F(z) trén doan [—n,n]. Théng thutng, ching ta théc trién
theo hai cach

(i) Théc trién f(z) thanh ham s6 chdn F(r)

[ flz) néuzelon]
F(r) = { f(-z) néuze€ [-m0).

(i) Théc trién f(z) thanh ham sé 1& F(z)

» I(r] néu I € [O!ﬂ]l
F(z) = { ~f(=z) néure€[-n0).

Vidy 1.4. Cho ham s f(z) = x — 2,0 <z < n. Hay tim chudi Fourier cia
ham s& ndy theo cic ham sinnr (chudi sin).

Dé nhan duge khai trién Fourier theo chudi sin, ching ta can théc trién
f(z) thinh bAm 1é F(x) trén doan [-=, x| nhu sau

F(z) x—-z neul<z<m,
(z) = -x—r1 néu —v<z<0.

Khi d6. ta o6 thé khai trién ham sé F(z) thanh chudi sin véi

10



1 T 9 n
bn = ;f F(r)sinnrdr = Zf F(x)sin neds
- A

T

2ot 9
=;f (7 — z)sinnzdr = =,
0 n
Do do
F(z) = ZZsinnr vii —r<z<nw(r#0).
n=|
Vay

x
T—I= EZsinn.r vwi0d<zr<m.
n=1
Vidu 1.5. Cho f(x) = 2.0 < z < 7. Hay tim chudi cosin ciia ham nay.
Ta théac trién f(z) thanh ham s chin F(z) trén doan [-n, ]

F(J:]:{ r nu0<z<m,
- néu —w<zr<0.

Khi dé, ta c6 thé khai trién F(x) thanh chudi cosin véi céc hé sé duge xac
dinh nhu sau: '

1ty v 2 ?
dg = ;T-_/ F[l)d.t = —f F(:I:)dx = i/ zdr = ZI—
-7 0

™ Jo

m

=1,
0

l 4 (2 m m
= —f F(r)cosnzrdxr = -[ F(r)cosnxdr = «2—/ T cosnzdz
LU T Jo m™Jo

2T .. 1 x 2 2
= [Esm.ru: + ;l—zcosn.r]o = ;i-—(cosmr -1) = Er-[(-l)“ - 1]
4 £ s
———  néun le,
- nx
{ 0 néu n chin.

Nhu viy.

4 — 1 :
F(I}:%—;Emﬂﬂfs(?fl—l}l' V{f’l —ﬂﬂxﬂﬂ'.

Suy ra

f
r 4 1 o
o ——cos(2n - 1)z v4i0<z <.
dea x;(%-l]z

11
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1.1.5 Khai trién Fourier ham c6 chu ki 2!

Cho ham s6 f(z) ¢6 chu ki 20,1 > 0. Gia sit ching ta cAn tim (‘hubtl Fourner
tuong ing ciia F(z) trén doan [~/ !]. Ta sé dung phép bién doi t = - W xét

ham s6 F(1) = f(z) = /().
Ta c6
F(t+2m) = f( (t+27)) = .-'(- +20) = !( by = F(e)

hay F(t) [a ham tudn hoan véi chu ki 2x. Vay, khai trién Fourier cua ham
F(z) trén doan [-m, 7] la

oc
F(t) ~ ? + (ancosnt + bysinnt) (-7 <t <),
n=1

vdi cac hé sb6 duge cho bdi

{
[ Pyt =1 [ S
Gn = = F(t)cosntd = —/ f(::}cos?-Edr (1.4)

mJox

bn = ;[ F[t}sinntdt:;/:f(:}sin—l-dx, =12

Tir d6. ta duge khai trién Fourier cia ham s6 f(z) trén doan (1,1 la

nrr

&)~ 3 +Z(unms-— + bn n-—) (~l<z<])

n=]

vdi cdc hé sb dugc tinh bdi (1.4).
Vi dy 1.6. Tim khai trién Fourier ciia ham sb f(z) = z* trén doan [~1, 1].
Vi him sb da cho 1 ham sb chdn nén b, =0,n =1,2....

Ta b , : :
gn.f f(:)d.r:?j z’a‘..r=§‘
al 0



n_#-
-1) nin?

1 1
an = ] f(z) cosnrrdr = 2/ r?cos nrrdr = (
-] 0

Vay khai trién Fourier can tim la

. 3 _1] cosnml
+FZI ne
n=

2
|
N
L]
A

——

Lol —

Iz=

b |
(z) =% - 52- trén [0,2)-

) thanh ham F(z) trén doan [-2,2]
idu cach. chang han, 3 day ta chon

h théc trién 1¢), tic la

Vi du 1.7. Tim khai trién Fourier ctia ham s6 f

Trude hét, ching ta cin théc trién f(z
sao cho trén [0,2] thi F(z) = f(x). C6 nh
théc trién chin (nguvi doc hay thit chon céc

it
F(z) = zrz
~g= nfu —2<z<0.

Khidé, hesd b, =0,n=1.2....
2 4 r? 2
= = Flr =2 P [ e —
ag 2[2 (z)dr /u(.r 2)t:!.z: 3
2

o 2 .
By = —/ F(r}cosnnd.r:?] (z - I—)casmdx
2/, A 2 2

4 —i néu n chin
=_n2ﬁ2 [l +{__1)l'l] = { nlﬂ-? 4 ) L]
0 néu n lé.

Vi viy, ching ta cé
R =i
‘f{ﬁ) e F;Fcosnﬂz.

Chua y 1.2. Tmng mot s6 trugng hop, néu ham sé f(z) théa man cic did

ki¢én cua tiéu chuan Dirichlet thi chudi Fourier cla né sé hai by ta i ieu
trén doan [, {]. Khi d6, ching ta c6 thé 1y dao ham hoéc nguyen ham ;f ézz)
s& hang cua chudi Fourier cua f(z) dé suy ra khai trién Fourier ctia ng
s& mdi ndo do. mot ham

13
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1.1.6 Ap dung khai trién Fourier tim tdng cia chudi sé

Vi du 1.8. Cho f la ham sé tudn hoan vdi chu ki 27 va f(z) = z? trén doan
[~m, ). Hay viét khai trién Fourier cla f va tinh tdng ctia cdc chudi sb sau

= = g 1 = |
a) Z{—l) l-n—z : b}ZF : ]Etzﬂ_”z

n=1 n=1

Tuong tu nhu & vi du 1.2. ta ¢6

2 o2 n
2 . T (—1)
T —?+4 E=1 — COSnT (z € R).

a) Vdiz =0, ta cb

e o (—1)“ 2 oa (_l}n-l
D_f((})—?+4§ = _3—4“1 2
Suy ra
(s o]
1 e
==L e
g( ) n? 12
b) Véi z = 7 thi
2 bt n 2 o
g _r (-1) _x 1
7= f(r) = 3 +4§ —3—CosmT = 2 +4§n2
Do dé6 . "
1 1r
—1\n-1- —
2.l g
n=1
¢) Vi hai chudi s6 0 cau a) va cau b) hdi ty theo timg sé hang nén ta c6
- 1 —=1 #x2 72 g2
—1\n=1___ S pnie Ml
Gt et T
n=1 n=1
hay -
il oyl
Ji e - =
n=|




tic la a
o -
1 T
2HE=1 n I]*’-* 3
Vi vay
b
x

1.2. Phép bién ddi Laplace

1.2.1 Ham gbc
Dinh nghia 1.3. Ham s6 thuc f(t) dugc go

diéu kién sau
(i) f(t) chi c6 hiu han diém gian doan loai 1 trén [a, ] C [0, +00)-
(ii) Ham f(t) tang khong nhanh hon ham mi, tic la

IM > 0,s0>0:|f()] < Me**, t > to,

i 12 ham gdc néu nd thda méan ba

so dugc goi la chi sb tang cua ham f(t).

(iii) f(t) =0Vt < 0.

Vi du 1.9. Ham don vi
1 khit=20.

u(e) = { 0 khit<O. (1.5)

Ja ham géc. That vay, didu kién (i), (iii) da thoa, ta chi cin kiém tra diéu kién

(ii). Ta c6
lu(t) <1

M = 1,50 + 0 thi diéu kién (ii) dugc thoa.

nén ta chon
nhung chua thoa diéu

Néu ham sb ¢(t) 1a ham thoa cac diéu kién (i), (i)
kien (iii) thi

_ [ ¢lt) khit20,
u(tyelt) = { 0 khit<0.
(v p(t) I ham dun Vi (1.5)) la ham gbc. Ta qui udc ring, khi d6, ta vin ki
hi¢u ham a(t)e(t) 1 2(t)-

15



Viduy 1.10. Cic ham gde u(t)®. p(t)t. p(t)t?, u(t)cosat. p(t)sinat, . .. duge
ki higu 1a e, t, {2, cosat. sinat. ...

Dinh 1i 1.2. (Dinh li co ban) Néu f(t) la mot ham gbc c6 chi sé tang la
So thi tich phan suy rgng

+
/ f()e dt (p la tham sé phitc)
0

a) Hot tu tuyét doi trong mién Rep = s > sg.
: +0o0
b) La mot ham ciia bién phic p : F(p) = f f(t)e Pdt, gida tich trong
. -

mién Rep > so va F(p) — 0 khi p — 0o sao cho Rep = s — +00.

1.2.2 Phép bién déi Laplace

Dinh nghia 1.4. Cho f(t) 12 ham gbc vdi chi sb tang so. Ham

Fo) = [ f(t)e™dt
]

gial tich trong nita mat phing Rep > s . goi 1 phép bién déi (hay toan ti)
Laplace cia ham f(t).

Khi d6. ta goi ham F(p) 1a anh (hay dnh Laplace) cia ham gbc f(t) qua
phép bién déi Laplace ciia f(t). ki hi¢u
F(p) = L(f(1)),

hay
F(p)= f(t) : quan hé anh - gbc,

f(t) = F(p) : quan hé géc - anh.
Ta cing noi f(t) 1a phép bién dér Laplace nguge ctia F(p), ki higu 1a

f(t) = L"(F(p))

Vidu 1.11. Anh ciia ham don vi u(t) qua phép bién ddi Laplace 1a F(p) =
That viy, theo dinh nghia

; a0 “Ptex 1
Liu(t)) = j e Pdt = . = -, khi Rep > 0.
0 P w P
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.

T ol . K ‘r\t"‘\; ___- g e o
'

yhép bién d6éi Laplace A Fp) =

Vfldu 1.12. Anh cua ham f(t) = ¢* qua ]
p—‘_—a- That VAay,
(a-pit e
e

+3C e ity =
oy = [ ereman [Teoma= T

= —— . khi Rep > Rea.

a-p :

Sau nay, chiing ta chi quan tam dén sy tén tai clia anh trong ,mol nyén l’l&l.")

dé ma it quan tam dén mién dé. Do vdy. thudng ta sé khong chi r mién c6 y
nghia cia cong thie. Chﬁ.ng han. ta viet

1
] = l hay -=1,
p P
R - hay : = e
p—a p—a

1.2.3 Tinh chat cd ban ciia phép bién déi Laplace
Tinh chit tuyén tinh

Cho hai ham géc f(¢) 9(t) 1An 1wt 6 anh 1a F ' T
1 ' p + G 3 C] t( - x
dang ching minh theo dinh nghia rhng (p). G(p) uang ta co the deé

f(t) +g(t) = F(p) + G(p),
kf(t) =kF(p) ,YkecC.

Chiing ta c6 thé md rong tinh chét tuyén tinh cho hiy han ham

kifi(t) + ka fa(t) Koot hafalt) = E (D) + kaFy(p) + . 4 g Fa(p)

Vi dy 1.13. Dua vio cong thic anh cia ham ghe eat - _ 1

duge anh cia ham gbe sinat, cosat, chat, sh gt thén P _ha,

tinh ciia phép bién déi Laplace. That vay. § Qua tinh chét tuyén
ot _ o-iat 1 1

. L 4
Tl oosnatl = —m—e = --e""" - —e™tat
2 2 % ’

ta c6 thé tim

l-.
i




mi ' = -3 e ' = :

p-ta " optw
G S aE 1 ( 1 1 ) a
sinat = — —— - .
. Zi\p-1wa p+u p?+ a?
Vay
sinat = P prop= &
Tuung tu, ching ta cing tinh duye
i
cosal = ——,
p‘l + a? .
a
shat = 3 7
pP—a
R
chat = gl

Tinh chit dong dang

Néu f(t) = F(p) thi véi moi sé A > 0, ta c6

f) = 3P

Vidu 1.14. Biét sint = 1 thi véi moi w > 0 ching ta c6

p*+

sinwt = ————

Tinh chét tinh tién anh
Néu a la mot s6 phitc bat ki va f(t) = F(p) thi
ef(t) = F(p—a)

Vidy 1.15. Visinwt = nén

W

P+ w?
) W

¢ sinwt = .

(p—a)?+ w?
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Tuong tu —

e cosut = W

P, M=

(p-a)? -«
p- [/

e*shut =

atoh gt =& ———3-

Dao ham géc

Gia it f() 12 ham géc. c6 dao ham f/(t) cing o ham géc. Néu f(t) = F(p)

thi
f'(t) = pF(p) — f(0).
F(t) = p*F(p) — pf(0) = f'(0).
f™(t) = p"F(p) - p" ' f(0) = ... = f7H(0)

Hé qua 1.1. Tir tinh chat trén. ta suy ra:
a) Néu f'(t) 1a ham gbéc va pF(p) gidi tich tai thi lim pF(p) = f(0).
o

b) Néu f’(t) 1a ham gbc va ton tai gidi han tllm f(t) thi ta co

f(c0) = lim f(t) = lim pF(p)

Tich phan gbc

Cho f(t) Ia ham géc va f(t) = F(p) thi
- [ f(r)dr = 1 F(p)
0 r

Nhén xét 1.1. Thong qua cdng thitc dao ham gée va tich phan géc, ching ta
thy ring cac phép tinh dao ham va tich phan déi véi ham géc dugc chuyén
thanh phép tinh dai s6 thong thudng déi véi anh tuong ing. Do vay, phé

bién déi Laplace c6 nhiéu ing dung. nhit la trong viéc giai - hiior tI:i Ph P
phin nn wvi
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Dao ham anh (Dinh li uhan)

Cho ham gbe f(t) va f(t) = * F(p) thi

(=0f(t) = F(p) hay tf(t) = (=1)F(p).
(= F(O) = F"(p) hay  £f(t) = (-1)*F(p),

(=)"f(t) = F™(p) hay ¢"f(t) = (-1)"F™"(p).

Vidu 1.16. Ta biét 1.='£ nén

1 RNy
_t=_ﬁ hay t-‘;,'i*
2 2
(-t)*== hay ?=2%
% »
. - \ . n!
Téng {?uat " = P_"-:'T
Tich phan anh (Dinh i chia)
Gia st f(t) = F(p). Néu tich phan / (p)dp héi tu thi
+00
w =] F(s)ds
¢ P
ebc — et
Viduy 1.17. Tim anh cia ham
| 1
v e - A o 5
N flt) = e — e p S nén theo céng thic tich phan anh, ta
co
bt at +00 +00
e” —¢ f(t) / j 1 1
t t 5 t)ds . (s-b s-a)ds
=lns_b +°'== p—a
s—alp p=-b
Vay
M-e* p-g
=In
t p—-b




Tinh chit tré muon
Gia sit f(t) = F(p) thi voi hing sb duong a bt k¥, t& €€
e PF(p) = ul(t - a)f(t —a)

trong do, u(t — a) 1a ham don vi
1 nfut=a
ut-a)=1 9 nbut<a

Vi du 1.18. Tim anh ctia ham f(t) = p(t - 3)(t - 3)* -

. -
Vi = 75 nén theo tinh chét trén. ta c6 f(t) =€ P
Vay 9
u(t - 3)(t - 3)2 = e
p
Tich chap

Cho hai ham gbe f(t) va g(t), ta dinh nghia tich chdp cia fva g i
t
Frot) = [ fo)ote=ss

Gia sit £(£) = F(p), g(t) = G(p). Khi d6,
f*9(t) = F(p)G(p) va F(p)C(p)=f*9(t)

1
Vi .19. Ti ja ham ———
i du 1.19. Tim gbéc cia ham T 1)
Vi L =t va sl te~* nén theo cong thic tich chap déi véi ham

P PRSI
f(t) =te~t vag(t) =t, tacod

. = l s — s = ‘ . |
W_'/o f(s)g(t — s)d: 'ése (t — s)ds
Y

= [ (ls - sz}e"ds
0

E t
= [[-£s+s'-—t+2$+2)e"] u=(f+2)e_‘+t—2

5=

Vay |
S = (t+ e +t-2

pp+1)
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1.2.4 Phép bién déi Laplace ngugc

Ta da biét. khi cho ham goc f(t) thi ta ¢6 thé tim ham anh bai cong thie

L(f(1) = F(p) = / f(t)e "y
0

Bay gio. cho ham anh F(p) ta tim ham géc f(1) = L, WF(p)) nhit thé nao”’
Chiing ta thira nhan cdc dinh |f say

Theo dinhy 1 treg. néu F(p) la ham anh cia f(¢) thi ham goe f(t) duyc
biéu didp qua ham anh F(p) bdi cong thie (1.6). Nhy vay, néu cho truge ham
F(p) va bid rang F(p) ¢6 nghich anh thj nghich anh cia ng duge xic dinh
bdi cong thye (1.6). Vin dé dat ra |3 khi cho truge mét ham F(p) thi ve; diéu
kién ndo n6 sé 1a ham inh cia mét ham gée? Dinh li sau cho ta didy kién du
dé F(p) 1A mot ham anh

Dinh If 1.4. G4 sy F(p) la mot ham bién phiic théa man cdc diéu kién sqy
(1) Fp) gudr tich trong nia mat phdng Rep >,
() Trong nia may phdng Rep > q > So. ham F(p) — 0 kn; [P] = oo déy
vt argp,
(m) Tich phan

f ¢ F(p)dp

Adi tu tuyer 44,
Khi dé, ham F (p) la dnh cia ham 9dc f(¢) duge zdc dinh pg; cong thie
(1.6} vha> 5.t >0

Tich phia g w phai cia (1.6) 6 thé tinh duge nhy ap dung ly thuyét thang
44 cia bam pha

L]

2 T

Ty,

o
e

..,.



ic thyc 8% )
) {4 cac

a mot phan th
u va alk = L1
(t) (thuc chdt 18 ham

Dinh If 1.5. (Céng thic tim ham gbc cu

Gid st F(p) = Alp) la mét phan thic thyc §
%) ) . ham goc f
cc diém cia ham F(p) thi F(p) 10 dnh cta

p(t)f(t)) vor i
fit)y =Y Resle” F(p))

=a
T

: T
3 cuc diém cap m cia ham F(p) thi ta da bié

Chi ¥ 1.3. Néu p = ak
[z~ o) F(p)]

. o
- _lim—
Resle" F()) = =1y dpm!

& = p
Vi du 1.20. Tim gbc cia anh F(p) = m

Ta c6 p = 1 la cyc diém cép 3 cua F(p) nén

2 Pt 1. d* L 2,2) Pt
pe ]=_1im_ 2,70) — = lim (2 + dpt + P't)e
‘EEIS[{P —131  2p-1 dp(p )=2;0
= %(2 +4t + )¢,
2
P e 3 2\ ,t
= =2+ 4t + 7)€

Thong thuong, dbi vé mot s6 ham F(p) don gian, ching ta c6 thé ap dung
céc tinh chht néu & Muc 1.3.3 cing nhu méi quan hé gbc - anh. Chang han.

xét cAc vi du sau
Vi du 1.21. Cho cac ham anh, tim cic ham gbe

1 Ar L L N .

a) Flp}:[p-l}(p'+2]'-3(p—l p+2)-.§(e'-e2‘)_
__..1,_'_
(p-a)?

1 . A B C
dFm:u=+a)’(p+b)_p+a+{p+a)9+p+b

at

s te™.

1
b)F{P)=m'=.te

= Ae™*® + Bte ™™ +Ce™,



P

i e — s e

/] a b

trong d6 A = [ahb)z'l B*‘—‘a“b? o m

d) Fer=m=$ﬁ+ﬁﬁ? *EFITJ;T":"E
:£E+ﬁe‘"‘+mf'"~

¢) F(p) = (_ﬁuz;(pz_,_sz s f;?—_l—lﬁ(;.ﬁ%:rﬂ a F':-_EF)

i 1 1 i 1 .
‘ _'gf’_:‘_ﬂ(abmut—gsmbt)' .
1
1 2 —=t
iy TR (S s

T e 2 iR
!32+p+1 (p"‘-é]i-l-% \/3- n 2

1.2.5 Ung dung phép bién ds; Laplace giai phudng trinh vi phan

Phuong phap chung: tir phudng trinh vi phan da cho, lap phuong trinh anh
(1a phuong trinh daj sé theo anh Y (p) = y(t)). Gidi phuong trinh anh, tim
nghiém Y (p) réi dung phép bién dsi ngudc, ta sé tim duge gée Y(t) can tim.
Vi du 1.22. Giaj phuong trinh " + Y = t vdi diéu kién ban diy y(0) =
1L.y'(0) = -2,

Dat ¥ (p) = y(t). Khi de.

L)

v'(6) = PY (p) - py(0) - y'(0) = P’Y(p) - p+2

Thyc hi¢n phép bién d6i Laplace cia haj vé phuong trinh da cho, ta dugec
phuong trinh anh tuong ung la

PYp)=p+2+4Y(p) =

’?4' bt

= DY) = S 4po2

V)= ooy 22
= T 1+ p2

spa P 3
hay }(P)-;+m~w-

Vay y(t) =t + cost - 3sint.



et cos t thoa man didu kiey
= o€

5 "o_ + Ey =2
Vi du 1.23. Giai phuong trinh ¥ 2
ban diu y(0) = y'(0) = 0.
Dat Y (p) = y(t). Khi do.
y'(t) = pY(p) - y,(ﬂ) B P:((g;= P ( )
y'(t)= p*Y (p) "_Pi‘(ﬂ) 2p - 1)2
Lai c6 2¢f cost = 2-(})—-_——1-55";1 = _.2Ph+ - duge phuong trinh
Liy bién ddi Laplace cia hai vé phudng teinh db 0,
anh tuong \ng la
: 2V
Y () - 2Y () + 2V (0) = 7 _5p 42
: 2e-h
hay (p'-2p+2}Y(P}=pz_,2p+2
& _ Ap-1) A=)
u vy Y(p) = F-2+2°  [(p-1)2+]]
_ N L AR
Ta bidt !Slnf—_d_p[(pg+l)]_ (p2+1)2
Tir d6, suy ra 2 ad) 3 = e'tsint.
((p=1)2+1]

Viy. nghiém cia phuong trinh da cho la y(t) = te!sint.
Vi duy 1.24. Giii phuung trinh ty” + y' + ty = 0.
Dat ¥ (p) = y(t). Khi d6.
y'(t) = pY(p) - y'(0)
. y'(t)= Y (p) - py(0) - y/(0)
s ke e Ll g i e, t

~L+ )W) - pY(p) =0

, P
hay Y {p}+p,+l}’(p)=u_

Day I phuong trinh vi phan tuyén tigh c8p mdt thydn nhit

Yip) = ce” /5 =ce~ i) _ ¢
-‘-..--_-__—'

P?+1

c6 nghiém la

P



Mat khac, theo hé qua cia dao ham g0c thi lim py'(p) v(0)

P x

Ma lim py(p) = Jim __P€

P—+oc

P TS = ¢ nén = y(0).
V&y Y{p) = ___.{JL]QJ__
p-+ 1
Vi = = Jo(t) nén suy ra
pr+1

Yt} =y(0) - Jo(t) " (Jo(t) I ham Bessel bac ()

L3. BAI TAp

1.3.1 Chuéi Fourier
Bai 1. Tim khaj trién Fourier cua cdc ham sé

a) f(z) = 3T+ 2z néy e o 5 i 3
| w+2¢ néu O<zcoq

Ds:  f(z)~o2x_ 22 ;sin?n:r.
n=]

b) f(z) =sin2z. Ps

Sau trén (—x, )

1 1
f(x) ~ 5~ 5cos 23

¢) f(z) = cos g Ds:  f(z) ~ 2 + 4 Z (=1)n+!

T 1 .

=~ =r néu ~T <z <) 4
d) f(r) = ,.,2 -12 Ds:  f(z) = Z—sin nr.
2v9
Bai 2. Tim khai

trién Fourier cia cac ham sé say trén khoa

ang da chj ra;
ML Sleran, khoéng (—(, 1)
n) Jiz) = {-z néu 0<z<y ‘rénkhoing (- ).

Ds:  f(r) ~ ﬂzznz[(l“ (=1)") EE-#mrsm—T?rE]

n=]



b) f(z) = 2° trén khoang (—¢: c).

ac 2,2 nI
2¢ n n°r- -0 . n .
Ds:  f(x) ~ -y Z(—l} +1_.-—-—-——"n3 sin =~
n=1
¢) f(z) = { r+1 néu _9¢r<0 CEpY khoang (_,2_ 2).
R g <r<?
1 néu 0<12 .

' o nwr - n+l inied
Ds: f(r)~§+%z;f§[(1_{_nn)cos-;ﬂ 1)+t sin == |
n=1

_ [ z(1+z) neu =} £5eh ;enkhoéng(-U)-
d)f(m)—{{l_r}i’ néu GCTI{]. g

oo . 5
Ds: f(z)~ -1-}5 - %;é [(3 + (-—l)“} cosnwI + nw s mr.r].
Bai 3. Cho ham b f(z) =7 —ZI
a) Tim khai trién Fourier cla f
b) Tim chuéi cosin cla f(z) trén doan [0, 7.
¢) Tim chudi sin cia f(z) trén nita khoang (0. 7].

T
I néu 0<r<§,

¥ i
T —.I Tnéu §<.c{1r

(z) trén khoang (-, m).

Bai 4. Cho ham sb f(z) = {

.

Hay tim chudi cosin ctia ham sb nay trén mién xac dinh cia né.

T2 e 1
Ds: f(x) i "E=1 TPRE cos2(2n — 1)z.

Bai 5. Cho ham sb f(z) = °.
a) Hay tim chudi cosin cia f(z) trén doan [0, 7).

e Y Gl US 1
Ds: r)=— +6nr oS =
f(z) ri E n2 nz+— g—-—"—-—(zn_ 1y cos(2n — 1)z.

n=1

b) Sit dung chudi thu duoe & cau a), tinh tong ciia cac chudi sé:

x4
(i) Zm . Ds: v

=



1.3.2 Phép bién d3; Laplace

Bai 6. Dung dinh nghia, tim anh ciia cic ham gdc sau;

_J 0 néu 0<icl, " ' _ e’
8 f(r)-{ N S R

—J 1l ntu 0<tel, . gl g
b) f(z)—{0 b sy Ds: F(pjhp(l e?).

_Jt néu 0<itcl, : ol -p
Bai 7. Tim anh ciia csc ham géc sau: ;
2(p +5)
=& _ Q,~X , = —r
a) f(t) =5-3e2% ps: F(p) (0 +2)

3 1 2
b) f(t) =3+t +etsin2. Dy Flp)=24 =4

PP (p+1)P+4
1 6
c) f(t) =te™® 4 3t2e~t. s F(p) = m.,.m,

6 4p+1
d) f(t) = Pe™* + de~tcos3t. Ds: F(p) = e (?FT;.ET}E'

+ 3a
e) f(t) = 2e® —g=ot, P F[p}=;2_a2,
1 2

f) f(t) = te™® + 25int. Ds: F(p) = TR +p2+ o
1

-4
g) f(t) = tsin*t. Ds: F(p}=2';i+§(§'ﬂ?'

2
h) f(t) = te'cost. Ds:  F(p) = — p(p+2)

(P* - 2p +2)%°
?—4p+2

1) f(t) = t%*sint. Ds: F(p) = E(E:f_ Qpi-;)-'i)'
D I(t) = cos’t. Ds: F(p)= P

P+1) i@

: 2
o i : : F(p) = .
k) f(t) =e -L rsintdr. Ds (p) [{p+ 2 1]2




2Ap+ ”;—-r.

t _ ) A2 7
1) f(t) =[ re~"sintdr. Ds Fr) = p(p* + 2p+2)
0

2p + 2)
¢ - e __.___-""—_-‘._—_—-'
m) f(t) = i-':‘z‘j cosdrdr. Ds Fp) =+t 20)°
0
l . o
n) f(t) = e*[ ~rqr. Ds FO)=35-0)
4 e a bai tich phan

1
i - hi:
Bai 8. Him Gamma, ki hiéu la I'(z), duoc dinh ng

+30 T
rm=/ g
1]

r+1)=17 ().

a) Ching t6 réng: vdi T > 0, ta c6 ['(
) =nl.n I s6 nguyén duong

b) Cho [‘[1) =1, churng minh rang F n+1

= J/F.

¢) Tinh 1"( ) va F{ ). biét rang F(

5
ps: () =3v7 I() )=5 37

Bai 9. Ham Bessel bac 0 Khi mot ham s6 ¢6 tl1é-khai trién ;ilénh chudi
Taylor thi néi chung ta c6 thé thuc hién phép bién doi Laplace cua ham nay
b&ng cich lé.y bién ddi Laplace timng s6 hang ctia chudi. Hay sit dung phuong
phé.p trén dé tim anh Laplace ciia ham Bessel bac 0, ki hiéu la Jo(t), ma khai
trién thanh chudi Taylor tai 0 cua né la

t? rl tﬁ

ot)=l-G+am g 7. 2.¢° +

1

Ds: L(J) = .
Bai 10. Chung minh cac tinh chdt cia phép bién déi Laplace néu ¢ Muc 1.2.3

Bai 11. Tim gbc ciia cfc ham sau:

2 3
) F) =gy ° f{t)=2‘3"‘%sin\/ﬁf.

1
W FO) = mrgprme DF S0 =eHsine

2

p
o) F) = o D SO =¢'+tet 4 2
5t

-,




d) F(p) = P 1}::;,2 T3 Ds f(t) = sine %sm?l

) F(p) = — 1)(;‘:2‘)[;, =3 D% S =2et_geuy
f) Fp) = ;;ﬁ-——% Ds:  f(t) = 2¢~%(cos 3¢ + 2sin 3t).

8) F(p) = ipf ;’ Ds:  f(t) =3¢t — et

h) F(p) = — T

Vs
m. Ds: f(t) = —V,-EE-H sin 3¢.
Bai 12. Ap dung phép bién dj; Laplace, gidi cic ph.uong trinh vi phan sau:
a) ¥ +3y = e~ y(0) =1,  Ds: y(t) = %(e“ +e™%)

b) ¥ —y=¢ y(0)=1. Ds: y(t) = (t + 1)et.

¢) ¥ + 4y = sin t;  y(0) = 0. ¥ (0) = 1. Ds: y(t) = %sint + gsin 2t.
Dy +3+2=e¥ y0)=0,y(0) =1.

Ds:  y(t) = %e's‘ ~ 2% 4 ge".

e) ¥ +2 =4; y(0)= Ly(0)=-4. Ds: y(t)=3e*+92¢—2
f) ¥ +9y =20e~t; y(0) =0, y'(0) = 1.

Ds:  y(t) = 2e~* +sin3t — 2cos 3¢.
g) ¥" + 9y = cos 3t; y(0) =1,4'(0) = —1.

Ds:  y(t) = cos 3t — %sinSt + 1%a\fsinﬁlt.

Bai 13. Cho ham hai bién u(z, t) (a<z<bt>0). Dat U(z,p) = L(u(z,t)).
Hay x4c dinh cdc anh sau theo U(z, p) va u(z,t).
du '

a) e Ds:  pU(z.p) - u(z,0).

Ju
o) &v Ds pUGp) - putz0) - Le,0),
du . OU(z.p)
I,"} 5}- Ds: a.t f
*u . &*U(z.p)
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Chudng 2 '
: TRINH

GIOI THIEU VE pHUONG

PAO HAM RIENG

2.1.1 Dinh nghia | ‘ |
rential equatmﬂJ la phuong triny

ial dife T ihn o
\pare ham riéng cua no va cAc bién 5§

Phuong trinh dao ham riéng
4c dao

lién hé gitta ham nhiéu bién cdn tim, ¢

Cép cia phuong trinh la cip cao nhét ciia dao ham ri€ng co mat trong

phuong trinh dé. : e pn ok
Gidi phuong trinh dao ham riéng la di tim ham nhiéu bién thoa phudng
trinh d6. Ham s6 thoa phuong trinh dugc goi & nghiém cua phuong trinh.

Céc khai niém vé nghiém téng quat va nghiém riéng dugc dinh nghia tuong
ty nhu déi vdi phuong trinh vi phan (thutng).

2.1.2 Mot sb vidu

Vi dy 2.1. Phuung trinh
' f‘f": dz\2
— = 2y = =
dy? (O:r) 0

1A phuong trinh dao ham riéng cAp hai cja h3 i ;
ndy c6 nghiém téng quat la am hai bién z(z, y). Phuang trinh

- ;{I’,y) = u_r+ay2 -
trong d6. a, b la cac hiing sé.
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Vi du 2.2. Hay hai biép

y(z,t) = wlct =) + (et + z),
trong dé ¢ va y |3

. : cac ham s6 kha vi. |a nghiém cn
Tiéng cip haj

a phuong trinh dao ham
0* 0%y 2 ~
a‘% = z(a—r-%) (c la hiing sé duong).
Vidy 2.3. Phuong trinh dao ham riéng cdp mot

0z

2 92 9
T—+Tz2— = 19°
y oz y

dy

¢ nghiém z(z,y) duge cho dusi dang ham &n

o(x® - 2,28 — ") = ¢
trong do6, o la ham sé tuy y kha vi.
2.2.  Cach giai mét s phuong trinh don gian

Néi chung, gidi phuon

g trinh dao ham rieng tuong tu nhu phuong trinh vi
phan (thuong).

Vi du 2.4. Dé giai phuong trinh

8z |,
5’;‘-‘1’ +y

ta tich phan hay vé phuung trinh theo bién z va tim duge nghiem 13
3

2(z.9) = 5 +yz+Cy),
0 ddy, C(y) la ham 6 theo bién y (la hiing sé déi vai bién x).
Vi dy 2.5. Xét phuung trinh d

i +E—4.r
dr8y oOr ¥

y



Dé giai phuong trinh nay, ta dat

0z s 2
=5 — ozoy W
Khi d6, phuong trinh trg thanh
dp
— = 4-ry
Y3y P

Day 12 phuung trinh vi phan cip 1 ham p bién y.‘
*y =0: thi tryc tiép ta c6 z = 0 la nghiém cua
* y # 0 : chia hai vé phuong trinh cho y. ta duge p
cap 1 khong thuin nhét

phuong trinh.
huong trinh tuyén tinh

@4—-!-;):41'
dy ¥

Nghiém ctia phuong trinh cho bdi
P - [/4.ref“fdy - C'l(:r)] = e'!“”[/tl:relnydy + Cl(r)]
1 x l 9
=;[f4;rydy+01(:r]] = y[Zry +C'1[1‘]]

=21y + 36‘1(:).

Nhu viy,

dz 1 1

g =2+ OG) = iay) =2+ S #@) + ().
Vi dy 2.6. Giai phuong trinh dao ham riéng cip hai

: Pz

2
g1 V=

Dé gidi phuung trinh nay, ching ta xem day 13 ; 2 £
phuung trinh vi phan tuyén
tinh cp 2 khong thudn n-hét ham z bién z (xem y 13 hing s8) Vhpcé . ;iéi
dva vdo dinh li cong nghiém va nghiém ciia phuong triny dac trung nhy da
biét. Tuy nhién, & day, ching t5i s& trinh bay cach gia; -
= Sl g1ai dya vao phép bién doi




Dat L(z) = F(p) (xem z 1a bién sb, y I hiing sd) thi

L A Oz
g1 = P F(p) - p:(U.y! - -0;[0- v)

. 1 .
Mat khic L(z) = 7 nén khi dé, phuong trinh inh tuong ing véi phuong

trinh da cho la

2 dz 1
PE(p) - p2(0,9) - 5-(0.y) = y*F(p) = p—y’

ey (5 = )F() = + Gl + Caly)

1
tic 2 F(p) = y? A O + Ca(!f)p,

| 1
s . . e | l(y} g yg B ﬂ(yJ

p 1
2"'!’" +C:!(H]'p1__ yg _F

-yt

Do vy z(z,y) = L™'(F(p)) = C,(y)chyz + C; }sh yzT — T.
Ma
h ¥ g™t . eV — eg=¥*
ch yz 3 . shyzr = 3
nén thay vao nghiém vira tim duge vi rit gon thi

2(z,y) = @(y)e*” + Y(y)e™¥* ~,
vOi @ v ¥ I hai ham khi vi tiy ¥ nao d6.
Vi dy 2.7. Giai phuong trinh dao ham riéng

8_.: By = I +ay
Ta c6 thd gid thiét y # 0 vA chia hai vé phuong trinh cho y thi phuong trinh
trd thanh P
3 8

ardy " y



T —EE A

bién y rol theo bién
Khi d6, ta tich phan hai vé phuong trinh lan luot theo
z thi duge

| +ary + () + v
bifn doi Lﬂpm dé gidi
n cho trudc)

2(z.y) = I—l-_.lnly
Trong céc vi du sau day, ching ta ¢ sUu dunE’ Phélf
mot sé phuong trinh dao ham riéng (vOi didu kién bié
Vi du 2.8. Giai phuong trinh dao ham riéng
du Ou 15040

—'—=:;

or ot
théa diéu kién u(z,0) = u(0,t) = 0.
Dit U(z,p) = L(u(z.t)) thi

5(3—:} = avéi'p} va L[%ui-) = pU(z.p) — u(z.0)

Thyc hién bién ddi Laplace déi véi bién ¢ hai vé phuong trinh, ta dugc:

L@+ 150 = L
Uiy +pU(z,p) — u(z,0) = =
oz

hay >

Tit d6, ta duge phuong trinh vi phan tuyén tinh cap mot

oU(z.p) _z
T +pU(z.p) -

vdi nghiém duge cho bdi
Uta.p) = o 2| [ el 2z 4 c(p)]
1 :
R o
| = [p[e”:cd:r + c(p)]
1,x 1
= |- —,EP"_ ,_,e.UI

5 = % +c(p)e™

==

Mat khéc, U(0.p) = L(u(0,2)) = fu e Pu(0.t)dt = 0 (do u(0, ¢) = 0).
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Nt vay U(0.5) = 0 suy rn 0= 0 - X g |
vay U(0.p) =0suyra0 =0 = + ¢(p) hay ¢c(p) = >
Do d6. nghiém cii: NPT g 1. 1 .
» nghem cua phuong trinh anh la U(zr, p) = = -5+
. ’ ror p
_Thue hién phép bién déi Laplace nguoc, ta tim duoe nghiém ciia phuong
trinh da cho la

Ulr. =71t = = ol
(z.t) =z 2+p(£ r) 5
1.2
B 7 néu t>r

t? X
.I‘t-—-é- néu t<r

Vi du 2.9. Giai phuong trinh dao ham riéng
P _ou
oz at'

thda diéu kién u(0,¢) = u(2,t) = 0, u(z.0) = 3sin 27z.

Dat U(x,p) = L(u(z.t)) thi
. .0Pu _ °U(z.p)

D<cx<2t>0

. du \ '
L(a:rz) Ca ) va L(_a?) - pU(I,p; - 'H-(I-', 0)
Thuc hién bién ddi Laplace déi vdi bién ¢ hai vé phuung trinh, ta dugc:
O%u du
LE@) = L(a)
6°U (z,p)
hay —5 = PUp) —uls, 0)
Khi d6, ta duge phuong trinh vi phan tuyén tinh cap hai
2
?_tg_(i_:"ﬂl —pU(z,p) = =3sin2rz (%)
I
Nghiém tdng quat ciia phuang trinh thudn nhét tuong ing
o*U(z,
T2 (e =0
¥ 2

la :
U*(r.p) = AeVP* + Be™VP*
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dang

Phuong trinh (x) ¢6 mot nghi¢m riéng
onr + Dsin 27T

U(x.p) = Ccos

ma céc hé s6 C. D thoa man h¢ phuong trinh

C = 0

—47{20 —_ pC =
—"-IFTED - pD = =3
Suyra U(z.p) = sin 2xrr. Do d6. phuong ¢rinh (*) ¢6 nghiém tong
p + 4m?
quat la
U(z,p) = AeVP* + Be VP* + — sin 27T

Mat khac, u(z.t) = 0.u(2.t) =0cho ta
U(0,p) = L(u(0.t)) =0 va U(2.p) = L(u(2. t)) =0

Tir d6. ta cé
0
0 «— A=B=0

sin 2wz va nghiém

‘ . ‘e : N 3
Vay nghiém cia phuong trinh anh la  Ulz.p) = o

cta phuong trinh da cho la u(z.t) = 3e~4""t sin 27z,

2.3, BAI TAP

Bai 1. Gidi phuong trinh
Ou du
Y}";+IE=I. z>0,t>0
théa didu kién u(r,0) = u(0,t) =0
r?
)=t = —— e
Dx w(et)=t-ult-3)(t-3).

Bai 2. Giai phuung trinh



théa diéu kien u(z,0) = u(0, t) = 0.
Ds:  u(z.1) = z(1 - e~*).
Bai 3. Giai phuong trinh
du  Gu 3
d—x* + .l-é- =&
~ théa diéu kién u(z,0) = u(0,t) = 0.

Ds: u(zt) =22 24 pu(t - —)( 2)(3% _‘)‘
Bai 4, Giai phuong trinh

r>01t>0

du Ou ;

— hathe 0

% 4+ o . T50.t>
théa diéu kién u(0,¢) = 0.u(z,0) = p(z).

z* z?
Ds:  wu(ax.t)=p(r) +t- p(t - E} (:p(.-r] +t- ?)

Bai 5. Giai phuong trinh

du Ou

et — t

IU.L-I-@t =z—u zz>0t>0

théa diéu kién u(z,0) = u(0,t) = 0.
Ds: u(z.t) = %(1 —e™ %),
Bai 6. Giai phuong trinh

1 2
gil;=c—2%t—g—ksinrrr, <zl iz
.r

théa diéu kién u(z,0) = u(0,t) = u(1,t) = 0, -—{J: =

k :
Ds: u(z.t)= ';1“ ~ coscrt) sinwz.
Bai 7. Giai phuong trinh

Pu
51 = ﬁdt' O0<z<2,t>0
Ou .
théa didu kién u(r,0) = u(0,t) = u(2,t) = U.E(x,ﬂ) = sin7z.
V6 . Vext

Ds: u(z.t) = ———Sm sinwz.
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Chuong 3

RIENG CAP MOT

3.1. Cac khai niém
Dinh nghia 3.1. Phuong trinh dao ham Ti€ng cép mot 1a phuong trinh c6

dang
du Ou du
. i T R == T | 3.1
F(ll‘xz‘.”lIn‘u‘aII‘(jIQr.. 31'") ( )
o ou . 2 lién tuc, kha

trong d6, ham F(z,u.p) = F(r1, T2, I % 9z 3z,
vi theo cac bién trén tap md
G = {(z,u.p)lr€eR" ueR,pE R"}

ddng thai
> (G o
p, '
1=1
Chu y ring ta da ki hiéu p = (p1, p2..... po) Véip,=— i=T.n
: axi1 ] .
Thong thudng. ta gap hai dang phuong trinh N 5= s
day: g trinh dao ham rieng cap mét sau

Phuung trinh dao ham riéng tuyén tinh cip mét thuin ailiis
. a

Z:P:(II.IQ ..... I")ﬁl}_ -
or; (3.2)
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Phudng trinh dao ham riéng tuyén tinh cdp mot khong thudn nhit

i

; Pleyimsi T, H)EJT: = f(r1,22,. .., Zn. ) (3.3)

trong d6, (i = T,n) v f 1a cdc ham khi vi. P(1 = 1.n) khong ddng thoi
béng khong trong mién x4c dinh.
Dinh nghia 3.2. Nghi¢m ciia phuong trinh dao ham rieng cip mot dang (3.1)

la ham nhiéu bién y = T E R SR, z,) théa min
(i) u = u(z),29,... . Ip) xéc dinh trén tap D C R".
LS s Qu . b e
(ii) Ton tai céc dao ham riéng cap mot o lién tuc, i = 1,n.
. 1
Y Tl 2 = d h" E == g&{: Iz g In)
(iii) Thay u = u(Z),2y,....2,) va cic dao ham ey e L T

Vao vé trdi cua (3.1) thi ta duge ddng thic dung.

Nghiém téng quat la nghiém cé dang u = WZ1 T8 T CY V6L C 1A
héng s tuy y. Trong cong thitc nghiem tdng quat, néu ta cho hdng s6 C = Cy
thi ta dugc nghiém rieng u = u(z),x9,...,1,,Cp) cila phuong trinh. Théng
thuong, nghiém riéng cia phuong trinh théa man mét didy kién ban diu nao

dé.

Dinh nghia 3.3. (Bai toan Cauchy cua phudng trinh dao ham riéng
cép mét) Bai toan Cauchy cia phuong trinh dao ham riéng cap mot 1a bai
todn yéu cdu giai phuong trinh (3.1) tim nghiém u = u(z),2,...,7,) thoa
diéu ki¢n ban ddu

T = Zo, u(xg. 23,....1,) = e(za,...,2,)

3.2. Sy tén tai nghiém cta phuong trinh dao ham
riéng cip 1

Dinh Ii 3.1. Xét phuong trinh (3.2). Néu hé phuong trinh vi phan dé; Ting

dn _dr; _ _ dr,
R R (3.4)
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cé nghiém ) = ai,
d'n = (J 5}

L[{J.‘l I3+ 4
ﬂ"l(Il,.’I‘g ..... .I'u} az.
= @an-1*
Yn-1(T1: F2ee e In) L
Tm—1 g 9) c6 ng
(vdi a; la cde hdng o6 i=T.n—1) th phuang trinh (9 )
| ":f-'n-l) {')

trong dé ¢ la ham tuy yj kha vi.
hé gia su

Chitng minh ‘ < i gk
Do céc ham P;,i = 1,n khong déng thoi bang khong nén ta
P, #0. : , )
Tit (3.5) ta suy ra duy = 0.i= 1.0~ T [hi d6, lay vi phan hai vé cia (*)
ta dugc
0
R —'_é_‘dwn—l = ()

do do
—_— — _.—-d "fq + i
du= Gt o v

n-1
..z,) thi dugc biéu

Ciing tif (*). ching ta thay cac ham ¥; = Yi(xT1, T2, - -

thitc ctia u theo cc bién 1, T2... .. T, lau=Y(z,T2,- - z,) va do dé
ov ov o ov
d =—-—d' — L2 y pull——
u e T + ,rzdx._ +...+ 3In_ld¢n-1 ¥+ 3Ind-ﬂn 0 (%)
Mat khéc, hé (3.4) tuong duong vdi
] dzy ( dz) Py
Pl K Pn d_ N -
diy _ dz P
{ P P,' hay { dr, = B
dz.y d%a
)l'l 2 P i dl’ﬂ-—l A Pﬂ.—l
v n=-k R \ dIn P.
tuc IA ching ta cd .
d_t: = f‘.d: : P
prpt=Ln~—1
Thay vio (), ching ta duoc
oV P v ¢t P
e (Zdr, ) + —(— ov
Jn, P.‘u ) 6:1(P,.dr") k3 +a——-—(fi‘:_l_d o
In-) Pn J""') + —dz, =
Oz, o= 0,

4l



hay

o 011* av av dr
P P+...+——P,._ - Py — =0.
( 1 0 £ DJ.'"_I PR 1 3 81;. ) Pn
Do vay chung ta cé
av BIP av ov
P P - —_— a3 din=u
oz, EE Oz, pitegich Oxn-1 s 5-rn.P %
n:ghia la u = V(zy, z2....,2,) va kéo ;:heo u=¢(¥Y1. Y2 ..., ¥n-1) l& nghiém
cua phuong trinh (3.2). O

Dinh 1i 3.2. Xét phuang trink (5.3). Néu hé phuong trinh vi phdn déi zing

dIl dI‘Z di"n du ;

el okt (3.6)
c6 nghiém

T g e L P In,8) = ay,

a(xy. L9 . ... Tu: )= an, (3.7)

wn{rl,:rg ..... In.‘u.} =" @,

(vdi a; la cdc hing sd, i = 1,n) thi phuung trinh (3.3) c6 nghiém
P(Y1,¥2,....¥n) =0 (3%)
trong dé ® la ham tiy y khd v

Chitng minh

Xét hé thie (3¢) voi ¥, (x).72,...,70,u) = a;,1 = 1,n duge xac dinh &
(3.7) 1A nghiém cia hé (3.6).

Thay ¥ = ¥,(Z),T2,..., %, u) vao he thic (3+) ta duge hé¢ thic

V(r,,x2,...,2a,u)=0.

Khi d6. theo cong thic dao ham ham &n, ta ¢6

' ov
du oz, , e
o "@ (i=1n) (4%)
Ou




), ta dugc

ov :
n 3:.)=ﬂ1-hn*,..,:,,,
Zﬁ(n,n“g.....z‘mu)( -3V

e

=1 3"

Thay (4x) vao phuong trinh (3-3

hay
v _o  (5%)

ZR[-FL-F:,-..,I“,U}-;—;E 4 f{Z1,F20"*" yAn U du
i=1

' : iang ch
Phuong trinh (5%) la phuong trinh dao ham riéng ¢8P
W theo céic bién z1, T2, . - -+ Tns U Theo dlmh 1i 3.1,
la ¥ = &(w1. Y2, -- - ¥a) =0 VOl didu kien (3.6),

gp ham hai bién va ham ba

3.3. Ap dung cho truong h
' bién
g quat ciia phuong trinh dao ham

3.3.1 Bai toan tim nghiém ton
va khong thudn nhét

rieng cip mot thuin nhat

Vi du 3.1. Giai phuong trinh 2z2; — Y2y = —2L — 2z.
« Hé phuong trinh vi phén dbi xidng:

4 d_::- _ dy
e
— i ) ydz
' ',‘2"‘1’ -2z - 22
slnjz] = ln].j‘.:l|
= { 2 »
-2z -2 dz
F 2r N gy
IIlIIl = ln(k—l. 2
= d: 1 y) i
\ dj,‘ ;z e ""'1 (t)



Phuong trinh (+) 1a phuong trinh vi phan tuyén tinh cip mot khong thudn
nhat, ¢é nghiém la

I!‘

o= ﬂ‘”'[f(-ne”‘dw Hha] = (- 4 k)

Khi d6, hé (1) ¢6 nghiém la
_ryg — L"lz = a
2z + 12 = 2ky=ay

Vay, phuong trinh da cho ¢6 nghiém la
:p(.'ryz.ﬂ:::z + :1:2} =0 °
Vi du 3.2. Giai phuong trinh (y + z)z; + (£ + 2)zy = T+ ¥.
* Hé phuong trinh vi phan déi xing:

dx dy dz

y+z=:.';+z=;r+y
dr+dy+dz dr—dy dr—dz

— — =
2z +y+2) ! i - z2—z
A d(.r+y+z)=d(a;—y}___d(:r—z)
Az +y+2) —(z-y) -(z-2)
dz +y+2) ” _d(z-y)
2 s
s (ﬁ(ﬁ;)z] b d(;EI— z?]
(z-y)  (z-2)
In|yT+y+z| = ]n];’ﬁ_l—
v { njr-y| = lﬂlkz(yl—z)l
- = kl
e
-y = ko(z - 2)
(z-yWTt+y+z = k
O
I—-z

Viy, nghiém ctia phuong trinh da cho la
I —
p([:—y)\fx+y+z.r_i) =(

H



—

TN

= (.

s
Vi du 3.3. Giai phuong trinh zyus ~ +
+ Hé phuong trinh vi phan déi xUng
dr _ dy z
zy -z y?
it 2z = VY
' Ty  —x° e
= iz dy = d: = Izdy
y2 - —a? ] 2 — kz
= K
[z = -y + R > T ¥ K2 %
= oy = z = (1 + ".'_.__P) y
dz = dy y 1
y? — ki
T2 yz - klz ;
= ki |y — R
= o + k
z + 5 In y+k1| 2
z? +y’ = K
-1, - VTR - /R,
Y 2 y+ V12 + 92
Vay, phuong trinh da cho cé nghiém la
: 2, .2 V72 + 92 x2+y D
u(lz,p,2z) =¢lz"+y 2 -y - In
( ( d 2 v+ \/IZ + y?

3.3.2 Bai toan bién trj (Bai todn tim nghiém riéng véi diéu kién

cho trudc)
Vi duy 3.4. Giai phuong trinh 7z, + Yz, = z véi didu kién bien

] T = t,
y = 2244,
z = 148

hét, ta tim nghiém tdng quét cua Phuong trinh T2y + yz z. He
Trudce T y = 4



Phuong trinh vi phan déi Xtng:

d_ﬁ_dy__dz
.I.'__y_.‘:
& byl = Inlksz]
et b Inly| = Inlkz
- I
= VE &= {lnlz[=1n|kgx|
Z - L y
= & 7 = =k
— {y-,kl:r . {'5
3=k21' —=k‘-2
I

Suy ra nghiém tong quat cé dang

z

EE — = E 1 A — 2
w(I,I) 0 hay - w(z) ticla 2z w(x)

Bay gig, ta tim nghiém riéng théa didu kién bién r = ¢, y=2t24+t,z2=1+1,.
I
Thay 2 =t,y =212+ ¢, 2 = 1 + 3 viio nghiém z = yw(;), ta duge

282 + ¢
t

L
t

tu( ) =1+ hay 9(2t+1) =4+

w-—1

Ditw=2t+1thit = . Tacé

(rln i

Tit do.

() (yz_xr)zJ' yz—Ix

Vdy, nghiém cin tim la
% y—z)\2 2z
2(z,y) —I[( = ) + y_x]
Vi dy 3.5. Giai phuong trinh 2; + z, = 2 véi didy kién bien

T+y =1,
-y =,

46




An chch gl hé phuong trink v
ng

: : s}
Ta tim nghiém tong quat cua phuong trinh ©

phéan déi xing:

dr _dy _d:=
1 0 1 Ty .+ k
dy = d.r y g Jik;
a— E il — ln1:l = J
y y - r = Kk
y — r=h = 2 =k
(ks =€) e

—
{z = kaﬁ't

Do vay, nghiém tdng quat cla phuong tri
z TR
oy -z ;) =0 hay - w(y-7

r+y =1,
Ig_‘yg = In

nh la
) ticld 5= (v — 1)

Bay gio, tit diéu kién

Dat z =t ta duge
= t,

= 1-t.
= 2t — 1.

= N

ta

Thay vao cong thic nghiém z = efv(y — ), ta cd
o —1=cp(l-2t) hay w(l- 2) =e™H(2t - 1)
l-w

Ditw=1-2t, taco . Khi dé, ¥(w) = —we T . Suy ra

v(y-2) = (z = y)e ¥

Vay, nghiém riéng cia phuong trinh 1a
2(r,y) =(r —ye =

3.4. Mot sd ng dung cia phuong trinh dao ham riéng
; L2
cap 1

3.4.1 Phdp tuyén va mit phing tiép xiic ciia mat coi
Vectd gradient i

Cho mat cong (S) : = = z(x,y)



4 Ta viét [f-‘-i phuong trinh mat cong (S) dang = — z(r.y) = 0 i Ay i
Phan toan phin hai vé phuong trinh nay, ching ta duge

2,dr + 2dy -~ dz =0

}:..hi d6, tai méi diém M(r.y.z) trén mat cong S, ta ¢6 dM = (dr,dy,dz)
1a vecto tiép tuyén cia (S) nén tit ding thifc trén, ta ¢6 0 = (24,2, ~1) la
vectd phap tuyén clia mat cong tai M(z, y, 2).

*x Tuong tu. néu ta viét phuong trinh méat cong dudi dang F(z,y,2) =0
thi ta duge

Fudx + Fdy+ Fudz =0
va cing suy ra rang vectg gradient :TF" = (F;, F,\ F;) ciing chinh la vecto
Phap tuyén cia mit cong (S) tai diém M.
Tit d6, ching ta cé thé xac dinh phuong trinh mét phing tiép xic cing
nhu phuong trinh phap tuyén ciia mit cong (S) tai diém My(zo, ¥o. 20) € (5)

Phuong trinh mat phang tiép xiic (tiép dién) clia mat cong

Cho (S) : = = z(x,y) la mat cong thi mat phing tiép xac véi (S) va di qua
diém Mp(zo. Yo, 20) € (S) c6 phuong trinh la
Z(r —x0) +z(y —w0) — (2 —20) =0
hoac Fr(x — zo) + Fy(y — %0) + Fz(z — ) =0

Phuong trinh phép tuyén cia mat cong

Phap tuyén cua mat cong (S) : z = z(r,y) c6 vecto chi phuong la 7 hoic
{7?' duge xdc dinh 0 trén. Do d6, phuong trinh phap tuyén cia (S), di qua
diém Mo(Zo. %o, 20) € (S) c6 dang
+ Phuong trinh tham so:
Ir = Ip+ a)t,
= Yo +axt, t la tham sb.
2 + a3t

=

' 4 Phuong trinh chinh tac:
-T—Ict:y—yn_:—::u

a a: aj

trong 496 (ai.a2.as) la toa do cla vecto chi phuong cia phéap tuyén.
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inh vi phan
3.4.2 Tim thita sé tich phan va giai phuong trin %
8)

.y)dy =0 ‘
P(r.y)dz + Q(x ) , vi phan toan phin

Chiing ta da biét néu phuong trinh (3.8) 12 phuong trinl
(?ﬁ_a_Q_ 1 nd sé cé ‘s F(r_yJ=Cv6iF
oy 3.1:) thi né sé ¢é nghiém dang
théa man dF(z.y) = P(z,y)dz + Q(x.1)4y
Bay gio. ching ta sé dé cap dén phuong trinh dan
chua phai la phuong trinh vi phan toan phan. Neu t
sao cho phuong trinh

(r.y) la ham s

g (3.8) nhung ban than né
&n tai ham sé6 z = z(z.y)

2(r. y)P(z. y)de + 2(2. y)Q(£, y)dy =0
1a phuong trinh vi phan toan phin thi ham s6 z = z(z. y) dugce goi la thirajo
tich phan. Sau day, ta sé trinh bay cach tim thita s tich phan thong qua viéc
giai phuong trinh dao ham riéng.

Néu 2 = z(z,y) la thita sb tich phan ciia phuong trinh (3.8) thi ta phai c6

9(zP) _ 0(zQ)
dy  Or

< Pyy+2Py=Nz; +:2Q;

Khi dé6, ta c6 phuong trinh dao ham riéng cAp mét ham z = z(z, y)
Q:I_sz=(Py_QrJ2

Vay, thia s6 tich phﬁ_n chinh la nghiém cia Phuong trinh dao ham riéng J

trén. (Ching ta c6 thé chon nghi¢m riéng don gian nhat.) - :

3.4.3 Mot sb vi du

V[‘dq 3.6. Tim phuong trinh cic mat cong (S): 2 = 2( ¥
phang tiép xuc luon cdt truc Or tai 75 = 1. Tt ds. 1 Z,y). biét (S) e6 mat
nghiém ndy chia dudng tron ' MM m&t cong trong ho

I

£ 0.

Ta 6 (S) : + = 2(z.y) nén vecto phs 2
P tuyén Cla S
a7 —

(zl'| z‘y'l _*]-)

a9




Soi (P) 1a mt phing tiép xic cin S thi (P) qua My(1,0,0) va ¢6 mot
Vecta phap tuyép 13 n =(z, 2y, —1). Suy ra, phuong trinh (P) c6 dang

3;(:E-1}+:y{y—0]—'(:—0)=ﬂ'

z ~ Y% = 2. Day la phuong trinh dao ham ricng cAp mot
i phuong trinh nay ta sé tim duge phuong trinh cia ho

Hé phuong trinh vi phan déi xiing;

dz _@_da
.t—l-_y_? ;
dy  dx
W Infy| = In|k(c-1)]
= =1 ?
% _ dr - {inlz{ = In|ky(z - 1)]
2 -1
L =k
¥y = kr-1) z-1
— {z=k2(:r 1) — { zl_k2
x—

Do do. nghiém téng quat cia phuong trinh trén la

Y < _ 2y Y
e =0 by Zoeu
Vay ho céc mat cong (S):z=(r- l]'-:(r f 1}.

Dé tim mat cong trong ho nghiém nay chita duong tron

X = 0,
v +2! = 25
ta viét phuong trinh dudng tron dudi dang
r = 0
¥ = Scost,
: = Jsint.
Thay vio nghigm (S) : 2 = (z - !}v(I = 1) ta duge

Ssint = —-¢(=5cost)
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1 “ " » #
Dat w = ~5cost thi sint = £2V/25 - o V1 vl

d(w) = £V -

Tu d6, suy ra phuong trinh mat cong cin tim &
2
y
s=2z- /5 - (75)

2 =25z -1)2 - ¥

Vi du 3.7. Tim phuong trinh céc mat cong (S) : z = 2(z.y) c6 phép tuyén
luén cdt dudng thing
fz=u
R ket

Goi My 1a giao diém cia phép tuyén ctia mit cong S va dudng thang (A)
thi My(a, a, 0)

Vi (S) : z = z(z,y) nén S c6 mot vecto phap tuyén la 7 = (22, 2y, —1).
Khi dé, phap tuyén (A) cda (S) di qua My(a, a,0) va ¢6 mét vectd chi phuung
1a 7 = (2, 2, —1). Do dé, phuong trinh (&) ¢6 dang

hay

r—azy—a=z—0 Soeg % = -l
2z Zy =1 Ir—a y—a z
ZT—a 1
= o ! = 2 = a—-x
e 2Zy = q—
y—a z
2z 4+ = a
Zzy+y = a = ~31+I=zzy+y

L]
hay zz; — 22, = y — r. Day 1 phuung trinh dao ham

rié & = L
thudn nhit ma nghiém la phuong trinh ciia ho mat cong (g% cap mot khong




Hé phuong trinh vi phan déi xing:

d_I_dy__ dz

+ 0z —_z y"-'I.'
dx - dy
b AT dy = -dr
= z y
| CEZ i d_I == {zd; = {y-—I]dI
Y-z 2
— AT, = {310
‘ 2dz = (-2z+k))dz Ty —z? + kyz + ky
T + y=k T + y=k
= 22 g ¥ = 22
5 T T-zz+y)=k AR zy = k2
Suy ra, phuong trinh trén cé nghiém la
z? 2?
w(z+y.-é——xy)=ﬂ hay E—Iy=1ﬂ{l‘+y}

Véy, phuong trinh ho mit cong (5) : z = +/2[zy + ¥(z + ¥)].
Vi du 3.8. Tim thira s6 tich phan va giii phuong trinh vi phan
(y+y*)dz — (z + 22y +y*)dy = 0
Dat P(z.y) =y + . Q(z,y) = —(z + 27y + y*), ta cb
{gv A = B-Q.=2+4y
I

-(1+2y)
Goi z = z(z,y) la thira sb tich phan cia phuong trinh da cho thi ta phai cé

|

—(r +2zry + vz - (y + yz)zy = (2 + 4y)z

Hé phuong trinh vi phan ddi xng:

dr 5 dy _ dz
—(z+2y+y) -(y+y?) (2+4y)z
dy o dz
-(y+9%) (2 +4y)z dz _ —2(1+2y)dy
- dr _ 4y ' y + 3

r+2ry+y Y+ @
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prt. 1..

Tich phan hai vé phuong trinh trén, ta duoc
s

In|z| = —2Ina(y + y*)| hay &= g+ )
| Nhan thia sb

Chon a = 1 thi ta duge thira sé tich phan =(£.¥) = ;’T;}
h vi phan tohn

tich. phan vao hai vé phuong trinh da cho, ta duoc phuong tHA
phin
dx _.I‘+1.L‘y+y?dy___n
. y+yr v+ o)
Lay tich phan hai vé phuong trinh ti (0.1) — (z,y), ta co

% d.l‘ L yn 1
— e —Z _dy=Chay —x ™€
fuy+y’ /1(y+y2)"’y y+y? 1ty

3.5. BAI TAP

3.5.1 Phudng trinh dao ham riéng cip mot

. Bai 1. Giai cdc phuong trinh -:ia.o ham riéng cAp mot sau day:
a) Tuz + 2uy + yu. = O
b) zu; + zu, — yu. = 0.
¢) Tz + 23y +y = 0.
d) 2yz; — 2%z, =32

€) z,+z,=2z

f) zz, + yz; = 2z,

g) 22, + 2z, =Y.

h) az, + b::; =C.

i) rz;+zz;+y=0.

i) 2y, - 2%, =

k) 22z, + y*z, = azy.

) yzz, + 722, + 22y = 0.



m) (z - yiz, + .::; =y,
n) u, + bu, + cu), = ry:.
0) zy?s. ~ ¥z, +ar: =0,
P) (x +y)(z, - 5) =2
Bai 2. Bang cach dya vé
phuong trinh sau day:
a) yz,, + 2. = dz.
b) zz,, -~ Yz, = 2y.

C) JI'Z;J_. + yz::y = D 3

phuung trinh dao ham riéng clp mot, hiy gkl cac

d) Iz;y - b‘:;y = 2r.

e) Iz;y = y:;y + z; = 12zy.
f) .7:.-‘::.;, = 21‘2“7;-;; =z

8) zzyy — 2yz,, =2z + 1.

i) zz,, + Zp +2, =0,
) z2p Yz, + 2, =22 +y.
Bai 3. Giai cdc phuong trinh sau véi didu kién kem theo:

) (l+vz-7=y);+z,=2z théa  z(z,0) = 2z.

b) VIfe+ Vil +Vif;=0 théa  f(lLy,z)=y-2z

¢) zz,+yz,=0  théa 2(z, 1) = 2.

d) zyz; - 1:2::;, =y® théa z(l,y)= z;(l,y}.

¢) zz, +yz, =2 théa zT=ty=224¢2=1+,

f) zz, —yz,=z théa 2,(2,y) = 3z,(2,y).

g) ,z;z;—!-y::;:z thoa z=ty=t3z=13+5.

h) ;—;; —yz;,=z thoa T=2+2,y=1t"12=1¢2

) 2z, — v, =9 thée  2(r,2) =3:(z,2)
j) z.42,=z  biét ring n6 chita dudng cong z + y=122+y? =3
k) z; + 2, =2z  biét ring n6 chia dudng cong z2 + 22 = a?,y =0.
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= U
dmjn‘ cong : - sinf. ¥
cwd B ey ey

D)z, + z; =z biét rAng no chua _
dm'““‘ Lron -

biét nd chua

m) yzz P
y ‘+qu" -_— -'.!.I'y

h d'u h’l“

3.5.2 Ung dung cia phuong tn*
cong 0 phlp “-l)“'n cht

- Bai 4. Tim phuong trinh cia Wt ci chc mAt

dlIEing:;= y.z= 1.

B@i 5. Tim phuong trinh cua tAt ca chc mat cong ¢0 udp didn di qu,
diém. (0,0, 1). Sau d6, tim phuong trinh cuia mat cong chua dUOng troe
:""=‘]1y2+13Iz = 1.

Bai 6. X4c dinh phuong trinh cia mat cong vuong goc voi ellipsoids

1 1
__r2+-y1+:1==r

5 3

3

Bai 7. Tim thita s tich phan ciia phuong trinh
P(z,y)dz + Q(z.y)dy = 0,

biét réng
2) Q: - B, = Pf(y).
b) Q; — P, = Qf ().
c) Q'I _ ;= k(IP—'yQ}'
zy
d) QEr2 By ZEES) —GUs:)
zy

Bai 8. Tim thira s tich phan va gidi cac phuong trinh vi

a) (y +y°)dz — (z + 4 + 2zy)dy = 0 N
b) (Inz — 2zy)dr + (20y — 2:%)dy = 0

¢) zdy + ydr = (y* + 3)dy

d) zdy + ydr = ry’dz

v6i a,b 1a cac hang s



Chll'dng 4

PHUONG TRINH DAO HAM
RIENG TUYEN TiNH.CAP HAI
THUAN NHAT HE SO HANG

4.1. Dinh nghia va phuong phép giai chung

Dinh nghia 4.1. Phuong trinh dao ham riéng tuyén tinh cAp hai hé 50

hing s6 ham z bién z,y la phuong trinh c6 dang

azn+bz,y+czw+Az,+Bzy+Cz=D (4.1)

trong dé a,b,¢c, A, B,C la cac hing s.
Mot sé phudng phap chung dé giai phuong trinh (4.1)

4.1.1 Phuong phép dat in phu
Dat z = ¢*g(y) hodc z = ¢Mg(z) (\ 1a hang sb tuy y). Khi do,
2, = AeMg(y), z=€7"9 ),

ror = Ne¥g(y), 2m = A7), 2y = €79 ().

Ty = Elygj(:ﬁ); Zy = AEAFQ{I),

_ Mg (2), 2y = XM (2), 2y = NeMg(z).)

Sau do, thay vao phuong trinh (4.1) thi ta dugc phuong trinh theo ham
trinh nay tim ham g(y) (g(z)) va suy ra nghiém cua

g(y). Gidi phuoné

phu'{mg trinh (4-1)‘

z:z



T

f.hmpﬂ . -

L S S

o ) theo phuong bhag,

= 3w
2 T

Vidy 4.1. Dé giai phuong trinh 22 ~
dat &n phy, ta thyc hién nhy sau:

Dat z = e*g(y) thi

= e (y) &
2= AeMg(y) =€ gl eMg'ly)

_ wMa'ly) e
I = '\zfluyty}- -1y Ae g

"Thé vao phuong trinh trén, ta duoe

| = 0
e (39"(y) - 29 W) *+ 4 o]
— 3¢y - D)+ N9 =0

' hit he b
Day I phuong trinh vi phan tuyén tinh cdp hai thudn n hlsg

ham ¢ bién y. Phuong trinh dac trung

A+ A2
32—k + A =0 k2="73"
Do d6, ta c6 nghiém
A
2 W2 . MW2
gly) = e3y(c1 Cos —3£y + €2 51N -—'3-‘—'5!)

Theo nguyén li chdng chit nghiém, phuong trinh da cho c6 nghiém téng
quéat

1
2= Z e'\(x+ ﬁy) (cl cos Aﬁy + ¢y sin —-—M& )
AeR 3 3

= Tuong ty, néu ta dit z = e¥g(z) thi nghiém thu duge la
e Z erE+y) (c1c05 AV2z + ¢y sin A\/ﬁx)

AeR

4.1.2 Phuodng phép téch bién (Phuong phép Fourier )

Dit z = XY = X(2)Y (y)

(XY # 0 tron mid :
Khi dé. g mien xac dinh).

i = X'Y'r zh‘ - Xyl"

ok " -
e = XY, 2= Y. 2= XY"

ar



Thay vao Phuung trinh (4.1) ta duge phuong trinh
AX"Y +0X'Y! 4 eXY" + AX'Y + BXY' 4 CXY =0
Chia hai vé Phuong trinh cho XY, ta duge
x" X'y y" X! Y,

s LN e —+B—=4+C=10
ax+bxy+cy+‘4x”v

Chiing ta thy rang ham X chi phu thudc viho bién z, him Y chi phu

thudce vao bién ¥ nén néu chon tham sé A thich hop. ta sé duoc phuong

trinh vi phan cp hai. Giai phuung trinh nay, ching ta sé suy ra nghiém
cla phuong trinh (4.1).

Chi ¥ thém réng, sb A néi trén la hing sb tiy ¥ nén theo nguyén I chdng
chat nghiém. vé mat hinh thic, nghi¢m cia phuung trinh dao hAm riéng

la chudi ham lugng gidc ma céc s6 hang chinh 1 nghiém cia phiwtong trinh
vi phén § trén.

Vi du 4.2, Giai phuong trinh z,, + 42y, = 0 bing phuong phap tach
bién, ta tién hanh nhy sau:

Dat z = XY = X(2)Y(y) (XY #£ 0 trong mién xdc dinh) thi phuong
trinh da cho trd thanh
X" Yﬂ X” y”

Y+4?=ﬂﬂh?=—4?

Vi ham X chi phu thugc vao bién z, ham Y chi phu thude vao bién y nén

khi 14y dao ham hai vé phuong trinh thu duge theo bién z. ta duge

X"y X" ,
[Y] =04= 5 =) (Al hing s6)

Nhu véy, phuong trinh dé cho twong duong véi he phuong trinh

X"

-_ = X" AX =0, ;
X =Vay"+ay =g )
i =),

Day 1a hé hai phuong trinh tuyén tinh cfp hai thuAn nhét hé sé hing.
Phuong trinh déc trung cla hé (1) la

2
-2 =0, & =2
{4h=+,\ -0, ﬂ{hz =_%_ (2)




Xét ba truong hop: ke
) 6 nghi®™ | = F

« A > 0 : Hé phuong trinh (

phuong trinh (1) ¢6 nghiém Ia s - K
+ €€ '
X = €€ . oy 008 %Sy-
{ Y = ﬁa@%y N
Theo nguyén li chéng chét nghiém. ﬁy)
E (tos — M
/AL Os.u--y + C4 2
2= (e’ +ee f)(c“c 2
A>0 X" e { X = I + b
. R, e
« A = 0 : hé phuong trinh (1) trg thanh § y7 =0, Y cy
d).
- inh dd az=(az+ b)(cx +
Suy ra nghiém cia phuong trinh da cho la 2 -(; s
-A

+ A < 0 : He phuong trinh (2) c6 nghiém § = _ £

Suy ra, hé phuong trinh (1) c6 nghiém la

X = c¢cosvV=Az + c2siny/—AT.
Y = cae"ﬁq‘”+c¢e’£éay.

Theo nguyén lf chéng chit nghiém,

zmy (c1 cos V=Az + ¢z sin '\/_—_,ij:) (e’ Y 4 qeiﬂ__'x"").

A<0
[ ]

4.2. Mot s6 bai toan bisn tri

Phuong phép giai chung cho cic bai togp
bién rdi giao vdi cic diéu kién bien @& g
da cho.

nay 13 dffflg Phuong phép tach
Y Ia nghiém ciga phudng trinh



4.2.1

nhat) Phuang trinh Laplace (Bai toan Dirichlet trong hinh chyd

La bai toian bién tri c6 dang

0% 9%
ﬁ a_..:“ =0 0<rc< a,l) < y < b. ...] :
s (4.2)
20.y) = :(a.y) = :(r.b) = 0. (1)
z(x, 0) = f(z) (2)

trong dé. f(x) 1a ham lien tuc cho tritde

De gir&i'béi toan nay, ta ding phuong phap tach'bién z(x,y) = X(z)¥Y(¥)
(X(2)Y (y) # 0 trong mién xac dinh). Khi d6, phiong trinh (s) trd thanh

X - o ol } i
Ty N - f = —— = ).
5% 5 Y 0 hay X v

Vi A 1a hang s6 tuy y. Tit do, ta c6 hé phuong trinh

X'=AX = 0,
rrEAY = O

vdi cac diéu kién bién tudng ing véi didu kién (1) la

z2(0,y) = 0= X(0)Y(y) =0= X(0) =0,
z(a,y) = 0= X(a)Y(y) =0= X(a) =0.
z(z.b) = 0= X(2)Y (b)) =0=> Y(b) = 0.

+ Xét phuong trinh X” — AX = 0 véi diéu kién bién X (0) = 0, X(a) = 0.
Phuong trinh dac trung 12 k% — A = 0 hay k? = A. C6 ba trudng hop:

. X =0 k= :I:\/X nén ta duge X(z) = cle‘-‘r"-"’ +ch—vﬁz'

Két hgp vdi dieu kién bién X(0)=0,X(a) =0, ta cé

€1+ C2 T { 1 o
Vay X(z) = 0 (loai).

s i X" = 0 nén ta duyc X(I) =diz + dy. Két hop vai diéy klén
bié'n x(0)= 0. X(a) = 0, ta suy ra d; = dy =0 hay X(z) =0 (loai)
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A-"\,cﬂnns \J
(&4

+A<0: k= 417/~ nén ta du M'Jl'. i
Két hop vai didu kién bien X(0) = &X'

"

A -
LY
{Bsin\/—:ia=ﬂ- '
40
A =0 nin? 1.2
ﬁ{v’-)«a-mm{lﬂ "a';T""

Suy ra
nx .
Xn(z) = Basin -!-1—-:. nml,2..

Nhu vay, phuong trinh X” = AX = 0 vdi didu kién b|f“n X If(}] -cE;J.\I’:: | oﬂ‘o
chi c6 nghiém khong tAm thuong khi A < 0. dong thoi ng 1m
thic .
Xalz) = B,uin —I. n=12...
nin?
* Bay gig, ching ta xét phuong trinh Y + AY =0khiA= - thi ta cé

phuong trinh

vdi nghiém la
Yﬂ{y) = Cne%y s .DHE_?y
Két hop voi didu kign Y(5) = 0 cho ta Cpe%® + Dpe~%b = 0 hay D, =
—Cpre?s®. Khi do,
Yaly) = Ca (Euﬂ - ein‘!b'-’-!‘ly) = 2Cne " ’sh ?(g ~b)

Véy theo nguyén li chong chit nghiém thi nghiém cga phuong trinh da cho 1a

z(z,y) = i Xn(z)Yaly) = ZEn sin 1r--tlr-:‘a:sh E(y -b)
. a a

n=1
véi E, = 2B,Cre~"".
Két hop v6i didu kién (2) : 2(z,0) = f(z) ta cg

oo
- —nwb
flz) = zE‘nSh : SinET_r.I

. n=] a

61



Day la khai trién Fourw

[ sin ¢
Ua ham J"' trén (0, a) nén ta 0O

-‘¥3511 --f—'!b nn
."1 ) sin — rds

Vav nghiém cua bai toan da cho la

~

.'.'{I. y} = ! il " ! 1 i
; ash '_12( 2 flx)sin E' rdi ) sin '; mnh '; (y - ®)
0<crca0cy<b) U
4.2.2 Phudng trinh séng (Bai toan Cauchy)’
La bai todn bién tri co dang
P L0 0.0 Lt>0 ()
P ¢ g ' (43)
:(0,8) = z(l,¢) = 4(z.0) =0, (1)
2(z,0) = f(7). (2)

Bing phuadng phap tach bién, ta gia s nghiém tim duoc dudi dang

z(z,t) = X(z)T(t) (X (z)T(t) # 0 trong mién xac dinh)

Khi d6 phuong trinh (*) trd thanh

i e X" - AX =0,
X @ Tas T — A2T = 0.

vdi A 13 héng sb tuy ¥-
Cac diéu kien bién tuong ng voi didu kién (1) 1a
z(0,) G#-X(D] (t) = 0= X(0)=
z(1,t) 0= X()T()=0=>X(I) =
z(7, 0)
« Xét phuong trinh X"

0= X()T'(0) = 0= T )

_ \X = 0 vdi diéu kién bién X(0) =0, X(I) =0, ta
thiy rﬁng, phuong trinh nay chi cé nghigm khong tdm thudng khi A < 0 hay
s n . va khi do

g

nu

A=-
Xa(£) = Bﬁiﬂ%:, o), 2es
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2.2
» Vi _N'T - . hidm LONE Qual L
a1 A — —...__.!2 thi phmmg [rinh -Iul N hJI F u d o n‘

enm O
T(” = C, cos Tf + Dysin -T-'!
ne mw — con '~'-"r

Mat khac. tir didu kign 7%(0) = 0 voi T(t) = —C'u‘*r"“‘?'“ i
cho ta D, = (. V&F

T(f} = CHCOH E"ler

Ttt.dé* theo nguyén If chdng chit nghi¢m. ta dugce
= . . nn enm
z(z.1) = Z E, sin —x cos T!

[

n=|]

trong d6 E, = B,C,.
Cudi ciing, két hop véi diéu kién (2) ta suy ra

oc \
f(z) = Z E, sin EF.:
n=]
Do dé
2 . nw
En=-[ f(z)sin T—Idl
0

Vay nghiém cua bai toan da cho la

o0 2 ! ; 4
2(z,t) = 2 ?(/[; f(z)sin IZ—ﬂ.rdm) sin EEEI cos En-i—zt

(0<:c<l,t>0)

' O
4.2.3 Phuong trinh truyén nhiét
La bai toan bién tri c6 dang
% _ 1
zﬁfzt) ; f(?ﬁi =ﬂn< :r(;:)l,wo, (%)
#z,0) = f(z). (2) (44)
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trong d6, k la hang %, /

(r
Tuang t4 nhu haj by, : ) & ham o4

O4An trén, ta
o0 = X(ayry

Khi d6 phuong trip, (,

cho Ly
dat

(X(2)T(t) g0 trong min xic dinh)

) trd thanh
'\'” 1 ¢ fud »
N B e = * H ‘t . A(" - u,
X kT {r-.u:'r-n

v6i A la hing 56 tiy ¢

Céc didu kién bie tang ing voi didy kien ()

{ 20,) = 0= X(0)T(t) = 0 = X(0) =0,
3(Lt) = 0= X(U)T(t) = 0 == X(1) = 0
The.t; trén, phudng trinh X" — AX = 0 vai didy ki¢n X(0) = 0, X(l) = 0 sé co
nghiém la
Xa(z) = B, sin %E.r. nw] ...

n'n?

IIHEVGIA= -'-"ﬁ—.
2.2

Xét phuong trinh 7' — MT = 0 v6i A =~ ta duoc

2.2 ot
T + nT:r-kT =0 ¢=> T = Cpe~J "Thet
uay it
h—?kt
Tt)=Che # ,n=12,...
Theo nguyeén If chdng chét nghi¢m, ta c6 nghi¢m téng quat ciia phuong trinh
dé cho la

= ninx?
T
2(z,t) = Z D, sin T ze 12

kt

tmﬁdﬁ Dn = BﬂCﬂ,ﬂ = 1,2.- “
Sau ciing, két hop voi diu kién (2) thi
- , nmw
f(z) = g DnslnTI
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T do, ta o

d |
e ?/ f(x)sin = 1ds
U
Vay nghiém cia bai toan di cho 1A

"'.lk
- ]
- ne NN
’-(I-‘}=Z%(‘/‘:I{Ihm?;m)“"'}‘" '
n=|
0<r<lt>0) 2

4.3. Cong thic tich phian Poisson

4.3.1 Bai toan Dirichlet trong nita mit phing
Nghiém cia bai toan Dirichlet trong nita mat phing trén
?u  Pu
—_— — = > U),
{3x2+3y2 0 (¥>0)
u(r,0) = ¢(z)
13 ham s6 diéu hda u(z,y) cho bai cong thie

u(z.y) = %fjﬁ%dt (y > 0)

(4.5)

Ching minh

Trudc hét, ta dé y ring ham phuc f(z) = u(z, y) + i(z, y) gidi tich khi va chi
khi céc ham u(z, y), v(z,y) théa didu kien Cauchy-Riemann

%_Bv
oz = 8y’
. Ey____%_u
or dy’

hay u,v 1 cdc ham sé didu hoa (théa phuong trinh Laplsse Ru  f%y

332+ 35 =0)
or?
Xét ham phic f(z) = u(z,y) + iv( ¢ O

Z,y) gidi tich trop . i
Xe € NUa mit phing tren
£ <M (a>0)
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Kk A

ki hi¢u {Cﬂ} 1A nua teén d
wong L , . .
(€)= (Cr)U|=R.R| (vr R di b:nd?::'l.‘;,.m, tl,....l:. () bes kink A Go
/ |} - .'

Theo cong thie tich phan Cauchy ta co
| Jt)
[:] - - w——— .
! oyt - o o
Khi d6, do £ = r — 1y 0 ngohi (C') nén
M Jon b -8
Liy (4.6) trit (4.7), vé voi vé ta due ’
1 1 1 1 (2 - 1)J1)
= —_— — — - — o --__._._“
JG) 2m ./tf.‘l [l -3 |- :]””dl 2 Jio (= 2~ f)
| 2'".”” i

(2=2J0) 4 o
2m Jio) {1 -2t 4 s

1
=i Jo - (4Rl

o "yf(t)
P j{.c] (t-z)*+ 1‘,:7"‘1t
Ll ! f yf(t)

fn (t-z)+ y’dt Y3y t-2P+ Fﬂdt

= f(z) ==
trén, ta cho R — +00 Khi d6, tich phan

Dé (C) bao hét nita mat phang
yf(t)
f[c yAE= )2 + 3

yf()t®

badi vi
o f[c., [(t-z7+yte
e f (o)

1< f
NSV ) T IE- 2P+ 7
dt R0

<yM —
cm 12211t = )? + 7

==

Do dé, khi cho B = ¥ thi
.

f(z) ==

o yf(t)
s (t "I)'z"f'y:

66

[



Thay l
f(2) = u(z.¥) * wir.y)
{ f(t) = u(t,0) + it 0)

vio kbt qua trén vi tach phin thue d hai vé, ta duoc -

u(z.y) = lf“ _wlt0) g (y>0)

- - “ 3 I}’ + yl Lrén
Vi dy 4.3. Gidi bhi toan Dirichlet trong nia mAt phAng

12 2
{_.LE+UH (0 {y?ﬂ].

Ta c6 nghiém u(z.y) ciia bai todn cho bai cong thue tich phin Poisson

L [**  yu(t.0) _.l/m Y dt
u{z.y}u;[ﬁ; “__J.)z_!_yzdt'g 0 (t-1)2+ 9
{ =

+x 1w I
< L[Z 4 aretan]
rid y

1
= Uu(z,y) = % - ;arctan

Cha ¢ 4.1. Chiing ta da biét mbi lién hé giita toa do Dé& Céc va toa dd cuc la

I =TCosy
Yy =rsing

Vai phép ddi bién niy, ta d& dang nhan duge cong thitc todn tit Laplace ciia
ham u(z,y) trong toa do cyc la

2 __'?j_lf 1611‘. 1321_;
Vemtie tRas

4.3.2 DBai todn Dirichlet trong hinh tron

Nghiém cta bai todn Dirichlet trong hinh trdn tam O bap kinh R
8_2'_{ + -1--?E + 19
ot rOr ;55:,'3 = Wiy i )

u(R, p) w(w} (4.8)

i
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i e Rt e o . <

|

p ham $O diéu hog

wr.8) ¢ ]
) cho bgy WOt trong hay cong thic

u(r,8) = _th (R - )R
2x E‘*——-__.)_‘i__ﬂ__

~ 2Rr cos(p - 93 dp (r < R)

ur.g) = — [*__(R- r!)u(R.y)

. © --Rz"zﬂrcos(,:bs}.q.rldw (r < R)
Chimg minh
+ Xét sb phiic = trong dudng tron (C), 2 = re? (r < R). Ta cb:
el= re ?. :
o i ¥ 2 2
o Diém déi xing cia 2 qua dudng tron: z, = B_—- = R
4 '.|"

ot € (C) thit = Re'¥ (0 < p < 2n) va dt = Redy.
Goi f(z) 1a ham giai tich trong (C). Theo cong thic tich phan Cauchy.

- _._1_ _jlt)_ (4.9)
f(z) = 2m €t zdt
31 (C) nén
Do z; & ngoai (C) né B £(8) P (4.10)
2mi Joyt — 5 i

Léy (4.9) trit (4.10), vé vdi vé ta dugc

1 1 t} 1 (Z zl}f
(=5 =35 [f: S t- nlf( = 2mi Jio) (E—2)(E - 21}
1 (Z = :1]{“] dt
™ Dad ti—(z-!-zlt-!-zzl_ .
27“_ {Czi {1" _ R?}l ﬂf(Reup] Rei:pdw
e 'EW LR Rev + FeP
2mt t-]z . ( R2)ct(‘p+'ﬂ f( Re'?)
- | FEeTre) -+ R
ik 2 _ )/ (Re¥)
2% (R* - —dp
= o ) - R te —e-0)
o U R-MIR
2Rr cos(p — 6)

. ; 2=___j____§_r_
gf(z}=-2";_' 5 (R +r
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Thay

+ wir. ¥)
J(3) = f(re®) = u(r.¥) + 18 | :
{ !{” - f[Rg"']-u{H,,‘,¢ It‘R.vl

Yo bt QUA trén va rach phin thye & hai v, ta duoe
u(r, 8) = 1" _(R-r)uR s y (r<R)
2 Jo RY*-2Rrcos(p - @)+ T
* Cling chy ¥ thém ring, déi vai phuung trinh Laplace trong bl tokas tey

néu Chl.lns ta d\\lﬂg phmmg ph‘p tach bidn u(r. ,'1] - *[f,‘(#) thi ta ma. tim
du9c nghiem ciia bii toén dang

. 1 L] (RI . r:)u(ﬂ‘ ‘:} d ( R} C
= e g (r< y
Vi dy 4.4. Gidi bai todn Dirichlet trong hinh trdn don vi
Pu  16u 1 6%

a‘_,34_;3;4.3-5;? =, (r < l)

l,0<p<m,
M1, g) = 0, r<p<2n

Ap dung céng thic tich phén Poisson trong hinh tron don vi, ta c6 nghi¢m

cia bai toan duge cho bai

2x s

ur6) = L [ _(L=ru(l, p)dy
2t Jo 1=2rcos(p — ) + r2

_1 [ (-rdp
_Q?r/; (1+r2]—2rcqs(tp—-6')

Lidand. L © -6 2dt
Dit t=tant_~ dt = - -l -
i an 5 = dt 2[I+tzm 5 ]d;p = dp TS

: 1—¢2
Ddng thai cos(p — @) = I-_-i—_-—:i Do ds,
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u(r,g) = .l.:j cot §
2n [mfﬁhﬁ_gm

‘(1 +t?)[{1+r2) Ll -—.e?]

=1=r2 roug 1+22
.
g Py

tan{ (1 + TE]U + ti) o 2,_{1 % 12)

~ 1—72 pea?
gt 2T i
MU
' ~tng (14+ )22 (1 =72
2
u(r’ﬁ)‘:——l—:_f___ ) dt '
:l'r(l“l-r)? tana_____l_____r_z
= 5t2+( )
1 1 147
="3.I'Ctan__+rt°°‘%
g 1-—1“ ~tan?
1[ l+r ¢ 0
= a.rcta.n(.___ _) (H _)]
™ l_rc0t2 +3.r{1ta;n _rtanz

4.4. BAI TAP

Bai 1. Dung phuong phép téch bién hoic phuong phap dit an phy,

giai céc
Phuong trinh sau day:

a) Z;: +Z;y =0.

b) z;; - 2,=0.
€) 2z + 2, +2=0.
! d) 2o, + 2y, + 2, +22,=0.
Bai 2. Giai phuong trinh Laplace sau day
% : rgz_.z--i-fa—z-{-kz:& 0<z<1l0<y<i,
| bt W 0z "
" z(0,y) = 2(z,0) = 5-(Ly) =0,
z(x.1) = I




. 1 _ 4y vOi
Ds:  z(z,y) = ZE smf"u+1) h3 (2n +1 1)ia? -4y

n=]
En, = (_'1)“8 -
(2n +1)%7%sh %\/(211 +1)2r2 -4

b)
322 823 . b
Py -_— = < I'I,O < y <0
572 + % 0, O<r

2(0,y) = z(x,0)=z(z.0) =0,

2ay) = f(v)

trong dé, f(y) la ham lién tuc cho trude.

Z Ensh by véi E, Joh 124 nm / f(y)sin -—-dy

Bai 3. Giai bai toan phuong trinh séng (4.3) trong cic trudng hgp sau:

a)c=1,l=1, f(z) =sin:=r:r+%sin31r:r.

Ds: z(z,t) =sinmzcoswt + 1sin 3mx cos 3nt.
b)e=11=1, f{z‘)—l

Ds: z(z,t) == Z g sm (2n = 1)wx cos(2n — 1)mt.

1
2
1

IA

)
)

i

IA

EX (

)l=1f(z) =
e(l1-x)

Mll—- =
If\

oo _1)n+1

Dr x(xt) =253 Gy ¥in(20 = 1nz cos(2n — 1.
n=|
d) ==, f(x) = ~2(x ~%).

Ds: z(z.¢) = = Z (2" 35in(2n — 1)z cos(2n — 1)ct.

e)l == f(z)= 24(' -1)

IA

]

1A
o NN

Ny O
IA
H
IA



oo
DB: Zlr, t = —E n‘H
( T2 g 2n —1)3 sin(2n - 1)z cos(2n — 1)ct.

Bai 4. Giaj Phuong trinh

truyén nhigt (4.4) trong céc trudng hop sau:
a) k = 1,l= l,f(z:]

=sinnwg + gsin IrT.

Ds:. 2z(z, t) = e ™singg 4 %e 9% Sin 3z,

4
Dg Z{.’.l'.' t ; Z -é_t_le—ﬂn 1)%n 2k sm(E‘n 1‘)“.:‘



Chuong 5

PHUONG TRINH DAO HAM
RIENG TUYEN TINH CAP 2 HE sO

HAM SO

5.1. Dinh nghia, phan loai phuwong trinh va phudng
phap giai chung

5.1.1 Dinh nghia

Dinh nghia 5.1. Phuong trinh dao ham riéng tuyén tinh cdp hai hé sé6 ham
sd cua ham z(z,y) 14 phuong trinh ¢6 dang

az;; + bzry + Czyy - I(Il yl Z, zJ:I zy) (5’1)

trong d6 a, b, ¢ 1a cic ham cla z,y va f(z,y, 2, 2;,2,) 12 ham cla z,y, z, z,, 2y
Dinh nghia 5.2. Phuung trinh vi phan

a(dy)’ — bdzdy +c(dz)’ =0 hay aly'(z)]* — by/(z) +c =0

duvc goi 1a phuong trikh vi phan ddc trung cia phuong trinh (5.1).
Vi du 5.1. Céc phuong trinh sau la phuong trinh dao ham riéng tuyén tinh

cAp hai khong thudn nhét.
1

8) 2p; + T3y — 622, = 2
b) 2,5 — 4x2,y + 4172, = 0.

g % B | ~
Clags t Y Sy = =Yy




5.1.2 Phan loai phudng trinh

Xét phuong trinh (5.1) va dat A = b* — dac. Khi do.

(i) Néu A > 0 thi phuung trinh (5.1) duye goi la phuung
Hyperbolic.

o \ - Jloas
(ii) Néu A = 0 thi phuong trinh (5.1) duge goi 1 phuong trinh thudc
Parabolic.

ven z ¥ i o IM
(iii) Néu A < 0 thi phuong trinh (5.1) dugc goi 1 phuong trinh thuo«
Elhptic.

Vi du 5.2. Xét cac phuong trinh 8 vi du 5.1, ta c6,

trinh thudc loal

a) zyz + T2ry — 62y = -l-z: la phuong trinh thudc loai Hyperbolic. That
vay, phuong trinh ¢ a = 1.b = 7.¢ = _6z2 nén vai diéu kién T # 0 thi
A = 25z% > 0. ;
b) z,; — 4Tz + 4I22W = 0 la phuong trinh thudc loai Parabolic. Bai vi ta cH
a=1b=—-d4r,c=4r*nén A =0.
c) 2z2 + Yz, = —yzycoa = 1,b=0,c = y* suy ra A = —4y?. Do dé, day
1a phuong trinh thudc loai Parabolic néu y = 0, la phuong trinh thudc loai
Elliptic néu y # 0.
Dinh nghia 5.3. Dang chinh tic ciia phudng trinh (5.1).
e Phuong trinh dang

Zzy = F(z.y, 2.2z 2y)
dugc goi la phuong trinh chinh téc loai Hyperbolic.
e Phuong trinh dang

2y = F(2,9,2, 22, 2,)
dugc goi 1a phuong trinh chinh téc loai Parabolic.
e Phuong trinh dang

2z + 2y = F(z,9, 2, 21, 7))
duge goi 1a phuong trinh chinh tdc loai Elliptic.

Ching ta nhan thiy ring dang chinh téc ct

g5 cua phuong trinh :
va g trinh (5.1) kha ;
':ﬁl:i:;f El;l duoc béing phuong phép tich phan tryc tiép hgg,;z h i gl
tich bién d¢ dang hon so véi phuong trinh dang (5.1) phuong phap
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3 vé dan

5.1.3 Phuong phap dua phudng trinb (5-1)
Trude hét, ching ta thay ring val phép bién dO1

u= u(.r. y}.

v =v(z.¥) e

{ tia
g s ruvén tinh thi

jrs g6 Ll Ldmesrs RS 45 l-"ltl‘:w;.u v cung loal vOi phuong

phuong trinh dao ham riéng chp hai cua ham =

trinh ban diu.

Ta cé
zﬁ:zu'u:+zu-u:‘
zy = 2y Uy + 2y " Uy,
PO ‘ o
zz:=[(zuu-u:+zuu-1’,)‘u=+zu-uﬂ + [zl."-u,-f-:w-v,)-:,,-b-., u"],
14 -(z._.u~uy+zw-uy) Uy +z,,-uﬂ],

Zzy = [(zw cUy + Zuw Uy) cUgp + 2y " Uzy
+ (:11] e uy + Zﬂ, h ”y) " ?'y— + 'Z'U . '}w]

Zyy = [(Zuu “ Uy + Zuy vy) “Uyt Zu “!.ry_ _
gon ta dugc phuong trinh c6 dang

Khi d6, thay vao phuong trinh (5.1) va rut
(5.2)

azyy + B2uw + 7200 + 5z, + €2y = Flu.v. 2, 2wy 2e)

trong dé

o = a(uz)® + buzuy + c(uy)?.

A = 2augv; + b(uzvy + uyVz) + 2CUyly,

7= a(v,)"' + by + c(:,-y)Q,

§ = Qugy + bugy + Cuyy,

€ = avzz + bugy + cvyy
Qua dé, chiing ta thiy wlng néu ta chon dugc phép doi bién thi

thich i

6 thé dua phuung trinh (5.1) vé dang chinh téc. i hop thi ba
+ B dé vé nghiém cua phuong trinh d 5 . :

2 ao ham riéng ca P
phuong trinh vi phén cidp mét. Cho ham sbé u(z, y) c6 c iicgd‘iph*mgt- nva
Ug, Uy khong ddng thdi bing khong. Khi d6, ham sé u(zx ) B al’f‘l nel}g
phuong trinh dao ham riéng »Y) la nghiém cia

a(H;)zl + buyuy, + C{uy}z =0 -
5.3
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yhan
khi va chi khi lle the H(I, y) =k lA Iig]’llélﬂ cua phmj"‘ trinh Vi

(54
aly'(z) - by'(z) +c= 0

Chitng minh
Ta gia thiét u, # 0.
: nghiém
(=) T hé thic u(z,y) = k ta c6 y'(z) = - :—: Khi d6, néu u(z.y) la
clia phuong trinh (5.3) thi chia hai vé cho (u,)?. ta duoc
o] s s +c=0,
i) )

= a[-y'(2))* + [~y (2)] + ¢ = 0.

= aly'(x))? = by'(z) +c =0
Vay, hé thic u(z,y) = k la nghiém cta phuong trinh (5.4).

(«=) Nguoc lai, thay ¥'(z) = —Ef vao phuong trinh (5.4). ta dugc
¥

a(—ﬁ—:)z—b(—:—:)+c=0,

uz\? (Y =)
— a(u—y) +b(uy)+c ;
— a(uz)? + buzuy + c(uy)? = 0
hay u(z, y) 12 nghiém cua phuong trinh (5.3). B

Theo bd dé trén, ta c6 thé chon duge phép déi bién thich hop dya vao dang.
nghi¢m cua phuong trinh vi phan dic trung (5.4) ctia phuong trinh (5.1) dé
dua phuong trinh (5.1) v& dang chinh t4c. Cu thé nhu sau:

5.2. Cach giai phudng trinh loai Hyperbolic

Gid sit phuong trinh (5.1) thude loai Hyperbolic thi phuong trinh vi phan dac
trung (5.4) c6 hai nghiém phan bigt

, bx A
y(z)= % _(ﬁ‘a = b* — dac)
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Gidi hai phuong trinh nay. ching ta tim ducc nghiém

u(zr,y) = ky.
v(zr.y) = k2

Khi d6, bing phép déi bién sb { v "((“'}}' ta sé dua phuong trinh loas
v =v(r.y)

Hyperbolic (5.1) vé dang chinh tic
2w = F(u,0, 2, 24, 2y)

bdi vi theo bd dé trén, a = 7 =0. :

Vi du 5.3. Theo vi du 5.2 a) phuong trinh z;; + T2z — 6272 = e la

phuong trinh thuée loai Hyperbolic. Khi d6, phuong trinh vi phan déc trung
W) - 2y(@) - 62 =0

c6 A =251 > 0 (z # 0) nén c6 hai nghiém phan biét 1a

2 31_.2

) = ar, y = 33— + Ky, P e 1s
y(@) =3, 3’; b, i : k
yj('r) = -2z, y = —1‘2+k2, y'l‘l' = k‘.’:

) 3r?

Dt & BRYS 2 thi ta c6
v=y+zI ,
ur = =3T.uy = LUpr = =3, uzy = uy, =0

vy =2z,v, = 1, d;; =2, Uy =y =0
nén
+a=7=0
+ 0 = 2au, vy + b(uzvy + uyv;) + 2cu,v, = —251°
+ & = augy + buyy + cuyy = -3
+ € =0aUp + bugy +cuyy =2

1 1
+ VP==z; = —(z,u; + 2,v;) = -3z, + 2z,
I I




Thé vao phuong trinl, (5.2), ta dugc

- 2851%2,, — 3z, + 22, = — 33, + 22v:
~ 2512, = 0,

2w =0 (r f 0)

2, = c(u)

= f c(u)du + c1(v) = p(u) + ¥(V)

f 1101

Vay nghiém cia phuong trinh da cho Ja

3 2
z(z,y) = @y - -;—J + (y + 7%)

trong d6, ¢ vi 9 la cac ham tiy y kha vi.

5.3. Céach giai phudng trinh loai Parabolic

Cho phuong trinh (5.1) thuge loai Parabolic thi phuong trinh vi phan dac
) b

trung (5.4) c6 nghiém kép y'(z) = T (viA=0)

Giai phuong trinh nay, ching ta tim duoc nghiem u(z,y) = k. Khi do6, dat

u = u(zry)
vy =z hoic w=y,

thi theo bé dé trén a = 0, déng thoi tinh duge § = 0. Do dé, phuong trinh
loai Parabolic dang (5.1) sé duge dua vé dang chinh tac :

Iw = F{ul U, 2y Sy zu)

Vi duy 5.4. Xét phuong trinh cho d vidu 5.2 b), ta c6 z,, _4”31!"’4123“: =0
Ja phuong trinh thudc loai Parabolic. Do d6 phuong trinh vi phan déc trung

[v'(z))? +4zy/(z) + 422 = 0
¢6 nghi¢m kép 1a y(r) = -2z hayy= -z’ + ksuyray+ 12 = k.

S 2
Dat{“ VT 1hitach
v = I,

- 7ﬂ.




iy . ¥ il e

uI = QI,BF = ]..H;; =2|uzv — u“ - 0

V=20, =0,U;; = Uy = Uy = 0
Khi dé,
+a=0=0
+ 7 =a(v;)? + bvgy + c(vy)? = 1
+ 0 = auzz + bugy + cuy =2
+ € =avy +bugy +cvy =0
+ VP=0
Thé vao phuong trinh (5.2), ta duge 2w+ 224 =0 (¥). Dé giai phuong trinh
ndy, ta dit z = e*’g(u) thi
z, = e¢'(u), z, = AeMg(u), 2w = A2eMg(u)
Thay vao phuong trinh trén, ta cd
A2eMg(u) 4 2¢Mg'(u) = 0,

. A2
= da)+ew =0
= g(u) = ce™f ¥
ki
= g(u) = ce” Yru

Theo nguyén li chéng chit nghiém, phuong trinh (%) c6 ngiém la
= Zce*”e'q'“ = Zce‘\"'a:‘“
AeR AeR
Viy nghiém cia phuung trinh da cho la
e3) = L oe e

AeR

5.4. Cach giai phuong trinh loai Elliptic

Néu phuong trinh (5.1) thude loai Elliptic thi A < 0 nén phuong trinh vi phan
dic trung (5.4) ¢6 hai nghiém phuc lién hop
b+i/-A

2a

y(r) =

9




Gidi hai phuong trinh vi phéan nay, ching ta tim duge nghiém

[u{.r.y] +iv(r.y) = ¢
u(x,y) = w(z, yy = e

Khi dé, ta thyc hien phép ddi bién sb { we uE.r.y}}. thi phuong trinh loa.
v=v(zr,yh
Elliptic (5.1) s trd thanh dang chinh téc

Zyu + 2wy = Fu. v, 2, 24, 20)

bdi vi vdi phép bién déi nay, ta tinh dm:lr hé¢ s6é a =7.8=0.
Vi du 5.5. Xét phuong trinh z,; + ¥z, = -2,
e Néu y = 0 thi ta ¢6 2;; = 0 suy ra z(z,y) = cr + 2.
o Néu y # 0 thi theo vi du 5.2 ¢), day la phuong trinh loai Elliptic. Do dé,
phuong trinh vi phan déc trung
[/ (@) +24° =0

¢6 A = —41% < 0 nén c6 hai nghiém phic lién hgp la

. y(z) -
y‘:(a:] w — r%{
L y'(z) = y'(z) o
[Iny = 1z+a3, ]ny iT = ¢y,
— _lny = —il + ¢y, i lny-f—u = i
u = Iny, :
thi ta cé
1
Uy = Umuy = 51 Uzr = Ugy, Uyy = "‘?

vi=1ly=0vz=uy=v,=0
Khi dé,
oy = a(v;)? + buzy +c(vy)? =1
+ 3 = 2auzvx + b(usty + uyvz) + 2cuvy, =0
+ 6 = augs +bugy +CUyy = —



+ € =avz; +buyy + ey =0
+ VP=—yz, = ~Y(2uuy + 2,) = —24
Thay vao phuong trinh (5.2). ta dugc
Zow+ 2w — 2y =2, hay Zuw+tZw= 0 (*)
Dat 2 = e*g(u) thi
2e = g/ (1), 2 = g"(1), 2 = NeMg(u), Zw = A'e"g(u)
Thé vao phuong trinh (). ta c6
e*g"(u) + A2eMg(u) = 0,
= g"(u) + Ng(u) =0
Day la phuong trinh vi phan tuyén tinh cip hai thudn nhét hé s6 hdng. Phuong

trinh dic trung: k% + A\? = 0 & k = $il.

Do dé
g(u) = d) cos Au + da sin Au

Theo nguyén li chdng chit nghiém, phuong trinh () c¢6 ngiém 1a

z= z e*(d) cos Au + da sin Au)
AeR ®

Vay nghiém cia phuong trinh da cho la

2(x,y) = Zc"“(d; cos Alny + dasin A Iny)
AeR

5.5. BAI TAP

Bai 1. BAng cich dua vé dang chinh tdc, giai cac phuong trinh sau:
0) 2, + 2, ~ 22, =0.
b) z,, = (m +n)z,, + mn2z, =0.
¢) 2, + i!n'u':.,I + m’z;‘ = 0.
d) z,, - 22, + 53, = 0.
e) r;, - 2m:;, +(m? + "2}:;: = .

Bl



-« g &

. ; . LT
f) ;I:J.I.',,:,r-4v-.r‘|,;.1“,.r -2z - 303y - 12,)
g) Ty~ 422, + 4222, =21
h) 2 - 2yz,, + 5y, + Syz, = 0.
i) 22z + 2zyz, + 2, = -2(1 + V)3,
Bai 2. Diing phép bién déi da cho & mdi bhi dé giki céc phuong trinh sau:
l)rll-,.-yu;v-l-u; (ve=z z=1zy),
b)u;,+2u:,'+u;'-0 (vez z=z-yp)
c)tl;,,—du;v+3u;,-0 (vez+y z2=3x1V)




